UNIVERSITY 
OF MICHIGAN 


MAR 15 1951 


MATHEMATICS 


AMERICAN 
JOURNAL OF MATHEMATICS 


FOUNDED BY THE JOHNS HOPKINS UNIVERSITY 


EDITED BY 
R. BRAUER L. M. GRAVES 
UNIVERSITY OF MICHIGAN UNIVERSITY OF CHICAGO 


S. EILENBERG D. C. LEWIS, JR. 
COLUMBIA UNIVERSITY THE JOHNS HOPKINS UNIVERSITY 


A. WINTNER 
THE JOHNS HOPKINS UNIVERSITY 


WITH THE COOPERATION OF 


L. V. AHLFORS C. B. ALLENDOERFER 
R. ARENS R. BAER 

J. D. HILL P. HARTMAN 

N. H. McCOY J. J. STOKER 

J. L. SYNGE O. SZASZ 


PUBLISHED UNDER THE JOINT AUSPICES OF 
THE JOHNS HOPKINS UNIVERSITY 
AND 
THE AMERICAN MATHEMATICAL SOCIETY 


Volume LXXII, Number 4 
OCTOBER, 1950 


THE JOHNS HOPKINS PRESS 
BALTIMORE 18, MARYLAND 
U. S. A. 


W. L. CHOW 

P. R. HALMOS 

H. SAMELSON 

R. M. THRALL 

H. WEYL 


CONTENTS 


Free sums of groups and their generalizations II. By ReinHoLp Bakr, 

Free sums of groups and their generalizations III. By REInHOLD Baze, 

Generalized free sums of cyclical groups. By Hanna NEUMANN, 

Generalized Euclidean space in terms of a quasi inner product. By 
LreonarD M. BLUMENTHAL, 

On the spectrum of Hilbert’s matrix. By WinHeL Maes, 

The expansion theorem for sigma-monogenic functions. By Lipman 
Bers, . 

On the spectrum of a boundary value problem ‘with two singular end- 
points. By KrennetH G. Wotrson, 

On cube-coverings of n-space. By L. G. Pxck, 

On the local uniqueness of geodesics. By PHILIP HARTMAN, . 

On the Holder restrictions in the theory of partial differential equations. 
By AvurEL WINTNER, . 

On the zeta-functions of algebraic number fields II. By RIcHARD 
BRAUER, ; ‘ ; 

On completeness in the sense ‘of Archimedes. "By L. W. Conzn and 
CasPER GOFFMAN, 

On completeness and category in uniform space. By L. W. Conen and 
CASPER GOFFMAN, 

On the fundamental equations of differential “geometry. "By PHILIP 
HARTMAN and AUREL WINTNER, 

Lamé coordinates in Hilbert space. Puitip HartMan and AvREL 
WINTNER, 

An application of the theory of basic series to theorems of Bernstein- 
Widder type. By Davis, 

The mean convergence of orthogonal series. By G. Mitron Wine, 

On the structure of some subgroups of the modular shea mt Emr 
GROSSWALD, 

On the solution of sum-equations. By I M. SHEFFER, 

The gaps in the essential spectra of wave equations. By Purp Hart- 
MAN and CaLvin R. Putnam, 

On non-uniformly quasi-analytic functions. By I. IL. HirscuMan, 


The AMERICAN JOURNAL OF MATHEMATICS will appear four times yearly. 

The subscription price of the Journat for the current volume is $7.50 (foreign 
postage 50 cents); single numbers $2.00. 

A few complete sets of the JouRNAL remain on sale. 

Papers intended for publication in the JoURNAL may be sent to any of the Editors. 

Editorial communications should be sent to Professor AUREL WintNer at The Johns 
Hopkins University. 

Subscriptions to the JouRNAL and all business communications should be sent to 
Tux JoHns Hopkins Press, BALTIMORE 18, MARYLAND, U.S. A. 


Entered as second-class matter at the Baltimore, Maryland, Postoffice, acceptance for mailing at special 
rate of postage provided for in Section 1103, Act of October 8, 1917, Authorized on July 3, 1918. 


PRINTED IN THE UNITED STATES OF AMERICA 
BY J. H. FURST COMPANY, BALTIMORE, MARYLAND 


PAGE 
625 
| 647 
671 
686 
699 
705 
713 
720 
723 
731 
/ 747 
752 
757 
775 
787 
792 
809 
835 
849 
863 


; 
i 
J 
J 
2 
\ 
J 
: 
> 
j 

2 


/ 
/ 
» i 
4 
4 


FREE SUMS OF GROUPS AND THEIR GENERALIZATIONS II.* 


By REINHOLD BAER. 


Recently we have shown that the appropriate framework for a discussion 
of the existence of free sums with amalgamations is provided by the concept 
of add and that one has to determine those adds which are amalgams of their 
subgroups and satisfy the strong associative law. Since the latter law is 
stated in terms of vectors over the add, the problem arises of giving an 
intrinsic characterization; and this problem we are going to solve in the 
present investigation [Section 4]. An application of this result is then 
given in Section 5. 

For our purposes [and also for later applications] it proves convenient 
to analyze the concept of amalgam of subgroups and to break it down into 
formal laws concerning the addition of elements. These formal laws are 
the “postulates ” of Section 1; and in Sections 2 and 3 we show that they 
really characterize amalgams of subgroups. In order to obtain these results 
we have to solve the problem [of interest in itself] to characterize those 
subsets of an add which are contained in a subgroup of the add [Section 2]. 


1. The postulates. An add is a set A of elements subject to a 


composition which we call addition and which meets only the following 


requirement : 

The swm of the elements a and b in A is either undefined or else tt 1s 
a uniquely determined element a+b in A. 

We note the possibility that the sum a-+ 0 is defined while the sum 


b+ a is undefined. 

The adds we shall be interested in will always be of a more special type. 
We shall therefore enumerate a number of formal requirements. These 
postulates will not be independent. But we shall require at various stages 
of our investigation the validity of various sets of these postulates; and thus 


this abundance will prove a convenience. 


POSTULATES OF INVERSION. 
I. There exists an element 0 in A such that c+0—0+2=—2 for 


every element x in A. 


It is clear that 0 is uniquely determined by Postuiate I. 


* Received June 6, 1949. 
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626 REINHOLD BAER. 


II. To every x in A there exists y in A such that x + y =0. 
Ill. c+y=0 and imply y=z. 


If I, II and III are satisfied by A, then there exists to every element x 
in A one and only one element —~z in A such that r+ (—z) =0. This 
symbol — x will be used whenever we are assured of the validity of Postulates 
I, II, III; and then we shall write « — y instead of x + (—y) ete. 


IV. implies y+2—0. 


Postulates I to IV imply —(—x) =z. Adds which meet these four 
requirements have been termed elsewhere self-reflexive [Baer (1), Section 4]. 


c+ (y+z) =0 if, and only if, (x+y) +2=—0. 


This is in reality a rather elaborate statement. It asserts that the 
existence of the sums y + z and «+ (y+ z) and the validity of the equation 
z+ (y+z) 0 are equivalent to the existence of the sums x+y and 
(x+y) +2 together with (x+y)+2z=0. The following proposition 
will be useful. 

(0) If Postulates I and IV are satisfied, then the following properties 
of the add A are equivalent. 


(i) Postulate V. 
(ii) 2+ (y+z) =0 implies (x+y) +2=—0. 
(ili) (x+y) +2—0 implies x+ (y+z) =0. 
Proof. It clearly suffices to show that (ii) implies (iii). Hence assume 


the validity of (ii) and suppose that (x+y)-+2=—0. Then we deduce 
from IV and (ii) successively the validity of the following equations: 


z+ (y+ =—0, so that (iii) is true. 


POSTULATES OF ASSOCIATIVITY. 


VI. If the sumsxz+y,y+2, (c+y) (y+2) exist in A, then 
(c+y) +2—2-+ (y+2). 


VII. Jf the sums x+y and y+ exist in A, then the existence of 
(c+ y) + 2 ts necessary and sufficient for the existence of x + (y + 2). 


It is worth noting that the antecedents of the postulates V, VI, VII 
require the existence of 2, 4, 3 sums respectively. We note the validity of 
the following important rule. 


(2+2)+y=—0, y+ (2+2)=—0, (y+2z)+2=—0, 


FREE SUMS OF GROUPS II. 627 


(1) Assume validity of I, VI, VII and existence of r+s. Then 
gt+r=0 implies (r+s8) =s and s+t=—0 implies (r+s) +t—r. 

This is an immediate consequence of s = (q +r) +s andr—r- (s+). 

It follows from (1) that adds satisfying Postulates I to VII are self- 
reflexive in the strict sense [Baer (1), Section 4]. 


(2) If Postulates I, V, VI, VII are satisfied by A, if x+y eatsts in 
A, and if c+e—y+y=0, then y +2’ evists in A and satisfies 
(c+y¥) + +2’) =0. 

Proof. We infer from (1) that r—(x+y)+~y¥. Consequently 
0—[(¢+y)+y]+72’; and our contention is a consequence of V. 


(3) Postwlates III, IV are consequences of I, II, VI. 


Proof. Assume x-+y=0. There exists by II an element z such that 
y+z=0. It follows from I thatr—2-+ (y+z),z=—(r@+y) +2; and 
consequently we may infer from VI thatz = 2+ 
Thus IV is a consequence of I, II, VI. 

If z+y—2+2=0, then we infer from IV that z+2—0; and it 
follows as before that y= (2+ 2) +y=—2z+ (x+y) =z. Hence III isa 
consequence of I, IV, VI and therefore of I, II, VI. 


(4) Postulate V ts a consequence of I, II, VI, VII. 


Proof. Assume that c+ (y+ 2) =0. There exists by II an element w 
in A such that z+ w=—0. Hence it follows from (1) that y=(y+z2)+ 4; 
and we have by I that w—[x+ (y+z)]+w. Now it follows from VI, 
VII that 


From IV and z + w = 0 we infer now thatO =w+2=—(r¢+y) +2. Thus 
we have shown that x + (y+ 2) implies (x+y) +2—0. 

From this fact and IV we deduce successively: if (r+s) +t=—0O, 
then ¢+ (r+s)=0, (¢+r) +s=—0, s+ (¢+7r) =0, (s+?#) +r=0, 
r+ (s+ +t) 0; and this completes the proof of the validity of V. 

We notice that all the postulates I to VII are valid whenever we are 
assured of the validity of I, II, VI, VII. We shall make much use of this 
fact. 


POSTULATES OF EXISTENCE. 


VIII. The existence of the sums x+y, y+2, x-+2 implies the existence 
of (x+y) +2. 
In conjunction with VII this implies also the existence of x + (y +2). 


e 
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(5) If Postulates I, V, V1, VII, VIII are satisfied by A, if the sums 
ata,cz«ty,y+y exist in A, and if there exist elements x’, y’ such that 
then the sums x+y and 
exist in A. 


Proof. We infer from (2) the existence of y’+ y’ and from (1) the 
validity of c—(x+y)+y. From VIII and the existence of the sums 


(c+y)+y,y¥+y, («+y) we infer the existence of 


From «+ 2’ =y’ + y=0 and the existence of 2 + y’, just established, 
we infer by (2) the existence of y+ 2’. But then it follows from our 
hypotheses and the result of the first paragraph that y + 2 exists too, as we 
desired to show. 


IX. The sum x+y exists in A if, and only if, y+ exists in A. 
X. The sum ++ exists for every x in A. 


(6) Postulate IX is a consequence of Postulates I, II, VI, VII, VIII 
and X. 


This is a fairly immediate consequence of (3), (4), (5). 

We shall show in the next section that these last three postulates assure 
the existence of sufficiently many subgroups of the add A; and this is the 
reason for terming these postulates the Postulates of Existence. We note that 
these last three postulates have considerably more depth than the preceding 
ones. It is for this reason that we shall try to avoid using them as much as 
possible. 


2. The subgroups of an add. Throughout this section we shall con- 
sider adds satisfying Postulate I, so that we may speak always of the zero 
element in A. Every subset of the add A may be considered as a subadd 
of A. Ifa subadd of A contains 0 and is a group with respect to the addition 
defined in A, then we shall term it a subgroup of A. Our main problem in 
this section is the determination of those subsets of A which are contained 
in subgroups of A. With this in mind we state 


DEFINITION 1. The subset 8 of the add A 1s a C-set, tf 


(C.1) the sum «+ y exists in A, whenever x and y are in 8; and 


(C.2) to every s in S there exists an element s’ in S such that s+ s’ =0. 
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Proposition 1. If Postulates I, VI, VII, VIII are satisfied by the add 
A, then every C-set 1s contained in a subgroup of A. 


Proof. Suppose that § is a C-set in the add A. Denote by S(0) the 
subset of A which consists of 0 and the elements in S. Clearly $(0) is a 
C-set too. We define now inductively subsets S(1) of A by the following rule: 


(0) S(«+1)—S(t) + S(t) consists of all the sums z for y 
in 8(«1) which exist in A. 


We prove now inductively: 
(1) S=8(0) =8(1) --S8() 
(2) Every S(t) is a C-set. 


The assertion (1) is an immediate consequence of the fact that 
T=T+T, provided 0 is in T. To prove (2) we note first that S(0) 
is a C-set. Hence we may make the inductive hypothesis that S(7) is a C-set. 
If z and y are elements in S(i), then their sum x + y exists in A [by (C.1)] 
and belongs to S(1-+1). We infer from (C.2) the existence of elements 
y in S(t) such that r+ 2’ =0. It follows from (C.1) that 
the sum y’ + 2’ of the elements y’ and 2’ in S(1) exists in A and belongs 
to S(i+1). We infer from §1, (1) that r—(e4+y)+y¥. Hence 


0—[(x+y)+y]+ 2’. Now we infer from the existence of y’+ 2’ in A 
and from Postulates VI, VII that 


and this shows the validity of (C.2) in S(t+1). If a, y, z are elements 
in S(t), then we infer from (C.1) the existence of the sums z+ y, y + 2, 
z+z in A; and now we may infer from Postulate VIII the existence of 
(cty)+z in A. If a, b, c, d are elements in S(t), then we infer 
from the preceding remark and from (C.1) the existence of the sums 
(a+b)+c,c+d, (a+6)-+d in A; and consequently we may deduce 
from Postulate VIII the existence of [(a+0)+c]+d. But c+d exists 
in A [by (C.1)]; and now we infer from Postulate VII the existence of the 
sum (a+b) + (c+) in A. This shows the validity of (C.1) in §(«+ 1). 
Hence S(i + 1) is a C-set too; and this completes the inductive proof of (2). 

Denote by @ the set-theoretical join of the sets S(i). It follows from 
(1) that SG. If 2 and y are elements in G, then there exists by (1) 
an integer m such that x and y are both in S(m). It follows from (2) 
that S(m) is a C-set so that the sum z+ y exists in A. Hence z+ y is in 
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S(m-+1) by (0): and consequently z+ y is in G. Thus we see that the 
sum of elements in G is a uniquely determined element in G; and it follows 
from Postulate VI that addition in G is associative. From S(0) =G@ we 
infer that 0 is in G. If finally z belongs to G, then x belongs to some S(k) ; 
and it follows from (2) that S(%) contains an element 2’ such that x + a’ = 0, 
Hence there exists to every z in G an element 2’ in G such that x + 2’ —0; 
and now it is easily verified that G is a subgroup of the add A which contains 
S, as we intended to prove. 


Proposition 2. If the Postulates I, V, VI, VII, VIII are satisfied by 
the add A, then the following conditions are necessary and sufficient for the 
subset S of A to be part of a subgroup of the add A. 


(a) If «and y are in S, then the sum x+y exists in A. 


(b) To every x in 8 there exists an element x’ in A such that 


Proof. The necessity of the conditions (a) and (b) is obvious. Assume 
now that the subset S of A satisfies the conditions (a) and (b). Then 
we may select to every element s in S some element s’ in A such that 
s+ s’=s’ + s—0; and we may form the set T of all the elements s and s’ 
for s in 8. It is clear that Condition (C.2) is satisfied by T. If x and y 
are elements in 8, then we infer from Condition (a) the existence of the 
sums 7-+27,27-+y,y+y,y-+2 in A. Hence we may deduce from §1, (2) 
and §1, (5) the existence of the sums 2’+2’,y+7,y+y,y+2 and 
a+y’,y +2. This proves the validity of (C.1) in T. Hence T is a C-set; 
and it follows from Proposition 1 that T is contained in a subgroup of the 
add A. But S is part of 7; and so § itself is part of a subgroup of the add A. 


CoroLutaRy 1. Assume the validity of the postulates I, II, VI, VII, 
VIII in the add A. Then 


(a) the subset S of A is part of a subgroup of A if, and only if, x+y 
exists in A whenever x and y are in 8. 


(b) Every subgroup of A is part of a maximal subgroup of A. 


(c) If M is a maximal subgroup of A, if w is an element in A, but not 
in M such that w + w exists in A, then there exists an element v in M such 
that at least one of the sums w+ v and v-+w does not exist in A. 


Proof. We infer from §1, (3) and §1, (4) the validity of all the postu- 
lates I to VIII in A. Now (a) is an immediate consequence of Proposition 2. 


i 
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The contention (b) is verified by the customary set-theoretical arguments 
[Maximum Principle]. Suppose now that G is a subgroup of the add A, 
and that w is an element in A such that the sums w + w, w+ g, g + w exist 
for every g in G. If S§ is the set composed of w and the elements in G, then 
the sum 2 + y exists in A whenever z and y are in S. It follows from (a) 
that S is part of a subgroup of A. If G@ were in particular a maximal sub- 
group of A, then this would imply that w is an element in G; and this 


proves (c). 


DEFINITION 2. The add A is the amalgam of its subgroups [in the 


strict sense], if 
(A.1) every element in A ts contained in a subgroup of A; 
(A.2) cross cuts of subgroups of A are subgroups of A; 


(A.3) the existence of the sums x+y, y+2, 2+2 i A implies the 
existence of a subgroup of A which contains 2, y, 2. 


Amalgams in the weak sense will be defined in the next section. [See 
also Baer (1), §6.] 


Coronttary 2. If the Postulates I, II, VI, VII, VIII are satisfied by 
the add A, and if the subadd EF = E(A) consists of all the elements e in 
A such that the sum e + e exists in A, then E(A) has the following properties. 


(a) If x is in E, and if xv’ is an element in A such that e+ 2’ =9, 


then x’ belongs to E. 


(b) If x and y are in E, and tf the sum x+y exists in A, then2+y 
belongs to E. 


(c) Hvery subgroup of A is part of E. 
(d) £ is the amalgam of its subgroups [in the strict sense]. 


Proof. We note first that [by §1, (3) and §1, (4)] all Postulates I to 
VIII are satisfied by A. If «+ 2 exists in A, and if «+ 2’ —0, then it 
follows from §1, (2) that 2’ +- 2’ exists in A; and this proves (a). Ifz-+z, 
t+ty,y-+y exist in A, then we infer from §1, (5) the existence of the sum 
y+za in A. It follows from Corollary 1, (a) that there exists a subgroup 
of A which contains z and y; and this implies in particular the existence of 
the sum (x+y)+(2+y). This proves (b). (c) is trivial. It is a 
consequence of Corollary 1, (a)\that the element z in A belongs to a sub- 
group of A if, and only if, 7+ 2 exists in A. Hence (A. 1) is satisfied by EZ. 


the 
lows 
Wwe | 
k); 
0, 
0; 
ains 
by 
| 
hat 
me 
at 
y 
he 
d 


632 REINHOLD BAER. 


That (A. 2) is satisfied by H is a consequence of the fact that the equation 
a-+x=—0O possesses for every a in A one and only one solution gz in A. 
Consider finally elements x, y, z in such that the sums y, y+ 2,z2+ 2 
exist in A. Then it follows from §1, (5) that the sums y+2,z2+y,2+2 
exist in A; and the sums y+ y, 2+ 2 exist in A, since 2, y, are 
in HE. Hence it follows from Corollary 1, (a) that there exists a subgroup 
S of A which contains z, y, z; and that S =H, is obvious [and has been 
pointed out before]. Thus 7 is the amalgam of its subgroups, as we claimed. 


THEOREM. The add A is the amalgam of its subgroups [in the strict 
sense| if, and only if, Postulates I, II, VI, VII, VIII, X are satisfied by A. 


Proof. It is a consequence of Corollary 2, (d) that A is an amalgam, 
if Postulates I, II, VI, VII, VIII, X are satisfied by A, since X; implies 
A=FH(A). Assume conversely that A is the amalgam of its subgroups 
[in the strict sense]. It is a consequence of (A. 2) that all subgroups of A 
have the same null-element; and now we deduce Postulate I from (A.1). 
Postulates II and X are likewise consequences of (A.1). If the sum2+y 
exists in A, then we infer from (A. 3) and the existence of the sums 0 4+ 2, 
x+y, y+ 0 that 0, z, y are contained in some subgroup of A. Thus we 
have verified : | 


(A.3*) The sum «+ y exists in A tf, and only if, x and y are contained 


in some subgroup of A. 


If now the sums y+ 2, exist in A, then it follows from 
(A. 3*) that the sum z-+-z exists likewise. It follows from (A.3) that 
Z, y, 2 are contained in some subgroup of A; and thus (7+ y) +2 exists 
in A. This shows the validity of VIII. 

If the sums 7+ y, y+ 2, (x + y) +2 exist in A, then it follows from 
(A. 3*) that 2, y belong to one subgroup and that y, z belong to some sub- 
group of A. Thus we are assured of the existence of the sums y + (47+ y), 
(x+y) +2, 2+ y; and we infer from (A.3) the existence of a subgroup 
S of A which contains y, x+y, z. But it is clear that z, y, z belong to the 
subgroup S of A. Now one sees readily the validity of the following property. 


(A. 3**) The following properties of the elements x, y, z in the amalgam A 
are equivalent. 


(i) There exists a subgroup of A which contains z, y, z. 


(ii) The sums x+y, y+2, 2+ 2 exist in A. 


FREE SUMS OF GROUPS II. 


(iii) The sums x+y, y+2, +2 exist A. 
(iv) The sums y+2, (y+2) exist wn A. 


+2 
+2 From (A. 3**) one deduces readily the validity of Postulates VI and 
are VII. This completes the proof. 
— remark. It is a consequence of §1, (3), (4), (6) that all Postulates 
me I to X are satisfied by amalgams. 
ned. 
rict 3. Amalgams satisfying the strong associative law. The characteriza- 
A. tion of amalgams which we obtained in the preceding section can be simplified 
considerably, if we assume that the add under consideration satisfies the strong 
ae associative law. In order to state this law in the form best suited for our 
lies purposes some concepts have to be recalled. 
If a,° 0<n, are elements in the add A, then we term the 
A ordered n-tuplet (a,- -*,@,) a vector of length n over A [and sometimes 
L). it will simplify notations to make use of the vector of length 0 too which is 
ie the empty set|. If (a:,- + -,@) is a vector a over A, and if the sum aj + dis: 
exists in A, then we term the vector (di,° Gi + Gist, On) 
rt of length »—1 a contraction of the vector a of length n. If the vector b 
arises from the vector a by a sequence of contractions, then b is termed a 
rd reduction of a [note that every vector is its own reduction too]. Finally we 
say that the vectors w and v are similar [w~v], if there exist vectors 
w(0),- ++, w(t),- +,w(2k) such that u u(0), w(2k) =v and such that 
n w(2i) and w(2i + 2) are reductions of w(2i-+1). [For a discussion of the 
t significance of these concepts see Baer (1); but note that we have slightly 
8 changed the terminology. | 


Srminariry Crirerion. If Postulates I to VII are satisfied by the 
add A, then similarity of the vectors u and v is a necessary and sufficient 
condition for the existence of a vector w such that u and v are reductions of w. 


For a proof see Baer (1), §4, Corollary 1, where for Postulates I to VII 
the slightly weaker hypothesis has been substituted that A be strictly self- 


reflexive. 


Tue Strone Associative Law holds in the add A, tf 


(S.1) (a) ~(b) implies a=b and 


(S.2) similarity of the irreducible vector v to a vector of length 1 implies 
that v too be of length 1. 
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Here we term a vector irreducible, if it does not possess any reductions. 
It has been shown [Baer (1), §3, Theorem 1] that this formulation of the 
strong associative law is equivalent with the one originally proposed [see 
Baer (1) for a discussion of the importance of this law. ] 


Lemma 1. The strong associative law implies Postulates VI and VIL. 


Proof. If the sums «+ y, y+ 2 and (x+y) +2 exist in A, then we 
have the vector similarities 
((a+y) ~ (2, 9,2) ~ +2). 


Now it follows from (S.2) that the last vector is reducible. Hence there 
exists the sum (y+ 2) in A. Consequently the vectors + y) + 2) 
and (x + (y + 2)) are similar over A; and we infer (x# + y) +-z=2+ (y+) 
from (8.1). If the sums z+ y, y+ and a+ (y+) exist in A, then we 
show similarly the existence of (x+y) +2 and the equality 7+ (y+) 
= (r-+y)-+z. This shows the validity of VI and VII. 


DEFINITION. The add A is the amalgam of its subgroups [in the weak 
sense], if 
(B.1) every element in A belongs to some subgroup of A; 
(B.2) cross cuts of subgroups of A are subgroups of A; 


(B.3) the existence of the sum x+y in A implies the existence of a sub- 
group of A which contains both x and y. 


LemMA 2. The add A is an amalgam in the strict sense if, and only 4f, 


(a) A is an amalgam in the weak sense and 


(b) to any gwen subgroups X, Y, Z of A there exists a subgroup 8 
of A which contains the cross cuts XY, YZ, ZX. 


Proof. Assume that A is an amalgam in the strict sense. Then it is 
easily seen that A is an amalgam in the weak sense too [we have verified 
this in §2, when we deduced (A.3*)]. Consider now subgroups X, Y, Z 
of the add A and element r,s which belong to the join of X° Y, YZ and 
ZoX. Then r and s belong to one of the subgroups X, Y, Z; and thus their 
sum r-++s exists in A. Since in A all Postulates I to X are satisfied 
[§2, Theorem], we may apply §2, Corollary 1, (a); and this proves the 
existence of a subgroup S of A which contains Y° Y, Y°Z, Zo X. Thus 
the conditions (a) and (b) are necessary. If conversely the conditions (a) 
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and (b) are satisfied by A, then A certainly satisfies (A.1), (A.2). If 
z, y, 2 are elements such that the sums x + y, y+ 2, 2+ exist in A, then 
we infer from (a) and (B.3) the existence of subgroups X, Y,Z of A such 
that z,y belongs to X, y, z to Y and z,z to Z. But then y is in XY, 
zin YZ andzin ZX. It follows from (b) that there exists a subgroup 
S of A which contains these cross cuts and which therefore contains the 
elements z,y,z. Thus (A.3) is satisfied by A too; and this completes the 
proof. 

On the basis of this lemma it is easy to construct amalgams in the weak 


. sense which are not amalgams in the strict sense. 


THEOREM. Jf the strong associative law is satisfied by the add A, then 
the following properties of A are equivalent. 
(i) A is an amalgam in the strict sense. 
(ii) A is an amalgam in the weak sense. 
(iii) Postwlates I, II, IX, X are satisfied by A. 
(iv) Postulates I, II, VIII, X are satisfied by A. 


Proof. We have mentioned before [Lemma 2] that (i) implies (il) : 
and that amalgams in the weak sense satisfy Postulates I, II, IX, X, is easily 
deduced from the definition. 


Assume now the validity of Postulates I, IJ, IX, X. We infer from 
Lemma I [and the strong associative law] the validity of Postulates VI, 
VII so that we may deduce from §1, (3), (4) the validity of Postulates III, 
IV, V. Thus we may use the symbol —~z in the usual fashion. We prove 
first : 


IX*, The existence of x + y implies the existence of x— y. 

If z+ y exists in A, then there exist the sums y+ 2, —y—y, + @. 
Consequently the following vector similarities are true: 

(c+ +2) ~ 92) ~ (2,2) ~ (+2). 
This implies by (S.2) the reducibility of the first of these vectors; 
and consequently at least one of the sums (4+y)-+(—y—y) and 


(—y—y) + (y+ 2) exists in A. From §1, (1) we (r+ y) —y 
and «=—y+(y+2); and now we deduce from VI, VII the 


existence of (c+y) + (—y—y) +9) —y] or of 
(—y—y) + (yt+2) But it 
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follows from IX that 2 —y exists if, and only if, —y-+ 2 exists; and this 
completes the proof of IX*. 

Now we are ready to verify VIII. Assume the existence of the sums 
in A. This implies [by IX*] the existence of 2 — y, 
y-—2z, x—z. Consequently we have the vector similarities: 


y, y—2) (z,—y, Y,—2) (x, —z) 
and we infer from the strong associative law that 
+ (y—z) = 


Thus it follows from IX that the sums (y—z) + (t—y) and —z++2 
exist in A; and this implies the validity of the following vector similarities: 


((y—z) + (t&—y)) ~ (¥, ~ (¥, —2 + 2,—Y). 
Hence it follows from (8.2) that the last of these vectors is reducible; and 
consequently at least one of the sums y+ (—z-+ 2) and (—z+2)—y 
exists in A; and it follows from IX and [X* that both these sums exist in A. 
Using the equation —(—?t) —¢ one deduces now successively from VII, 
IX, IX* the existence of the sums 


(—2+2)+y,—2+ (@+y)—4% +2 
Thus VIII is satisfied by the add A; and we have shown that (iv) is a 


consequence of (iii). 

If Postulates I, II, VIII, X are satisfied by A, then we see as before 
that Postulates VI, VII are satisfied too; and it follows from §2, Theorem 
that A is an amalgam in the strict sense. This completes the proof. 


4, Intrinsic characterization of the strong associative law. It is our 
objective in this section to characterize by inner properties the adds which 
satisfy the strong associative law. We precede this characterization by the 
proot of a couple of useful lemmas. 


LemMMA 1. Assume that Postulates I and V are satisfied by the add A. 
(a) If (0) ws a reduction of the vector +,Un), and if 2<n, then 
there exists an integer 1 with the following properties: 

0<i<n—I, the sum v4, + Vin. exists in A and (0) is a reduction of 
the contracted vector (V1,° Vi + * * 


(b) (0) ts a reduction of the vector (v1,---+,Un) with 1 <n if, and only 
if, there exists a reduction (a) of (vi1,- *,Un1) such that a+ v,=—0. 


this 
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Proof. If (0) is a reduction of the vector (a,b,c) of length 3, then 
either (a+b) +c—0Oora+ (b+ c) =0. It is a consequence of Postulate 
V that these two equations are equivalent conditions on the elements a, B, c. 
Consequently the sum a + b exists in A; and (0) is a reduction of (a+ b,c). 
Thus Proposition (a) has been verified for n= 3. Assume now that 3 <n 
and that Proposition (a) has been verified for n—1. If (0) is a reduction 
of the vector (v,,- - -, Un), then there exists certainly an integer & with the 
following properties. 

0<k<n, the sum v% + vz. exists in A, and (0) is a reduction of the 
contracted vector w= Ue + * *)- 

If & happens to be less than n—1, then & is the desired integer; and 
if k = n—1, then (0) is a reduction of the vector w whose length n—1 
is at least 3. Thus we may apply the inductive hypothesis on 


W = (V1,° * * Un-25 Un-1 + Un)- 


Hence there exists an integer 1 with the following properties: 
0<i< n—2, the sum »;+ v,, exists in A, and (0) is a reduction of 


the [twice contracted] vector 
= Vi-15 Vi Visty Vi+25 Un-25 Un-1 + Un). 


But then (0) is a reduction of the vector 


* Vi-1, Vi Visty 5 Un); 


° 


of which ¢ is a [simple] contraction. Thus we have found a suitable integer 
iin either case. This completes the induction and the proof of (a). (b) is 
readily deduced from (a) by complete induction. 


Remark. By interchanging right and left in Lemma 1 another pair of 


correct assertions is obtained. 


£ 


Lemma 2. If Postulates I, IV and V are satisfied by the add A, and 1; 
(0) is a reduction of the vector (v1,- + *,Un) with 1 <n, then (0) 1s also 


a reduction of the vector (Vi,- Un, V1,° Vi-1)- 


Proof. Clearly it suffices to prove that (0) is a reduction of (Up, V1,° * *, Un-1) 
whenever (0) is a reduction of (v,,:--,Un). But if (0) is a reduction of 
(v1, * *,Un), then there exists, by Lemma 1, (b), a reduction (w) of — 
(¥1,° * *,Un+1) such that w+v,—0. It follows from Postulate IV that 
0—v,-+w. Hence (0) is a reduction of (vn, w) and this vector is clearly 
a reduction of (Vp, V1,° * *, Un-1) so that (0) is also a reduction of this latter 


vector, as we desired to prove. 
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THEOREM. If Postulates I and II are satisfied by the add A, then the 
following properties of A are equivalent. 


(i) The strong associative law. 
(ii) Postulate VI and Property (S. 2). 
(iii) Postulates VI, VII together with the following property: 


(S) If the sums In-—X, exist nm A, 4H, 
then the sum 2;_, — 4, exists in A for some 1 such that 1 <<i<n, 


(iv) Postulates III, IV, V together with the following property: 


(S.0) If (0) ts a reduction of the vector (v1,- + -,Un) with 1 <n, and if 
the difference Un. + Un exists in A, then (0) ts also a reduction of 
the contracted vector (V1,° * * 5 Un-2) Un-1 + Un). 


We note that the Postulates III, IV, V are consequences of the Postu- 
lates I, II, VI, VII [see Section 1] and that it is therefore possible to use 
in Condition (iii.S) the symbol — z. 


Proof. It is an immediate consequence of.§8, Lemma 1 that (i) implies 
(ii). Assume next the validity of (ii). Suppose that the sums a+ b, b+ ¢ 
exist in A, and that at least one of the sums (a+ 0) +c and a+(b+c) 
exists in A. If, for instance, a+ (b-+-c) exists in A, then we have the 
vector similarities: 

(a+ (6+ ¢)) ~ (a,b,c) ~ (a+ 6,¢). 

Since the first of these vectors has length 1 and the last one length 2, we 
infer from (8.2) reducibility of the last of these vectors. Hence the sum 
(a+b) + exists in A; and this proves the validity of VII. Thus, I, II, 
VI, VII are satisfied by A; and it follows as usual that III, IV, V hold too. 
Hence we may use the symbol —?¢. Suppose now that the sums 2, — %,- - -, 
Ln-1— In, Tn —@, exist in A. Then we infer from §1, (2) the existence of 
— — =— (— and consequently we have the 
following vector similarities : 


—Lo,* * In) ~ (Li, — Lo, Lo, — * * — Ln) 


(21, — ~ (41 


The first of these vectors has length n—1 and the last one length 1. Thus 
we infer from 2 < n and (S: 2) the reducibility of the first of these vectors. 
Consequently there exists an integer 1 such that 0 <1 < m—1 and such that 
the sum (2 — Zis1) + (%is1 —Vin2) exists in A. This implies the validity of 
the following vector similarities : 
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( Lis1) + (Lisa Lise) ) —— — Lise) 
(Li, — 


But then (S.2) implies the reducibility of the last of these vectors; and 
this shows the existence of the sum 2;—i,2. Thus we have verified (S) ; 
and this shows that (iii) is a consequence of (ii). 

Assume now the validity of (iii). Then we see as usual the validity of 
all the Posulates I to VII. Property (S.0) is certainly satisfied by vectors 
of length 2; and it is equivalent with V for vectors of length 3; and thus 
we may make the inductive hypothesis that (S.0) is satisfied by all vectors 
whose length is less than n and that 3<n. Suppose now that (0) is a 
reduction of the vector (v1,° * *, Un) and that the sum Up; + Up, exists in A. 
We distinguish two possibilities. 

Case 1. There exists an integer i with the following properties: 


0<i< n—2, the sum v,+ %,, exists in A, and (0) is a reduction 
of the contracted vector (01,° * Vi-ry U1 + Viety Vinay’ Un)- 

Since this contracted vector has length n — 1, we may apply the inductive 
hypothesis. Since i+1< n—1, this implies that (0) is a reduction of 


the twice contracted vector 


(1, Vi-1, Vi + Vi+1y * Vn-25 UVn-1 + Un). 


But then it is clear that (0) is likewise a reduction of the [once contracted | 
vector (V1,° * Un-2)Un-1 + Un), a8 we claimed. 


Case 2. If 0< i< n—2, and if the sum »%-+ %, exists in A, then 
(0) is not a reduction of the contracted vector 


[Incidentally this can only happen for n > 4.] 

In this case we deduce from Lemma 1, (a) inductively the existence of 
elements *,W, with the following properties: 
(a) the vector (w;) is a reduction of the vector (Vj, Visi,* * * 5 Un-1) 5 
(b) wey vir + 
(c) (0) is a reduction of the vector (v1,° Vi-s, Wi, Un)- 

We note first two immediate consequences: 
(a’) = Vn-13 


(a”) (v,,° Wi, Vn) is a.reduction of the vector Un). 
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From §1, (1) and from (b) we deduce 44) = (vias + Wi) — Wi = Wir — 1; 
and thus we have by §1, (2): 
(b’) the sum w;— w;-, exists in A forl Ci<n. 


From (c) we deduce that (0) is a reduction of (w1,n). Hence 
0 = w, + Or 


(c’!) 


Finally we deduce from the existence of Un-1+ Un the existence of 


— (Una + Vn) =— Un — Vn = W1 — Wns by §1, (2) and by (c’), (a’). 


Thus we have shown that the following sums exist in A: 


It follows now from Condition (S) that either the sum w, —wy,_2 or one of 
the sums — with 1<i<n—+1 exists in A. [This is trivial, if 
n = 4. 

We show next that the second possibility cannot arise. For otherwise 
some sum — wi, with 1 would exist in A; and we would 
infer from §1, (2) that w;,— wi,, exists in A. It follows from (b) that 


— Wiss = + Wi) — Wier. 


But it follows from (b) [and §1, (1)] that v1; = w;—wj,,; and now we 
deduce from Postulates VI, VII that 


= (Wi — Wirt) + Wier = [ (Via + Wi) — Wier] + Wid 
= [Vin + (Wi — Wier) + Wier = (Ver + + Wied 
Now we deduce from (c) that (0) is a reduction of the vector 
(V1,° * Un) = (V1,° + Vi) Un) 5 
and this vector is a contraction of the vector 
(V1, ° 5 Vi-zy + Vi, Wists 
But it follows from (a) that the last vector is a reduction of 


so that (0) has been shown to be a reduction of this vector contrary to the 


hypothesis of Case 2. 
Thus we have shown the existence of the sum w,— Wy-z. Consequently 
we may deduce from (c’) the existence of the sum 
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Wn-2) = — Wy = Wn-2 + Un. 
Since the sum Vp_, + U, exists in A, we may now deduce from (b), (a’) and 
the Postulates VI, VII that 
lence Wn-2 + Un = (Vn-2 + + Un = (Un-2 + + On 
= UVn-2 + (Un-1 + Un). 
It follows from (c) that (0) is a reduction of the vector 
e of 
(V1, * Un-3y Wn-2, Un) 
a’), 
=) whose length is n—1. Since the sum wy, + v, exists in A, it follows from 
the inductive hypothesis that (0) is likewise a reduction of the vector 
(v1, * * 5 Un-3, Wn-2 + * * Un-35 Un-2 +- (Un-1 + Un) 
e of But this vector is a contraction of (11,° Un-2, Un-1 + Un) So that (0) 
» if is a reduction of this last vector, as we desired to show. This completes the 
; inductive proof of (S. 0); and thus we have shown that (iv) is a consequence 
of (iii). 


Assume now the validity of (iv). Then we prove first: 


(iv.1) If (0) is a reduction of the vector v = (1,,° - -,n), then (0) 
is a reduction of every contraction of v. 


we 


If the sum v; + v4, exists in A, 0 <i< n, then we deduce first from 
Lemma 2 that (0) is a reduction of the vector 


and we deduce from Condition (S. 0) that (0) is a reduction of the contraction 


(Vise, > Uny Vi-1, Vi + Viss) 


and consequently it follows from Lemma 2 again that (0) is a reduction of 
the contraction (01,° * *, Vis, Vi + Un) Of V, as we desired to 


show. 


(iv.2) Suppose that v~w. Then (0) is a reduction of v if, and only 


if, (0) is a reduction of w. 


To prove this we note first the following immediate consequence of (iv. 1) : 
If the vector r is a contraction of the vector s, then (0) is a reduction of r if, 
and only if, (0) is a reduction of s; and from this fact the proposition (iv. 2) 
follows by complete induction. 


2 
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Suppose now that (a:,--~*,4,) is an irreducible vector over A of 
positive length n; and that a is an element in A such that 


(a1,° ~ (a). 


Since the Postulates I to V are satisfied by A, we may make use of the 
operation —?. Consequently we find that 


(0) ~ (a,—a) ~ (@1,° *,@n,— =. 


It follows from (iv. 2) that (0) is a reduction of the vector v; and now it 


follows from Lemma 1, (b) and the irreducibility of the vector (a,,° - -, dn) 
that n = 1 and a,—a=0. But this implies [because of Postulates I to V| 
that a; a. Thus we have shown the validity of the strong associative law; 


and this completes the proof. 


CoroLLary 1. The add A is an amalgam satisfying the strong associative 
law if, and only if, A satisfies Postulates I, I1, VI, VII and 

(S*) the existence of the sums 2, + In + 2, with 
3 <n implies the extstence of a sum with 1<i<n. 


Proof. If A is an amalgam satisfying the strong associative law, then 
A satisfies Postulates I, II, VI, VII [§8, Lemma 1]; and the existence of 


a-+ 6b implies clearly the existence of a—b. Thus the existence of the 
sums 2, + * 2, implies the existence of the differences 
Ln-1 — Ln, — and it follows from the preceding Theorem 
that at least one of the differences 2;_, — 2;,, exists in A. But this implies 
the existence of the sum 2;_-, + 2;,, in the amalgam A. Thus we have shown 


the necessity of our conditions. 

Assume conversely the validity of Postulates I, II, VI, VII and (S*). 
If a+ b exists in A, then we are assured of the existence of the following 
sums: a+b, b—b[=—0], —b—a[=—— (a+ —a-+a; and it 
follows from (S*) that at least one of the sums a — bd and 6 —a exists in A. 
But the existence of b —a implies the existence of — (b —a) =a—bD; and 
thus we have shown that the existence of a + b implies the existence of a — b. 
This Property IX* implies together with (S*) the property (S) of the pre- 
ceding Theorem, so that the strong associative law holds in A. One deduces 
furthermore from IX* as usual the Postulates [IX and X; and now it follows 
from §38, Theorem that A is an amalgam in the strict sense satisfying the 


strong associative law. 


CoroLuaRy 2. The amalgam A [in the weak sense] satisfies the strong 


associative law, if 


/ 
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(a) to any three distinct maximal subgroups X, Y, Z of A there exists 
a subgroup S of A such that YZ, ZX are all part of 8; and 

(b) to any n>38 maximal subgroups of A 
there exists a subgroup T of A and an integer i with O0<1<n—1 such 
that X; and Xin are both part of T. 


Proof. It is a consequence of (a) and §3, Lemma 2 that A is an amalgam 
in the strict sense; and we deduce from (b) that Corollary 1, (S*) is satisfied 
by A. Thus the validity of the strong associative law may be inferred from 


Corollary 1. 


Remark 1. It is an open question whether Condition (b) is necessary, 
though certain parts of (b) may be shown to be necessary. It is easy, how- 
ever, to construct examples which show that it does not suffice to require the 
validity of (b) for bounded n only. 


Remark 2. Most of the known criteria for the validity of the strong 
associative law are easily seen to be special cases of Corollary 2; see in 
particular Baer (1) §8, Theorem 1 and Corollary 1. 


5. Generalization of H. Neumann’s reduction theorem. We suppose 
throughout this section that the add A satisfies Postulates I to V. Then A 
possesses a uniquely determined null element, the operation —vz is well 
defined, and cross cuts of subgroups are subgroups of A. 

If M is a maximal subgroup of A, then we form the subgroup C(M) 
of M which is generated by all the subgroups M* X, where X ranges over 
all the maximal subgroups, not M, of A. The join D(A) of all these sub- 
groups C(M) is a subadd of A with a number of important properties: 


C(M) =M- D(A) for every maximal subgroup M of A. 


Consequently D(A) contains —z, whenever it contains 7; and it con- 
tains «+ y, whenever x+y exists in A and z and y belong to D(A). 
Hence D(A) is an amalgam [in the weak sense]; and it is an amalgam in 
the strict sense whenever A has this property [see also Baer (1), §8, Lemma 3]. 
It can also be shown that the strong associative law is satisfied by the amalgam 
A if, and only if, it is satisfied by D(A) [Baer (1), §8, Theorem 2; Neumann 
(1), 5.0. Theorem p. 599]; and it is our objective to prove an analogous 
property for the iterates of D(A) which includes the result just mentioned 


as a special case. 
We define the iterates of the operation D in the following obvious fashion : 


A—D,(A), 
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Dv(A) = D[Dv(A)], 
Do(A( = intersection of all the Dy(A) with v <o in case o is a limit 
ordinal. 


One proves easily by complete [transfinite] induction that the D,(A) 
form a descending chain of subadds of A with the closure property: 


D,(A) contains —z whenever it contains x; and it contains 7+ y 
whenever it contains z and y and the sum z+ y exists in A. 


The Dy(A) with 0 <» are all amalgams of their subgroups; and if A 
is an amalgam in the strict sense, then all the Dy(A) are amalgams in the 
strict sense. 

Finally we note the existence of an ordinal r such that D,;(A) = Dy41(A) 
= D[D,(A)]. It is of interest to note that there exist [easily constructed] 
amalgams A in the strict sense where this ordinal 7 cannot be finite. 

THEOREM. If A is an amalgam in the strict sense, then the following 
properties of A are equivalent. 

(i) The strong associative law is satisfied by A. 


(ii) The strong associative law is satisfied by every Dy(A). 


(iii) The strong associative law 1s satisfied by at least one D(A). 


Proof. We note first that every Dy(A) is an amalgam in the strict 
sense. Assume now the validity of the strong associative law in A; and 
consider elements a;,-**,@, in Dp(A) with the property: the sums 
+ * Qn-+a, exist in Dp(A) and 3<n. Since the 
elements a; and their sums are in A, and since the strong associative law 
holds in A, we may deduce from §4, Corollary 1, (S*) the existence of one 
of the sums a, + a4; with 1<i<n in A. But Dp(A) is closed in A 
with respect to addition; and so this sum exists in Dp(A). Consequently 
Condition (S*) is satisfied by Dp(A); and we deduce from §4, Corollary 1 
the validity of the strong associative law in Dp(A). Thus we have shown 
that (ii) is a consequence of (i); and (iii) is just a special case of (ii). 

Assume now the validity of (iii). Then we want to show the validity 
of Condition (S*) of §4, Corollary 1 in A. If this were not true, then there 
would exist a minimal integer m > 3 with the following properties: 

(T.m) there exist elements w,,---,wWm in A such that the sums 
Wy + We,* * *,Wm-1 + Wm; Wm + W, exist in A, whereas none of the sums 
+ Winx With 1 <1 < m exists in A. 

We show next that these elements w;, satisfying (T.m), belong to every 
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D,(A). This is certainly true for v0; and thus we may make the 


imit inductive hypothesis: 


0 < and the w; belong to every Do(A) with o < ». 


(4) 


If v happens to be a limit ordinal, then D,(A) is the intersection of all 
the Do(A) with o <v so that the w; belong to D,(A) too [because of the 
inductive hypothesis]. If v—p»-+1 is not a limit-ordinal, then it follows 
from the inductive hypothesis that the w; belong to Dp(A). Since Dp(A) 
is closed in A with respect to addition, it follows from (T.m) that all the 
sums W, + Wm1 + Wm, Wm + belong to Dp(A). Since Dp(A) is 
an amalgam of its subgroups, there exist maximal subgroups S; of Dp(A) 
such that w;, wi,, are in 8; for 0 << 1< m and such that wm, w, belong to Sym. 


f A 
the 


Since the S; are maximal subgroups of the amalgam Dp(A), the operation 
C(S;) is well defined with respect to Dp(A). The element w, belongs to the 
cross cut S,°S,, of two distinct maximal subgroups of Dp(A). Hence w, 
is in C'(S,) and therefore in D[Dp(A)]. Likewise w; with 1 < 1 <= m belongs 
to the cross cut S;_, 9 8; of two distinct maximal subgroups of Dp(A) and 
hence to D[Dp(A)]. Thus we have shown that every w, belongs to 
D[Dp(A)] = Doi1(A) = Dy(A); and this completes our inductive proof. 

We have shown now that Condition (S*) of §4, Corollary 1 is not 
satisfied by any Dy(A), if it is not satisfied by A. But it follows from (iii) 
and §4, Corollary 1 that this Condition (S*) is satisfied by at least one 


A) 
If S; == S;,, for some positive 1 < m—-1, then w;, Wis1, Would be in the 
same subgroup of A so that the sum w; + wi,2 would exist contrary to (T.m). 
| Hence 
ng S;+ Siu. for 0 << i< m—1. 
Next we show that Sm. 4 Sm ~8S;. To do this we distinguish two cases. 
Case 1. m=4. If S;—8,, then ws, wy, w, would be in the same 
subgroup of A so that the sum w, + ws would exist in A, contrary to (T. 4) ; 
and if S,—8S,, then ws, w,, W. would belong to the same subgroup of A so 
ot that the sum w,+w, would exist in A, contrary to (T.4). Hence 
d 8; 4 8,54 8,, as we claimed. 
Case 2. 4<m. If Sn+—Sm, then Wm1s, Wm, belong to the same 
" subgroup of A so that the sum wm, +, exists in A; and the elements ; 
W1,°* *,Wm-+ satisfy (T.m—1). If S_—8,, then wm, belong to 
‘ some subgroup of A so that the sum w,», + w, exists in A; and the elements 
W2,* * *,Wm satisfy (T.m—1). Either way we are led to a contradiction 
with our minimal choice of m. Hence + Sm as we claimed. 
| 
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D,(A). Hence it is satisfied by A too; and this implies the validity of the 
strong associative law in A. Hence (i) is a consequence of (ili) ; and this 
completes the proof. 


Remark 1. If any two distinct maximal subgroups of the amalgam 4 
meet in the same subgroup U, then D(A) =U; and it follows from the 
preceding theorem that the strong associative law is satisfied by A. Thus 
one sees that Schreier’s Theorem is a special case of the preceding theorem. 
On the other hand it does not seem likely that a criterion like §4, Corollary 2 
could be deduced from our result. 


Remark 2. If A is an amalgam in the strict sense, then there exists 
some ordinal r+ such that the amalgam D,;(A) —8B is an amalgam in the 
strict sense which satisfies B—D(B). It follows from our theorem that 
the strong associative law holds in A if, and only if, it holds in B. Thus it 
suffices to find criteria for the validity of the strong associative law in amal- 
gams B [in the strict sense] which satisfy in addition the condition B = D(B),. 
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FREE SUMS OF GROUPS AND THEIR GENERALIZATIONS III.* 
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In the first communication of this series we have shown that the appro- 
priate framework for an investigation of free sums of groups with amalgamated 
subgroups is provided by the concept of add [= system with an incomplete 
addition]. In particular we have stressed the central importance of what we 
called the strong associative law. This may be restated in a form appropriate 


ists 
the 


hat for the purposes of this introduction as follows: similar irreducible vectors 
3 it are equal, if one of them has length 1. The connection of such a requirement 
1al- with the so-called word [or identity] problem is obvious, since it requires 


a trivial solution in a special case. It is our objective in the present inves- 
tigation to characterize adds meeting the following still stronger requirements : 
(a) the class of adds where similar irreducible vectors are equal [Section 2] ; 
(b) the class of adds where similar irreducible vectors have equal length 
and where similar vectors of length 1 are equal [Section 1]. In adds of class 
(a) the word problem has a trivial solution, and in adds of class (b) a simple 
solution of the word problem exists [Section 3]. In Section 4 we establish 
finally a striking and surprising relation between the word problem and the 


B). 


transformation problem. 


a Results and concepts of our second communication are used freely in 
the present investigation. References to this paper are indicated by the prefix 

al II [like II, §4, Lemma 1]. The postulates I to X which we enumerated in 
II, §1 are used so often that we refer to them just by their roman numeral 
without any further reference. 

of 


1. Invariance of length of irreducible reductions. The principal ob- 
jective of this section is the proof of the equivalence of three properties of 
adds. Before enunciating this theorem it will be convenient to discuss some 
of the concepts and properties occurring in this theorem. 


Tue Associative Law (T) consists of the Property (S.1) of the strong 
associative law [or associative law (S) as we shall term it in the future] and 


of the following invariance property: 


* Received June 6, 1949. 
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(L) Similar irreducible vectors have the same length. 


It is clear that the Property (S.2) is a special case of (Li), since it 
requires the validity of (L), if at least one of the vectors has length 1. Thus 
the associative law (S) is a consequence of the associative law (T). 

The property (L) is easily seen to be equivalent to the apparently weaker 


property 
(L’) If v’ and v” are irreducible reductions of the vector v, then v’ and v” 
have the same length. 


Proof of the equivalence of Properties (Li) and (L’): if v’ and v” are 
reductions of v, then they are similar vectors; and thus (L’) is a consequence 
of (L). Suppose conversely the validity of (L’) and the similarity of the 
irreducible vectors u and w. Then there exist vectors v(t) such that u = v(0), 
w v(2n) and v(2t), v(2i 2) are reductions of v(21-+1) forO St <n. 
[ Note that some of these vectors may be equal.] Since u and w are irreducible 
vectors, and since every vector possesses an irreducible reduction, we may 
assume without loss in generality that the vectors v(27) are irreducible. But 
then it follows from (L’) that v(27) and v(2i1-+ 2) for 01 < n have the 
same length; and thus wu and w have the same length. Hence (L) is a con- 
sequence of (L’). 

We note finally that Property (S.1) is not a consequence of Property 
(L). as may be seen from the example of any system with a unique, but non- 
associative, addition where all irreducible vectors have length 1. That (S. 1) 
does not imply (8.2) nor (L) is likewise easily seen. 


THE PosTuLaATE XI consists of three parts: 


(a) If the sums a+b, b+ c,c+d ezist in A, then at least one of 
the sums a-+- (b+ c) and (b+ c) + d ezists in A. 


(b) If the sums b+ c,c+danda+ (b+) exist in A, then at least 
one of the sums a+b and (b+ c) +d ezists in A. 


(c) If the sumsa+ b,b+ cand (b+ c) +d exist in A, then at least 
one of the sums a+ (b+ c) and c+ d exists in A. 


In certain instances it is possible to deduce the properties (b), (c) from 
(a) ; but whether or not this is true in general, the author does not know. 


ConNECTED ConTRACTIONS. This concept is not of as great an intrinsic 
interest as the preceding ones; but it will prove very helpful in several proofs. 
We define it as follows: 


3 


st 
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If v(1),- --,v(m) are contractions of the vector v, and if v(t) and 
v(it+1) possess, for 0<t<m, a common contraction, then v(1) and 
v(m) are connected contractions of v. 


We shall utilize this concept for m —2,3 only. The reason for this 
is contained in the following useful proposition. 


Lemma. If there exist contractions of the vector v which are not con- 
nected, then v satisfies one of the following two (excluswe) properties: 


(a) v=—v'+ (a,b,c) where v'+ (a) and (c) are irre- 
ducible vectors and where the sums a+b, b-+c exist in A, though the 
existence of the sums a+ and (a+ 6) + would imply a+ (6+ ¢) 
# (a+b) +0. 

(b) (p,q,7,8) +w” where w’'+(p) and (s)+w” are 
irreducible vectors and where the sums p+ q,q-+ 1,17 +8 eatst in A, though 
the existence of the sums p+(q+r) and (p+q)+r would imply 
p+(q+r) ~(p+q) +17 and the existence of the sums + (r-+s) and 
(a+r) +s would imply q+ (r+s)A +8. 


Proof. Our arguments are based on the following obvious constructions : 


(A) If (a,b) +y-+ (c,d) +42, and if the sums a+ and 
c+d exist in A, then (a+ 6) +y+ (c+ 4d) +2 is a common con- 
traction of the contractions z+ (a+ 6) +y+ (c,d) +2 and 
t+ (a,b) +y+ (e+d) +2 of the vector v. 


(B) Ifv—zc-+ (a,b,c) + y, if the sums a+ 0,b+c¢,a+ (b+ ¢), 
(a+b)+c exist in A, and if a+(b+c)—(a+6)+c=s, then 
z+ (s) + y is a common contraction of the contractions z+ (a+ b,c) +y 
and z+ (a,b-+c) +y of the vector v. 

If the vector v= (v;,--~-,V,) possesses contractions which are not 
connected, then v possesses at least two contractions. Consequently there 
exists an integer k such that 1 < k <n and integers f(1),---,f(k) such 
that 0 < f(1) <<---<f(j) <f(j+1) <---<f(k) <n with the fol- 
lowing properties : 

the sum v; + v;,, exists in A if, and only if, t—f(j) for some j with 
1<j<k. 


If we denote now by v(j) the vector which arises from v by substituting for 
their sum, then the vectors v(1),- - -,v(%) constitute all the 
contractions of v. 
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It follows from (A) that v(i) and v(j) have a common contraction 
whenever f(i) +1<f(j). This implies in particular that v(1) and v(t) 
possess a common contraction for 2 <7 and that v(j) and v(k) possess a 
common contraction for 7<k—41. Consequently any two contractions 
of v are connected if 3<k; or if k=3, but f(1) +2<f(3). The 
existence of unconnected contractions of v implies therefore that k = 2 or 3, 
f(2) =f(1) +1 and, in case k=3, then f(3) =f(2) +1—f(1) +2. 


The validity of our lemma is now readily deduced from (B). 
THEOREM 1. The following properties of the add A are equivalent. 
(i) The associative law (T). 
(ii) The postulates VI, VII, XI. 
(iii) If the contractions v’ and v” of the vector v are not both trre- 
_ducible, then they are connected contractions of v. 


Proof. Assume first the validity of the associative law (T). This 
implies the associative law (S) of which VI, VII are consequences [II, §8, 
Lemma 1]. If the sums a+ b, b-+c¢, c+d exist in A, then we have the 


vector similarities: 
(a+ b,c+d) ~ (a,b,c,d) ~ (a,b+ c,d). 


Hence it follows from the invariance rule (L) that the last of these vectors 
is reducible; and this proves the existence of at least one of the sums 
a+ (b+ c) and (b+ c)+d;/i.e. the validity of XI, (a). If next the 
sums a+6,b+c, (b+ c)+d exist in A, then we obtain the vector 


similarities : 


(a, (b +c) +d) ~ (a,b, c,d) ~ (a+ b, 6d). 


As before we deduce from (L) the reducibility of the last of these vectors and 
therefore the existence of at least one of the sums (a+b) +c¢ andc+d in 
A so that the validity of XI, (c) has been established; and XI, (b) is verified 
similarly. Thus we have shown that (ii) is a consequence of (i). 

Assume now the validity of (ii). Then we prove (iii) in the following 


slightly stricter form: 


(iii*) If the vector v possesses contractions which are not connected, 
then all tts contractions are trreducible. 


If the vector v possesses contractions which are not connected, then it 
follows from Lemma 1 that v possess either two or three contractions. If v 


> 
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possesses just two contractions, then we infer from Lemma 1, (a) and Postu- 
lates VI, VII, that v has the following form: 


v=v + (a,b,c) +v” where v’+ (a) and (c) +” are irreducible 
vectors and where the sums a + b, b + ¢ exist in A, though none of the sums 


a+(b+c), (a+ 5b) + exists in A. 


If v + (a+ b,c) + v” were reducible, then we would have v’ = w + (t) 
where ¢-+ (a+b) would exist in A. But from the existence of the sums 
a+b,b+candt+ (a+ 5) in A we infer by XI, (b) the existence of at 
least one of the sums ¢ + a and (a+ 0) + ¢, which is impossible. Thus the 
contraction v’ + (a+ 6,c)+v” of v is irreducible; and the irreducibility 
of the other contraction + (a,b -+ c¢) +” of v is derived similarly from 
XI, (c). 

If v possesses just three contractions, then we infer from Lemma 1, (b) 
and Postulates VI, VII that v has the following form: 


v=w' + (p,9,7,8) + w” where w’ + (p) and (s) + w” are irreducible 
vectors and where the sums p+ q, g-+7, r+s exist in A, though none of 
the sums p+ (¢g+r), (p+q) +7, (Q+7r) +58,¢+ (r+) exists in A. 


This clearly contradicts XI, (a). 

Thus we have verified the validity of (i1i*) and shown that (iii) is a 
consequence of (ii). 

Assume finally the validity of (iii). We first verify (LL), and to do this 
it suffices to prove (L’). This we do by complete induction with respect to 
the length n of the vector v. It is trivially true, if v has length 1; and thus 
we may assume that 1 < nm and that (L’) is true for all vectors whose length 
is less than n. If the vector v of length n is irreducible, then our contention 
is again trivially true. Thus we assume finally that v is reducible and that 
v and v” are irreducible reductions of v. Consequently there exist con- 
tractions w’ and w” such that v’ is a reduction of w’ and v” is a reduction 
of w’. If w’ and w” are both irreducible, then v’= w’ and v” = w” are both 
of length n — 1, as we wanted to show. If w’ and w” are not both irreducible, 
then they are, by (iii), connected; and there exist consequently contractions 
w(0),- +, w(k) of v such that w’ = w(0), w” =w(k) and such that w(t) 
and w(t-+ 1) possess for 0 =i < k a common contraction u(t). Since w(t) 
has length n —1, it follows from the inductive hypothesis that all the irre- 
ducible reductions of w(t) have the same length m(i). But u(t) has an 
irreducuible reduction which is necessarily a reduction of both w(t) and of 
w(i+1). Consequently m(i) = m(i-+ 1) for every 1, so that in particular 
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m(0) = m(k). But m(0) is the length of v’, and m(k) is the length of v”. 
Hence v’ and v” have the same length, as we wanted to show. This completes 
the inductive proof of (I/). Hence (L) too is satisfied in A. 

Next we prove: 


(S.1’) If (a) ts a reduction of the vector v, then (a) is the only irreducible 
reduction of v. 


This is trivially true, if v is of length 1. Thus we may assume that v 
be of length n > 1 and that we have verified (S. 1’) for vectors whose length 
is less than 1. It follows from (L) that all irreducible reductions of v have 
length n. .Suppose therefore that (b) is some irreducible reduction of ». 
Then there exist contractions uw and w of v such that (a) is a reduction of u 
and (b) is a reduction of v. If u and w are irreducible, then v = (r,s) is of 
length 2 and (a) = (r+s) so thata=r+s=—bD too. If u and w 
are not irreducible, then we infer from (iii) the existence of contractions 
w(t) of v such that u=—w(0), w—=w(k) and such that w(i) and + 1) 
possess a common contraction u(t). Since the w(t) are of length n—1, 
and since all their irreducible reduction have length 1 [as reductions of 1], 
it follows that w(t) has one and only one irreducible reduction (a).. But 
(a;) is a reduction of u(t), as is (ai.1) ; and so it follows that a; a;,,. This 
implies in particular the equality of a =a, and a, = b, so that the inductive 
proof of (S. 1’) has been completed. From (S. 1’) one deduces readily (S. 1) ; 
and thus we have shown that (i) is a consequence of (iii). This completes 
the proof of our theorem. 


CorottaRy. If Postulates I and II are satisfied by the add A, then the 
associative law (T) 1s a necessary and sufficient condition for the validity of 
Postulates VI, VII and 


XI-. If a—b, b—cand c—d exist in A; then a-—c or b —d exists in A. 


Proof. If (T) is satisfied by A, then we deduce the validity of VI, VII 
from Theorem 1. If furthermore a— bd, b—c, c—d exist in A, then we 


have 
(a— b,b —c,c—d) ~ (a, —b, b, —c,c,—d) ~ (a,—d). 


Since the first of the vectors has length 3 and the last one has length 2, it 
follows from (T) [invariance of length] that at least one of the sums 
(a—b) + (b—c) and (b—c) + (c—d) exists in A. But (a—b)+5 
=a by VI, VII; and thus it follows from VI, VII that (a—b) + (b—c) 
= a—, if it exists; and similarly one sees that (b —c) + (c—d) =b—d, 
if it exists. Hence XI- is a consequence of (T). 


4 
4 ; 
| 
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Assume conversely the validity of VI, VII and XI-. Then we are assured 
of the validity of Postulates I to V [II, §1]. If the sumsa+b,b+0¢,c+d 
exist in A, then it follows from I to VII that the differences (a + b) —), 
b—(—c), —c—[—(c+d)] exist in A; and it follows from XI- 
that (a+ 6) — (—c) = (a+b) (6+¢) or b—[—(c+4)] 
=b+ (c+d)=—(b+c)+d exists in A. Thus XI, (a) is true. If the 
sums a+ 6, cand (b+ c) + d exist in A, then we infer from Postulates 
I to VII the existence of the differences a— (—b), —b—[— (b+ ¢)], 
—(b+c)—[—((b+c)+d)]; and it follows from XI- that at least 
one of the differences a— [— (6 + c)] =a+ (b+) or —b— [—((b+ ¢) 
[because of —b+(b+c) —c] 
exists in A. Thus XI, (c) is true too; and the validity of XI, (b) is verified 
likewise. Hence VI, VII, XI are true; and (T) is a consequence of 
Theorem 1. 


THEOREM 2. The following properties of the add A are equivalent. 
(i) A is the amalgam of its subgroups and satisfies the associative 
law (T). 
(ii) <A is the amalgam of its subgroups and satisfies the following 


condition: 


(D) If X,¥,Z are maximal subgroups of A, then YSYZ or 
ZoYSYoX. 


(iti) A satisfies Postulates I, II, VI, VII and 


XI*. If the sums a+b, b+ c,c+d ewist in A, then at least one of the 
sums a-+c and b+d ewists in A. 


Proof. Assume first the validity of (i). Then A is an amalgam which 
satisfies the strong associative law; and A is consequently an amalgam in 
the strict sense [II, §8, Theorem]. Suppose now that X, Y,Z are maximal 
subgroups of A; and that Yo and Z*YfYX. Then there 
exists an element a in X 9 Y, but notin YZ. Since a is not in the maximal 
subgroup Z of A, there exists [II, §2, Corollary 1, (c)] an element c in Z 
such that the sum a + c does not exist in A. Likewise there exists an element 
bin Zo Y and an element din X such that the sum b + d does not exist in A. 
Since d,a are in X, a,b in Y and b,c in Z, we are assured of the existence 
of the sums d+ a,a+b,b-+c. Then it follows from Postulate XI, (a) 
[which is true because of (T) and Theorem 1] that at least one of the sums 
d+ (a+b) and (a+ b)-+c exists in A. If the first of these sums exists 
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in A, then we are assured of the existence of the sums a+ d, d+ (a+b), 
(a+ 6) +a in the amalgam A in the strict sense; and hence it follows 
[II. §2, Definition 2, (A.3)] that a,d,a-+ 6 are contained in some sub- 
group of A. But this subgroup would contain d and bd too, which is impossible. 
If the sum (a+ b) + ¢ would exist in A, then we would show likewise that 
a and c belong to the same subgroup of A, which is impossible too. Thus we 
are led to a contradiction which proves the validity of Condition (D). Hence 
(ii) is a consequence of (i). 

Assume now the validity of (ii). If X, Y,Z are maximal subgroups of 
A, then it follows from (D) that the cross cuts X*° Y, YZ, ZX are all 
contained in one of the subgroups XY, Y,Z. Hence A is an amalgam in the 
strict sense [II, §3, Lemma 2]. Consequently the Postulates I to X are 
satisfied by A [II, §2]. Assume now the existence of the sums a+ b, b + ¢, 
c+din A. Then there exist maximal subgroups X, Y,Z of A such that 
a,b are in X, b,c in Y and c,d in Z. Hence b belongs to X* Y and c to 
YoZ, If Xe°YSYZ, then b is in Z, as are c and d so that the sum 
b+d exist in A. If Y°9 YYZ, then it follows from (D) that 
ZoY=YoX. Hence c belongs to X, as do a and b, so that the sum a+ c 
exists in A. Thus we have verified the validity of XI*; and we have shown 
that (ili) is a consequence of (ii). 


Assume finally the validity of (iii). Then we are assured of the validity 
of Postulates I to VII and may use the operation —-z as usual [II, §1]. 
We show first the validity of 


IX*. The existence of a+ b implies the existence of a—b. 


If a+} exists in A, then we are assured of the existence of the sums 
a+b, b—b[=—0], —b—a[—— (a+ in A. This implies by XI* 
the existence of at least one of the sums a—b and b—a. But — (b—a) 
—=— (—a) —b =a—), so that a—b exists in either case. 

If the sums 2, %n-1— Zn, Ln — exist in A, and if 3 < n, 
then we infer from IX* the existence of the sums 2, + 2%, %. + 23, 3 + %. 
It follows from XI* that at least one of the sums x, + 2; and 2, + 2, exists 
in A; and hence it follows from IX* that 7,—2, or 2,—2, exists in A. 
Thus we have verified the validity of II, §4, Theorem, (iii) and this shows 
the validity of the strong associative law. 

From the existence of a—a[—0] and IX* we infer the existence of 
a—(—a)=—a-+a. Thus X is satisfied by A. If a+} exists in A, then 
we deduce from I[X* successively the existence of a— 6, — (a— b) =b—a, 
b— (—a) =b-+ a, so that IX is valid in A. Now it is a consequence of 
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II, §8, Theorem that A is an amalgam in the strict sense; and this implies 
in particular the validity of the postulates I to X [TI, §2]. 

If the sums a+ 0, b+ ¢, c+ d exist in A, then we infer from XI* that 
at least one of the sums a-++ c and b+ d exists in A. If a+ c exists in A, 
then we are assured of the existence of the sums a+), b+ c, a+ c; and 
it follows from VIII that (a+ 6) +c—a-+ (b+ c) [by VI, VII] exists 
in A; and if 6+d exists in A, then we see likewise the existence of 
(b+ c)+d. Thus XI, (a) holds in A. 

If the sums a+b, b+ c and (b+ c) +d exist in A, then we infer 
from the properties of amalgams the existence of the sums 


a+b, b+(b+c), (b+e) +4. 


Hence it follows from XI* that at least one of the sums a+ (b+ c) and 
b-+d exists in A. In the latter case we are assured of the existence of the 
sums d+ b+ (6+), (6+ c) +d; and it follows from the properties 
of amalgams in the strict sense [(A.3)] that d,b,b-+ ¢ belong to some 
subgroup of A. This subgroup contains necessarily d,b,c so that the sum 
c+ exists in A. Thus we have verified the validity of XI, (c); and the 
validity of XI, (b) is shown likewise. Hence XI is true; and it follows 
from Theorem 1 that (T) is satisfied by A. We have shown therefore that 
(i) is a consequence of (iii) ; and this completes the proof. 


Remark. We note that adds A which satisfy the conditions of Theorem 2 - 
satisfy the strong associative law and are amalgams in the strict sense, as 
was shown during the proof. Thus they belong to a class of adds, investigated 
in I, §6. 


Example. Form the direct sum H QJ @ K @ L of groups H, J, K, L 
all different from 0. Form the subadd A of H @ J @® K @ L which consists 
of the elements in H @J,J @K, K @L. It is a consequence of II, §4, 
Corollary 2 that A is an amalgam in the strict sense which satisfies the strong 
associative law. But it follows from Theorem 2 that the associative law (T) 
is not satisfied, since Condition (D) does not hold in A. 


2. The similarity problem. A solution of the similarity problem con- 
sists in devising a definite method for deciding in a finite number of steps 
whether two given vectors are similar or not. This problem is often referred 
to as the identity problem, since similar vectors represent the same element 
in the derived manifold [Baer (1), $2], and also as the word problem, since 
the term “word” is often used instead of our “ vector.” 

Every vector possesses irreducible reductions. If the vector v has 
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length n, then one may obtain each of its irreducible reductions in less than 
n steps. The procedure may be normalized, if we care to do so, by requiring 
to make always that contraction which is “ farthest left.” Likewise it would 
be possible to obtain all irreducible reductions of v in less than $n(n—1) 
steps. Since a vector and its reductions are similar vectors, it follows that 
it suffices to solve the similarity problem for irreducible vectors. We are 
going to offer here a solution of this problem for adds which satisfy Postulates 
I, II and the associative law (T). This solution is essentially contained in 
the following proposition. 


TuHeEorEM. If Postulates I, II and the associative law (T) are satisfied 
by the add A, then the following conditions are necessary and sufficient for 
similarity of the trreducible vectors and (b,,- Dn). 


(a) m=—n. 


(b’) If 1=m=n, then a, 


(b”) If 1<m=n, then there exist elements in A such that 


C= — bir + (Cir + = (— + G1) + ain for 2<isSn, 
Cn = bn — On. 
Proof. It is a consequence of §1, Theorem 1 that Postulates VI, VII 
are satisfied by A. Consequently Postulates I to VII are satisfied by A; 
and we may use the operation —~z [II, §1]. 
Assume now the validity of our conditions. If m=—n—1, then our 
vectors are equal [and consequently similar]. If 1< m—vn, then it follows 
from our conditions [and y=—z-+ y)] that 


Ce G1 +a. +6 for 2 Sn, = Cy + Oy. 
This implies 
(@1,° —~ (G1, — Co, Coy * — Cty Cty * Cny Cny Mn) 
(i, — Co, Co + * Ca + Oia, — Ci, Cy + *,—Cny Cn + On) 
= + C2, — Co, be + €3,° + Ci, — Ci, Di + +, — Cn, Dn) 
(bi, C2, Co, Do, * Dis, Ciy — Ci, Di, Cn, bn) 
+, Dn); 
and thus we have shown the sufficiency of our conditions. 


Suppose conversely the similarity of the irreducible vectors (a1,° - -, 4m) 


= 
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and bn). Then m is a consequence of the invariance property 
(L). If 1—m=—n, then it follows from (S.1) that a; Thus we 
have shown the necessity of our condition (b) in case the similar irreducible 
vectors are of length 1. Hence we asume now that the irreducible similar 
vectors are of equal length n > 1 and that the validity of (b) has been verified 
for similar irreducible vectors of length less than n. From the similarity 
of (d:,° *,@n) and we deduce now that 


(a1, ° ~ Any — An) ° * Gy) + (— an) : 
Dn) + (— an) (b,,° Bn, — Qn). 


Since the first of these vectors has length n —1 and the last one has length 


n+ 1, it follows from (L) that the last vector is reducible. Since (0;,---, bn) 
is irreducible, this shows the existence of 


Cn Dn An. 


Hence *,@n-1) ~ (b1,° +, Gn); and it follows as before that the 
sum by-1 + Cy exists in A. Consequently we have 


(a1, ° (0,,° Dn-1 + Cn)- 


The first of these vectors of length n—1 is irreducible by hypothesis and 
thus we may deduce the irreducibility of the second vector from the invariance 
rule (Iu). Upon these similar irreducible vectors of length n—1 the 
inductive hypothesis may be applied. Consequently either n—1—1 and 
a, = + or Co = + + + or else 1 << n—1 and 
there exist elements ¢2,° in A such that a, 


— + (Cir di-1) (— + Ci-1) + for 2< t< ny, 


Cn-1 == (On-1 + Cn) —Qn+. From the last of these equations we deduce first 
that 


+ Cn = [(On-1 + Cn) — Gn-1] == Cnr + On-1, 
Cn = — + + Cn) = — Dna + (Cn-1 + 
We have furthermore 
—~ Ona + Cn) + (— Cn) 


and now we deduce as usual from (LL) the existence of a1—Cn. This 
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implies the existence of — (@n1—Cn) =Cn—4n+1; and consequently st 
follows from Posulates VI, VII that 


Cn-1 = + Cn) — = Das + (Cn ——On-1), 
Cn — = — + [Ona + (Cn —Gn-1) | = — Dna + 
Cn = (Cn —On-1) + = (— + Cn) + Orr; 
and this clearly completes the inductive proof of (b). 


Remark 1. This theorem contains a solution of the similarity problem, 
since it gives a definite procedure for finding elements ¢2,- - -, ¢n»—if they 
cannot be determined in this fashion, then the vectors are not similar—and 
since it subjects the last element c, to a further test. 


Remark 2. In case A happens to be an amalgam satisfying (T), then 
one may prove easily the following fact: If C is a class of irreducible similar 
vectors over A, then all the vectors in C have the same length n(C) ; and 
there exists a subgroup S(i) of A which contains all the 1-th coordinates of 
vectors in C. 


3. Equality of similar irreducible vectors. If similar irreducible vec- 
tors are necessarily equal, then the similarity problem, discussed in §2, has 
a trivial solution. We are going to characterize these adds. 


THEOREM 1. The following properties of the add A are equivalent. 


(i) Similar trreducible vectors are equal. 
(ii) A satisfies Postulates VI and 
XII. If the sums a+ b, b+ c¢ exist in A, though at least one of the sums 
a+ (b+c) and (a+b) +c does not exist, then a=a-+b and 
c=b+e. 
(iii) All contractions of the vector v are connected. 


Proof. Assume first that similar irreducible vectors are equal. If the 
sums a+ b and b+ exist in A, then we have 


(a + b,c) ~ (a,b,c) ~ (a,b-+ c). 
Since the first and last of these vectors are of length 2, it follows that they 
are either both reducible or both irreducible. If they are both reducible, 
then we have ((a+ 6) +c) ~ (a+ (b+ )); and this implies (a + 6) + 
=a-+(b+c). If they are both irreducible, then they are equal, and hence 
a+b—a,c=b-+c. This shows that (ii) is a consequence of (i). 


ib 
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Assume next the validity of (11). Then one deduces readily the validity 
of Postulates VI, VII, XI; and it follows from §1, Theorem 1 that the con- 
tractions v and vw” of the vector v are both irreducible, if they are not 
connected. It follows then from §1, Lemma that 


v=u-+t (a,b,c) +u, (a+d,c)+u, =u+ (a,b+c)+u, 


where neither of the sums (a+ 0) +c anda+ (b+ c) exists in A. Apply 
XII to show that a—=a-+ 6b, c=b-+c and that therefore =v”. This 
is a contradiction, since we assumed that v’ and v” are not connected. Hence 


lem, 
they we have shown that (iii) is a consequence of (ii). 
-and Assume finally the validity of (iii). Then we are going to show first 


that 
(E’) 
This is certainly true for vectors v of length 1. Hence we assume that v 
is a vector of length n >1; and that vectors of length less than n possess 
one and only one irreducible reduction. There is nothing to prove, if v 
is irreducible. Hence assume that v be a reducible vector of length n; and 
that w’, w” are irreducible reductions of v. Then there exist contractions v’ 
and vw” of v such that w’ and w” are reductions of v’ and v” respectively. 
Then either v’ =v”, or there exist contractions v(1),---,v(k) of v such 
that v’ = v(1), v(k) =v” and such that v(7) and v(i + 1) possess a common 
contraction. It follows from the inductive hypothesis that v’, v” and the 
v(i)—as vectors of length n — 1—possess one and only one irreducible reduc- 
tion. This implies w’ = w” in case v’ =v”; and if v’v”, then v(t) and 
v(i+ 1) have the same irreducible reduction, since they possess a common 
contraction and therefore a common irreducible reduction. Hence it follows 
also in the later case that v’ = v(1) and v’ =v(k) possess the same irre- 
ducible reduction, namely w’ = w”. This completes the inductive proof of 
(E’); and from (E’) we deduce (i) by the customary arguments. This 
completes the proof. 


then every vector possesses one and only one irreducible reduction. 
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"7 THEOREM 2. The following properties of the add A are equivalent. 
(i) A is an amalgam such that similar irreducible vectors are equal. 
(ii) A satisfies Postulates I, II, VI, VII and 

% XII.* Jf the sums a+b, b+ € exist in A, and if b~0, then the sum 

atc exists in A. 


(iii) A is an amalgam such that distinct maximal subgroups of A have 


only 0 in common. 
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Proof. If (i) is true, then the strong associative law is satisfied by A. 
Consequently A is an amalgam in the strict sense and satisfies Postulates | 
to X [II, §3, Theorem & II, §2]. If the sums a+ 6b, b+ ¢ exist in A, and 
if b=40, then the non-existence of one of the sums a+ (b+ c) and 
(a + 6b) + would imply [by Theorem 1, XII] thata=a+b andc—b+c; 
and this would imply b = 0, since a and b as well as b and ¢ belong to some 
subgroup of A. Consequently the sums a-+ (b+ cc), (a+b) +6 exist in 
A; and this implies as usual that a,b,c belong to some subgroup of 4. 
Hence a +c exists in A. Thus (ii) is a consequence of (i). 

If (ii) is true, then one verifies readily the validity of Postulates I, II, 
VI, VII and XI*; and it follows from §1, Theorem 2 that A is an amalgam 
in the strict sense which satisfies the associative law (T). If X and Y are 
distinct maximal subgroups of A, then there exists an element z in X and 
and an element y in Y such that the sum z+ y does not exist in A [II, §2, 
Corollary 1, (c)]. If z belong to the cross cut of X and Y, then the sums 
x+z2,2+ y exist in A, though z + y does not exist in A. Hence we deduce 
from XII* that z—0 or Y¥° Y =O. This shows the validity of (iii) so 
that (iii) is a consequence of (ii). 

If finally (iii) is satisfied, and if the sums a+ 6b, b+ €¢ exist in A, 
though the sums a+ (b+ c) and (a+ 6) -+-c¢ do not both exist in A, 
then there does not exist a subgroup of A which contains a, b,c. Consequently 
there are distinct maximal subgroups XY, Y such that a,b are in XY and 
b,cin Y. Then d is in X¥* Y =O so that b—0O. This shows the validity 
of Postulate XII; and we deduce from Theorem 1 that similar irreducible 
vectors are equal. Hence (i) is a consequence of (iti). This completes the 
proof. 


Remark. This theorem shows that the free sums of groups are charac- 
terized among the free sums with amalgamations by the property that similar 
irreducible vectors are equal. 


4. The transformation problem. Throughout this section we shall be 
assured of the validity of the Postulates I to V; as a matter of fact we shall 
mostly, though not always, assume that the adds under consideration are 
amalgams in the strict sense [so that all the Postulates I to X are valid]. 
Thus there exists to every element x in the add A a uniquely determined 
element — x such that x — x = — x + x = 0; and we shall use the notation: 
(01, ° Un) (— Vn, ° 

DEFINITION 1. The vectors v and w over A are equivalent, if there 
exists a vector t over A such that t+u~w-+t. 


id 
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Since the defining similarity may also be written in the form 
yv~—t+w-+t, this amounts to saying that equivalent vectors are “ trans- 
forms” of each other. Noting this, it follows that similarity implies 
equivalence, and that equivalence is symmetric, reflexive, transitive and is 
in agreement with generally accepted terminology. 

One proves easily that the vectors v and w are equivalent if, and only if, 
there exists a vector u such that »~w and w arises from u by a cyclic 
permutation of the coordinates. Thus we are led to the following concepts. 


/DEFINITION 2. The vector v is a cyclic reduction of the vector w, if 
ther exist vectors t(0),---,t(k) such that w=t(0), t(k) =v, and such 
that t(t-+-1) is either a reduction of t(i) or else is obtained from t(t) by a 
cyclic permutation of the coordinates of t(1). 


It is clear that every reduction is also a cyclic reduction and that cyclic 
reductions of v are equivalent to v. 


DeFINITION 3. If all the vectors arising from v by cyclic permutation 
of coordinates are irreducible, then v is cyclically irreducible. 


Thus (v1,° Un) is cyclically irreducible, if either or else none 
of the sums v; + v;,, for 0 nor the sum v, + exists in A. 

It is easy to see that every vector possesses cyclic reductions which are 
cyclically irreducible; and that cyclically irreducible vectors do not possess 


“proper ” cyclic reductions. 


DeFINITION 4. The elements a and b are equivalent over A, tf there 


‘exists a vector v of non-negative length such that v and —v are irreducible 


vectors and such that (a) 1s a reduction of v + (b) —v. 


If the strong associative law holds in A, then this concept of equivalence 
is clearly symmetric, reflexive, and transitive. Whether the strong associative 
law is needed for the validity of this statement, is an open question. 

If we substitute in our various “associative laws” equivalence for 
similarity of vectors and equivalence for equality of elements, cyclic reduc- 
tion for reduction and cyclical irreducibility for irreducibility, then we obtain 
a new kind of associative laws. It is our object to prove the rather surprising 
fact that, at least for amalgams, these new associative laws are equivalent to 
the original laws they arose from. 

If we apply the procedure just outlined to the strong associative law, 
then we obtain the following property. 


Tue Associative Law (S;) consists of the following two properties: 
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(S;.1) If the vectors (a) and (b) are equivalent, then the elements a and } 
are equivalent over A. 


(S;:.2) If the cyclically irreducible vectors v and w are equivalent, and if 
one of them has length 1, then both have length 1. 


The second property will usually be used in the following form: If (a) 
and v are equivalent, and if the length of v is greater than 1, then v is 


cyclically reducible. 


THEOREM 1. The strong associative law and the associative law (S;) 


are equivalent properties of amalgams. 


This theorem will be a consequence of two slightly stronger propositions. 


THEOREM la. The associative law (St) 1s a consequence of the strong 
associative law and the Postulates I, II, IX. 


Proof. It is a consequence of the strong associative law and Postulates 
I, II that Postulates I to V are satisfied by A [see II, §4, Theorem]. If (a) 
and (b) are equivalent vectors over A, then there exists a vector v of shortest 
length such that (a) ~—v+(b)+v. It is clear that v and —v are 
irreducible vectors; and it follows from the strong associative law that (a) 
is a reduction of —v-+ (b) + v. Hence a and are equivalent elements 
over A [Definition 4]; and thus (S;.1) is satisfied by A. 

Suppose now that the vector v = (v1,- - +, Um) is cyclically irreducible, 
has length m greater than 1, and is equivalent to a vector of length 1. Then 
there exists a vector w of minimal length n such that w + v—w is similar 
to a vector of length 1. One verifies readily that w and — w are irreducible 
vectors; and one deduces from the strong associative law that w+ v—w 
possesses a reduction of the form (a). It is now easy to show that 
w-+v—w-==p-+q where the vectors p and q possess reductions (b) and 
(c) respectively such thata—b-+-c. If the length of p would not exceed n, 
then we would have w—p-+ p’. Since w is irreducible, so is p. But (b) 
is a reduction of p so that p= (6). From the existence of the sum } +c=—a 
and Postulate IX we infer the existence of the sum c-+b—d. Hence (d) 
is a reduction of g-+ p. Now we see that 


and this is impossible, since p’ has length at most n—1, and since w was 
selected as a vector of minimal length transforming v into a vector of length 1. 
Thus we have shown that the length of p is greater than n; and one verifies 


| 
i 


likewise that the length of q is greater than n. 
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Consequently there exists an 


integer 7 such that 


From the existence of the sum a—b-c and Postulate IX we infer again 
the existence of the sum c+6—d. Since (b) and (c) are reductions of 
p and q respectively, we find that (d) is a reduction of g+ p. Consequently 
we have 

(d) + Um) — Ww + + (4, Vi) 


( Vis1, >» Um) V1; %) 


It follows from the strong associative law that (d) is a reduction of v’. But 
v’ arises from v by cyclic permutation of coordinates; and this contradicts 
the assumed cyclical irreducibility of v. Thus we have been led to a contra- 
diction which proves the validity of (S;. 2). This completes the proof. 


Remark. It appears probable that Postulate IX is not necessary for the 
validity of (S;), though it may be indispensable. 


THEOREM 1b. The strong associative law is a consequence of the asso- 
ciative law (S_) and the Postulates I to V. 


Proof. It is a consequence of II, §4, Theorem that it suffices to prove 
the validity of the following proposition : 


(*) If (0) ~», then (0) ts a reduction of v. 


This we prove by complete induction with respect to the length n of 
the vector v. If firstly v = (a) is of length 1, then we infer from (0) ~ (a) 
the equivalence of (0) and (a); and we infer from Property (S;.1) the 
equivalence of the elements 0 and a in A. Hence there exists a vector 
such that ¢ and —¢ are irreducible vectors and such that (0) is a reduction 
of ¢+ (a) —t#. It follows from II, §4, Lemma 2 that (0) is likewise a 
reduction of —¢+t-+ (a). We infer from II, 4, Lemma 1, (b) the 
existence of a reduction (b) of —¢+# such thatb-+a—0. But ¢ and —?# 
are irreducible vectors; and thus (0) is the only reduction of —¢-+#¢. Hence 
b=0, and consequently a0. This proves (*) for vectors v of length 1. 

Now we assume that (0) ~ w, that w is a vector of length n+ 1 with 
0 <n, and that we have verified (*) for all vectors v whose length does 
not exceed n. Similarity implies equivalence; and it follows from Property 
(S;.2) that w is cyclically reducible. We distinguish two cases. 


Since 


Then there exists a contraction w’ of w. 


w is reducible. 


Case 1. 
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clearly (0) ~w~w’, and since w’ has length n, we may apply the inductive 
hypothesis which assures us that (0) is a reduction of w’ and hence of w. 


Case 2. w is irreducible. Then it follows from the cyclic reducibility 
of w that w= (r) +s-+ (¢) and that the sum ¢+ 1 exists in A. We have 
(t,7) +s~ (t) + w— (t) ~ (0). Since (é,r) +s is reducible, it follows 
from Case 1 that (0) is a reduction of (¢,r) +s. But then it follows from 
II, §4, Lemma 2 that (0) is likewise a reduction of the vector w which 
arises from (t,7) + s by a cyclic permutation of coordinates. This completes 
the induction, the proof of (*) and of Theorem 1b, as has been pointed out 
before. 


That Theorem 1 is an immediate consequence of Theorems la and 1b, 
is fairly obvious, since Postulates I to V and IX are satisfied by all amalgams. 


Tue Associative Law (T;) consists of the Property (S;.1) and of the 
following invariance property : 


(Ix) Equivalent cyclically irreducible vectors have the same length. 
It is clear that (Ly) implies (S;.2). Hence (S;) is a consequence of 


(T;). If, furthermore, Postulates I to V are satisfied, then it follows from 
Theorem 1b that the strong associative law is likewise satisfied by A. 


The following notation will prove convenient, since we are going to 
restrict our discussion to amalgams. 


DEFINITION 5. The subset 8 of the add A is co-group, tf there exists 
a subgroup T of A such that SST. 


Co-group subsets are clearly contained in maximal subgroups, since 
every subgroup is contained in a maximal subgroup. 


THEOREM 2. The associative law (T) and the associative law (T;) are 
equivalent properties of amalgams. 


Proof. We have noted before that the strong associative law is always 
a consequence of (T); and that in the presence of Postulates I to V [which 
are satisfied in all amalgams] the strong associative law is likewise a conse- 
quence of (T;). Thus we may assume throughout the proof that the strong 
associative law is satisfied by the amalgam A; and that therefore A is an 
amalgam in the strict sense of the word [II, §8, Theorem]. Thus all the 
postulates I to X are satisfied by A [II, §2] and also the property: 

The elements z, y, z are co-group if, and only if, the sums z + y, y +z, 
exist in A. 
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We note furthermore the equivalence of the following three properties 
of elements a,b in A: 


a, b are co-group; a+ 6 exists in A; a—b exists in A. 


A. Assume the validity of (T:). Consider elements a, b,c, d in A whose 
differences a—b, b—c, c—d exist in A. Then we have the following 
vector similarities : 


(a— b,b —c,c—d) ~ (a, — b, b, —c,c,—d) ~ (a,—d). 


Thus we have shown the similarity, and hence the equivalence, of a vector 
of length 3 and a vector of length 2. It follows from (Ly) that the vector 
of length 3 is not cyclically irreducible. Hence at least one of the sums 
(a—b) + (b—c), (b—c) + (c—d) and (c—d) + (a—b) exists in A. 


Case 1. (a—b) + (b—c) exists in A. Then we have the vector 
similarities : 


((a— + (b—c))~ (a, — 6, b, —c) (a,—c); 


and we infer from the strong associative law the existence of the difference 
a—c. 


Case 2. (b—c)+(c—d) exists in A. Then one deduces [as in 
Case 1] the existence of 6 —d. 


Case 8. (c—d)-+ (a—b) exists in A. Then there exists 
(a—b) + (c—d) and we have 


((a— b) (c—d))~ (a, — b, c,— da) 


[Note that the existence of — b + c is a consequence of the existence of c — b.] 
It follows from the strong associative law that at least one of the sums 
a+ (—b-+c) and (—b+c) —d exists in A. If a+ (—b-+ ¢) exists 
in A, then the pairs a,—b-—+c and —b-+c,—b and a,—b are pairs of 
co-group elements in A. But A is an amalgam in the strict sense so that 
a,— b+ c,—b are co-group. Hence a, b,c are co-group so that a —c exists 
in A. If (—b +c) —d exists in A, then we show likewise the existence of 
b—din A. 

Thus we have shown that in every case at least one of the differences 
a—c, b—d exists in A. The validity of (T) is therefore a consequence of 
§1. Corollary. 
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B. Assume conversely the validity of (T). Then one infers immediately 
from §1, Theorem 2, (iii) and the fact that A is an amalgam in the strict 
sense the validity of the following proposition. 


(B.1) If a,b and b,c and c,d are three pairs of co-group elements in A, 
then at least one the triplets a, b,c and b,c, d 1s co-group. 


Next we prove the following fundamental proposition. 


(B.2) Suppose that v and w are similar irreducible vectors. Then v is 
cyclically irreducible if, and only if, w ts cyclically wrreducible. 


It is a consequence of the invariance of length that v and w are vectors 
of equal length n. Because of the symmetry of our hypotheses it suffices to 
show that cyclical reducibility of w implies cyclical reducibility of v. The 
irreducible, cyclically reducible vector w has the form w= (w,,- - -.wn), 
where none of the sums w; + w;,, with 0 <1< n exists in A, whereas the 
sum w, + w, exists in A, so that in particular 2< n. Let v = -, vn). 
Then we infer from v~w and §2, Theorem the existence of c= w,— Up, 
d = w,— v, and the fact that c, and d, are co-group triplets. 
We have furthermore the following vector similarities : 


(Wn + Wi, Wn-1 + C) ~ (Wn, Wi,° *, C) 


—~ (Wn) + w+ (— In) ~ (Wn) (— tn) (Wns Uns). 


Since the first of these vectors has length n —1, whereas the length of the 
last one is n, it follows from the invariance of length that the last of these 
vectors is reducible; and this implies because of the irreducibility of v the 
existence of the sum w, + v;. Thus we have seen that the three pairs wn, 0, 
and v;, w, and w,, w, are co-group. But A is an amalgam in the strict sense; 
and thus it follows that w,,w:,v;, are co-group. Interchanging 1 and n it 
follows that Wn, Un are co-group too. Hence there exist maximal sub- 
groups X, Y,Z of A such that vp, wp, w, are in X, v,, w,, W, in Y and d, ws, v. 
inZ. If X¥* YS then w,, w, would be in Z. But w, is in Z and w is 
irreducible. Hence X¥° Y $ YZ; and it follows from §1, Theorem 2 that 
ZeYSYX. But d—w,—1, belongs to and hence to Y. Hence 
W, — V1, Vn, W; are in X; and this implies the existence of v,-+ v, so that v 
is cyclically reducible too, as we claimed. 


| 
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(B.3) If w is a cyclically irreducible vector of length m > 1, if z= (a,°° 
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%n) 
is an irreducible vector of positive length, and if z + w —z ts similar 
to a cyclically irreducible vector, then (Zn) + w— (Zn) ts similar to 
a cyclically irreducible vector of length m. 


As a matter of fact we are going to prove slightly more, namely that 
(zn) + w+ (—Zn) possesses a cyclically irreducible reduction of length m. 
The proof of this fundamental proposition will be effected in a number of 


steps. 


(a) If the sums a+b, (a+b) +c, [(a+6) +c] +d exist in A, 
then at least one of the triplets a,b,c and a+ b, c,d 1s co-group. 


It follows from our hypotheses that the pairs a, a+0 and a+), 
(a+b) +c and (a+b) + c,d are co-group; and hence it follows from 
(B.1) that at least one of the triplets a, a+ 6, (a+b) +c and a+b, 
(a+b) + .¢,d is co-group. In the first case a, b,c are co-group; and in the 


second case ¢ + b,c, d are co-group. 


(b) Suppose that w= (w,,- Wn) ts a cyclically wrreducible vector 


and that 1 < n. 


(b.1) If the sums z+ w,, (2+ 1) + we exist in A, then 
(Lz wi] + we, W3,° — 2) ts a cyclically irreducible vector. 


(b.2) If the sums Wy— Z, Wn. + (Wn-- 2) exist in A, then 
(2, * Wn-2, Wn-1 + [Wn—2Z]) ts a cyclically irreducible vector. 


(b.3) If the sums 2+ w,,Wy—z exist in A, then 
(2+ wy, 2%) ts a cyclically irreducible vector. 


If the sums z+w,, (2+w,) + w. exist in A, then the sum 
[(2-+ w.) + w.] + ws cannot exist in A [this is vacuous, if n = 2], since 
it would otherwise follow from (a) that one of the triplets z,w,,w. and 
2+ wW,, W2, Ws; is co-group, which would contradict the irreducibility of w. 
Furthermore neither —z-+ [(z-+ w,) + w2] nor [(z2+w,) + w.] —z can 
exist in A, since otherwise both these sums would exist in A, and since this 
would imply by (a) that at least one of the triplets z, w,, w. and z + w , w2,—2z 
is co-group. But in either case w, + w2 would exist, which is impossible. This 
proves already (b.1) in case n 2. To finish the proof of (b.1) we have to 
show that w, — z cannot exist in case 2 << n. But if w, —z existed in A, then 
the pairs w,,z and z,z-++ w, and z+ w,,w, would be co-group. This would 
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imply by (B.1) that at least one of the triplets wp, z,z + w, and 2, 2+ ,, wv, 
would be co-group. In the first case w, + w, would exist in A;.and in the 
second case w,-+ w,. But this contradicts the cyclical irreducibility of w. 
This completes the- proof of (b. 1); and the validity of (b. 2) is shown like- 
wise [or may be inferred by reasons of symmetry]. 

To prove (b.3) assume the existence of 2+ w, and w,—z. Then it 
follows from (b.1) that (z+ w,) + wz does not exist in A; and it follows 
from (b.2) that wy+-+ (wa—z) does not exist in A. The existence of 
(w,—z) + (z+ w,) would imply finally that z,w,,w, are co-group, which 
is impossible, since w is cyclically irreducible; and this completes the proof 
of (b). 

Now we are ready to prove (B.3). Since z is a vector of positive 
length, z + w — z is not cyclically irreducible. But by hypothesis z +- w —z 
is similar to a cyclically irreducible vector. Hence it follows from (B. 2) 
that z+ w—z is reducible. Since w and z, and consequently also —z, are 
irreducible vectors, it follows that at least one of the sums z,-+ w, and 
Wm — 2, exists in A. [Here we assume that w= (w,,---,Wm).] If both 
Zn + w, and Wm— Z, exist in A, then it follows from (b.3) that (2, + w,, 
* is a cyclically irreducible’ reduction of (z,) + w 
+ (—Z2zn). If exactly one of the two sums exists in A, then we may assume 


wtihout loss in generality that z, + w, exists in A, whereas wWm— 2, does 
not exist in A. If (2, -+ w,) + w,2 exists in A, then it follows from (b. 1) 
that ([Zn + wi] + we, Ws,° *,Wm,— is a cyclically irreducible reduction 
of (zn) + w+ (—2z,). Thus our proof of (B.3) will be complete, once 
we have shown that it is impossible to assume that z,-+ w, exists in A, 
whereas neither (2, + wi) + wz nor Wm — 2 exists in A. If these assump- 
tions were satisfied, then the vector 


t == (Z_ + Wi, Wo,* Wm, — 2ny — — 


would be irreducible, since w and —-z are irreducible vectors. We note the 
similarity 


so that both these vectors are similar to a cyclically irreducible vector. 


If n = 1, then we infer from (B. 2) that ¢ is cyclically irreducible which 
contradicts, however, the fact that —z, and z,-++ w, are co-group. 

If n= 2, then it is clear that (z,) + is not cyclically irreducible. 
Since this vector is similar to a cyclically irreducible vector, it follows from 
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(B. 2) that (z,) + ¢ is reducible. Hence we may infer from the irreducibility 
of ¢ the existence of z, + (22-+w,). Consequently 


£9 == (2, + (22 + Wi), Wm, — 22, — 41) (41) 


is similar to a cyclically irreducible vector, though it is clear that ¢° itself 
is not cyclically irreducible, since —z, and z,-+ (z+ w1) are co-group. 
It follows from (B.2) that ¢° is reducible; and this implies that w, and 
z, + (z+ w,) are co-group, since ¢ is irreducible. If we interchange right 
and left in (a)—-as we may—then this implies that at least one of the triplets 
Wo, 21522 + W, and 2, %,W, is co-group. But this is impossible, since we 
assumed the irreducibility of z and the non-existence of the sum (22 + w,) + ws. 

Thus we may assume finally that 2<n. Then we see exactly as in 
the preceding paragraph of the proof that zn_.+ (2n-+ 1.) exists in A. 
Consequently 


2 
ind is similar to a cyclically irreducible vector, though ? is clearly not cyclically 
oth irreducible itself. Hence it follows from (B.2) that ¢# is reducible; and it 
Ws, follows from the irreducibility of z and w that at least one of the sums 
- 
Zn-2 + [Zn-1 + ] and [2n-1 + (Zn + + We 
es exists in A. As before, we may now deduce from (a) that at least one of 
1) the following three triplets is co-group: 
on 
ne Zn-25 Zn-15 2n Wy ANA Zy_1, Zn, ANA Wo, 2n-1; Zn + W13 
A, and this contradicts the assumed irreducibility of the vectors z and ¢t. Thus 
P- we have been led to contradictions in all cases; and this completes the proof 
of (B. 3). 
We are now ready to deduce the associative law (T;) from (T).- We 
note first that (T) implies the strong associative law; and this implies 
e [by Theorem 1] the associative law (S;). Thus Property (S;.1) is satisfied 


by A. It follows furthermore from (S;.2) that if one of two equivalent, 
cyclically irreducible vectors has length 1, then both have length 1. Suppose , 
now that v and w are equivalent and cyclically irreducible vectors neither of 
which has length 1. Then there exists an irreducible vector z of length n 
such that z+w—z~v. If z has length 0, then w and v are similar 
irreducible vectors; and the equality of their length is a consequence of (T). 
If z has positive length, then z =z’ + (s); and it follows from (B.3) that 
(s) + w—(s) is similar to a cyclically irreducible vector w’ whose length 
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equals the length of w. But then v~2z’ + w’—7@ where 2’ is an irreducible 
vector of length n —1; and where w’ is a cyclically irreducible vector of the 
same length m as w.. By an obvious induction one proves now that 2, w’ 
and w have the same length m. Thus (Ly) is true; and this completes the 
proof of Theorém 2. 

Remark. The lemma (b) which we deduced during the proof of the 
preceding theorem contains a sort of procedure for deriving equivalent 
cyclically irreducible vectors from a given cyclically irreducible vector; but 
it does not seem possible to derive from it a straightforward method which 
could be used to determine whether or not two given cyclically irreducible 
vectors are equivalent. 

THEOREM 3. Similarity of irreducible vectors over the amalgam A 
implies their equality if, and only if, A has the following properties: 

(1) EHquivalence of vectors (a) and (b) implies that a and b are con- 
jugate elements in. some subgroup of A. 

(2) Equivalence of the cyclically irreducible vectors v and w which 
are not both of length 1 implies that v arises from w by a cyclic permutation 


of the coordinates. 


The proof of this theorem will be omitted, since it is not very difficult. 


It is best based on §8, Theorem 2, (ili). 
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GENERALIZED FREE SUMS OF CYCLICAL GROUPS.* 


By Hanna NEUMANN. 


1. Introduction. The well-known clover knot group (i.e. the funda- 
mental group of the residual space in S; of the clover knot) is generated 'y 
two elements a and b satisfying the relation a= °. More generally, any 
torus knot group is generated by two elements a and b with the defining 
relation a” =". In such a group both a and b are of infinite order, and 
the intersection of the two cycles generated by a and b respectively is exactly 
the cycle generated by the common power a” 6", no more. Thus, in 
Schreier’s terminology, the torus knot group is the free product of two 
infinite cycles with one amalgamated subgroup. 

We consider the following generalization: A group is generated by 
elements 4@;, @2,° - -, finite or infinite in number, with the defining relations 


= 1 (i=1,2,---), 
1, 2. == (13£j;1,7 2,- 


This group may, or may not, have the following property: 


1.3. All generators a; are of exact order m;, and any two generators a; 


and a; have exactly the power aj°) = a;** in common, no more. 


Examples of such groups not having this property are easily made. 
In fact there are some fairly obvious conditions for the numbers ej; which 
are necessary for the group to satisfy 1.3. They merely express the fact 
that the relations 1.2 are ‘compatible’ (in a sense to be precisely defined 
in 2) with the relations 1.1 and with each other. 

It is the main result of this note that these conditions are also sufficient. 

In fact, we shall show more: The compatibility conditions ensure that 
the group has property 1.3 even if the further relations aja; = aja; are added 
to 1.1 and 1. 2, i.e. if the group is made abelian. 

Although the theorem is stronger, its proof is easier: it consists in the 
explicit construction of a group with the required properties. 

In 2 we discuss the problem in a more general context. It arises out of 
questions on the existence of the ‘ generalized free product with amalgamated 


* Received April 1, 1949. 
1 An element of order zero is understood to generate an infinite cycle. 
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subgroups dealt with in an earlier paper (cf. [4]*), and closely related to 
this, R. Baer’s investigations on the imbeddability of a certain type of incom- 
plete group called ‘amalgam’ in a group (cf. [1]). In the terminology of 
[4] our result proves the existence of the generalized free product of cyclical 
groups, thus filling a gap left at that time (cf. [4], 10, p. 624). 

In 8 the general question is reduced to the simpler case of a finite 
number of generators a; These may then be assumed to be all of finite, or 
all of infinite order. The next two paragraphs deal separately with these 
cases: The compatibility conditions are given in arithmetical form: this 
allows one to deal with the case of cycles of finite order; the case of infinite 
eycles is then reduced to the former. 

Finally, in 6, the result is extended to prove the existence of the 
generalized free sum of locally cyclic groups. 

I wish to thank Professor Baer and my husband for many helpful 
remarks, and in particular the referee for a suggestion which led to a sub- 
stantial simplification of the proof. 


2. The context. We recall briefly the definition of a generalized free 
product with amalgamated subgroups. 

Groups ©, are given (finite or infinite in number), with subgroups 
Ug C G. such that Ugg and Ug, are isomorphic. Denote by Igg a fixed 


isomorphism mapping Ugg on Ug, and by Ig, its inverse. If wag is any element 
of Ugg, denote the corresponding element of Uga by wpa, 


Upa = and Uap = Tpatiga- 

Introduce in the free product of the groups G, all relations tag — ug. If 
in the resulting group the groups &, remain ‘intact,’ i.e. isomorphically 
represented, such that moreover the intersection of G, and Gg is. exactly 
Uag = Uga, then this group is called the generalized free product & of. the 
groups ©, with amalgamated subgroups Ugg. 

Clearly, for this construction to be successful, the subgroups U,, and 
the isomorphisms J,g must fit together; more precisely: 


2.1. For the existence of the generalized free product it is necessary 
that the three groups 
Wag = in Ga, 
Ug, Uga om Usya in Ge, 
‘a = in G6, 


are isomorphic, such that, moreover, 


* Numbers in square brackets refer to the list of references at the end of the paper. 


a 
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2.2. Ipy(Lagtapy) for every element Ugpy of Uapy. 


These conditions are in general not sufficient for the existence of © 
(cf. [4], 3.0 and 3.2, pp. 595, 596). 

We return to the group defined in 1. Property 1.3 is equivalent with 
the existence of the generalized free product of the cyclical groups (a;) of 
order m; with amalgamated subgroups (a;*/). The necessary conditions 2. 1 
and 2.2 obviously become arithmetical conditions for the numbers m; and 
e;;—the ‘compatibility conditions’ mentioned in the introduction—which in 
this case will be shown to be also sufficient for the existence of the generalized 
free product. The explicit arithmetical form of these conditions does not 
concern us until later (4, 5). Instead we consider the conditions 2.1 and 
2.2 from a different angle. 

A system § of elements is called an incomplete group if a multiplication 
is defined such that any ordered pair of elements has at most one product, 
right-division and left-division each have at most one solution, and as far 
as multiplication is defined it is associative. : 

Let S consist in particular of all the elements of all the groups Gq, with 
amalgamations wag = Uga carried out, and with multiplication defined as in 
the individual groups for any two elements which belong to one and the 
same group @,, and undefined otherwise. This system S is an incomplete 
group if, and only if, the conditions 2.1 and 2.2 are satisfied (cf. [4], 4, 
p. 597). 

This type of incomplete group we call, with R. Baer, an ‘amalgam’ 
(cf. [1], 6, p. 728). The groups G, we call its ‘ constituents.’ 


Remark. One and the same amalgam may be representable as an amalgam 
of groups in different ways, even involving a finite number of groups one way, 
but infinitely many the other way. We are, however, interested not in the 
amalgam as abstract algebraic system, but in given groups formed into an 
amalgam by virtue of given amalgamations. 

The generalized free product of the groups ©, may now be described 
as the group ‘freely generated’ by the amalgam of these groups. It exists 
if, and only if, the amalgam is imbeddable in a group (cf. [4], 4.0, p. 598). 

As’ mentioned already, not every amalgam is imbeddable. R. Baer even 
gives an example of an amalgam of four abelian groups which is not 
imbeddable (cf. [1], p. 728). Our result will show that every amalgam of 
cyclical groups is imbeddable. 

Grace E. Bates has generalized the above concepts as follows (cf. [2], 
Appendix, for more precise definitions) : Let all the groups in the amalgam 
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have property P. The generalized P-free product—if it exists—is the group 
with property P which contains and is generated by the amalgam, and is 
such that every other group with the same properties is a homomorphic image 
of it. If, in particular, property P is taken as ‘ being abelian,’ we are led 
to the generalized free sum %f of the abelian groups %,. Again, 2 exists if, 
and only if, the amalgam A of the groups %, is imbeddable in an abelian 


group. 

Clearly, the existence of the generalized free sum implies the existence 
of the generalized free product. Whether the converse is true in general, 
is an unsolved problem.” In our special case however it is true: As we are 
going to imbed any given amalgam of cyclical groups in an abelian group, 
we prove the existence of the generalized free sum, as well as that of the 
generalized free product, of cyclical groups. 


3. Preliminaries. In an amalgam of given groups any subsystem of 
these groups forms a subamalgam. R. Baer shows that: 

An amalgam of an infinite number of groups is imbeddable if every 
subamalgam formed by a finite number of its constituents is imbeddable. In 
other words: 

Imbeddability of an amalgam is a ‘ property of finite character.’ 

It follows similarly : 


3.0. Imbeddability of an amalgam of abelian groups in an abelian 
group is a property of finite character. 


The proof is immediate and is omitted.® 


DEFINITION. The amalgam A with constituent groups ©, is called 
reducible if there exist in A two proper subamalgams A, and A, with the 
following properties: 


(i) neither A, nor Az consists of the unit element only; 
(ii) every constituent ©, of A belongs to either A, or Az, but not to both; 


(iii) every G, in A, has unit meet with every Gg in Az. 


A is called irreducible if no such subamalgams exist in A. An amalgam 
consisting of one group only is trivially irreducible. 


*« [Added in proof, September 1950.] This question has now been settled: I have 
constructed an amalgam of five abelian groups, imbeddable in a group, but not im- 
beddable in an abelian group. (To appear elsewhere.) 

*Let = be a finite set of identical relations. Then one proves equally easily: 
Imbeddability of an amalgam of groups whose elements satisfy the relations of = in 
another such group is a property of finite character. 


= 
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Remark. Reducibility of an amalgam A is actually seen to be independent 
of the particular way in which A is represented as amalgam of constituent 
groups. We shall, however, not make use of this fact. 


3.11. Let A be a reducible amalgam of a finite number of abelian con- 
stituents, and let A, and A, be subamalgams satisfying the conditions (1i)-(iii) 
above. If A, and A, are imbeddable in abelian groups A, and A, respectively, 
then A is imbeddable in an abelian group, viz. the direct sum U of A, and Wo. 


The proof is obvious. It now follows immediately : 


3.12. A reducible amalgam of a finite number of abelian constituents 
is imbeddable in an abelian group if this 1s true for every irreducible 


subamalgam. 


Applied to our original problem, 3.0 and 3.12 show that we may 
restrict ourselves to irreducible amalgams formed by a finite number of cycles. 
But then clearly, either all cycles in the amalgam are of finite order, or they 


are all of infinite order. 


3.2. Let A be an amalgam of a finite number of cycles which are either 
all infinite, or all fimte and their orders powers of one and the same prime. 
If A ts trreducible, any two cycles in A have non-trivial meet. 


Proof. Under the assumptions of 3. 2 every constituent group of A has 
the property that any two non-trivial subgroups have non-trivial meet. Hence 
3.2 follows from the definition of irreducibility in conjunction with 2. 1. 


Remark. It follows from a result by R. Baer (cf. [1], 9, p. 742) that 
an amalgam of cycles whose orders are all powers of one and the same prime is 
imbeddable. The case of an amalgam of cycles of arbitrary finite orders can be 
reduced to this case by splitting up each cycle into a direct sum of cycles of 
prime power orders. As we wish to prove imbeddability in an abelian group, 
and besides are interested also in the conditions for given amalgamations 1. 2 
to define an amalgam, we shall not rely on Baer’s result. 

To provide a basis for induction, we note: 


3.31. Every amalgam of two abelian constituents is imbeddable in an 


abelian group. 
In fact, more can easily be shown; in obvious terminology (cf. [3], 2): 


3.32. The direct product of two groups with one amalgamated subgroup 
exists provided only the amalgamated subgroup belongs to the centre of 
each group. 
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We are now ready to prove the existence of an abelian group containing 
a given irreducible amalgam of a finite number of cycles. As we shall now 
be dealing with abelian groups only, we shall write the groups additively. 


DEFINITION. The system of numbers ej called 
compatible with elements of order m (t=1,---,n), tf the relations 
C470; = e0; and ma; = 0 for all 1 and 7 1 define an amalgam of the n cycles 
(a:) of orders m. 


3.4. The system of numbers e; is compatible with elements of order 
m; if, and only if, the subgroups and amalgamations defined by it satisfy 
2.1 and 2. 2. 


The general pattern of the subsequent proofs is as follows: From the 
compatibility of the system e; with elements of order m; we derive arith- 
metical conditions satisfied by the numbers e; and m; These necessary 
conditions for compatibility are then shown to imply the existence of an 
abelian group containing the given amalgam. In this way the arithmetical 
conditions are shown to be also sufficient, and simultaneously the imbeddability 
of the amalgam is established. 


4. Amalgams of finite cycles. We deal with this case in three steps: 
first we assume the cycles to be of equal prime power order p*. Then the 
case of n cycles of arbitrary prime power orders p“ (1 1,- - -,) is reduced 
to the previous case; finally the case of n cycles of arbitrary finite orders m; 
is reduced to the case of cycles of prime power orders. 

Throughout the rest of the paper we write r\/'s for the positive greatest 
common divisor of two integers r and s. Also, if p is any prime, p* the 
highest power of p dividing the integer r, we call A(r) the p-contents of 1, 
i.e. r= p"r,, where 7; \Vp=—1. (No ambiguity will arise from the fact 
that this notation A(r) does not indicate the particular prime p under 
consideration). 

Given are n elements a; with p“a; 0 and ea; = e;a;. We put 


4.01. A(e;) = €ij, dj with di; V P =]. 


Since only irreducible amalgams need be considered, we shall assume through- 


vut (because of 3.2): 
4. 02. ei; <p for all pairs 4, 7. 


4.1. Lemma. If the system of numbers e:; = dip‘! is compatible with 
n elements of order p*, then 


& 
“| 
q 
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4, 10. ej = ex for all pairs 1, 7; 


4,11. of any three exponents ej, jx, «x two are equal, the third not greater 
than these two; 


4,12. for any three suffixes 1, j,k 
= dpi mod pre where «= Max («ij, €jk» €xi) 


Proof. Since the relations ¢;a; = ea; define an amalgam of the cycles 
(a;) of order p“, the amalgamated subgroups are isomorphic, which implies 
4.10. 

To prove 4.11, we use the fact that the amalgamations satisfy 2.1. If 
for a fixed triplet i, j, & the three exponents «jj, ¢j,, and «4 are not equal, assume 
without loss of generality that «; > «ix. Thus the amalgamated subgroup 
(eja;) of (a;) is contained in (eja;), and their intersection, i.e. the inter- 
section of (a;), (aj), and (a,), is (eja;) of order p**#, But this same 
intersection, formed in (a,), is the intersection of (e,a,) and (éxja,). For 
this to have the same order p#~/, necessarily ¢,; = «ij, because of 4.10. This 
proves 4. 11. 

To prove 4.12, we note that the amalgamations satisfy 2.2, i.e. are 
consistent with each other. Assume «; =x, and consider the element 


p*idijdjxdxia; Of (a;). Repeated application of the given relations (noting 
pidiy = ey, etc.) gives: = which is 
(as ex), or (as = ex); hence these two multiples of 4; 
represent the same element of (a;), and 4.12 follows. 


4.2. Lemma. If the system of numbers e; and p* satisfies the con- 
ditions 4. 10-4. 12, then there exists an abelian group U generated by elements 
of orders p* such that in the intersection of and (a;) ts 
generated by the element e,;a; = ea; for all i and 7. 


Proof. If n= 2, the lemma is true by 3.3. We shall, therefore, prove 
it by induction with respect to n. 


Assume that %, is an abelian group generated by elements a,,° - -,@n-+1 
of orders p*, such that in %, 
4, 20. (ai) (a;) = = ena;) for 4,7 = - -,n—1. 


We construct an abelian group & containing the given amalgam of n 
cycles as free sum of Y, and a cycle (dn) of order p* with a suitable 
amalgamation. 


677 

ing 

lled 
cles 
der 

fy 
the 

h- 
] ry 
an 

al 

ty 

e 

ad 

t 
le 
r, 

t 
r 


HANNA NEUMANN. 


Amongst the intersections (a,) is to have with the cycles (a;) (i = n — 1), 
there is a maximal one which may be assumed to be its intersection with 
(a,), i.e. the subgroup of order p* generated by é@nidn. The numbers ¢;, 
satisfy the conditions 4. 10-4. 12; because of the first of these, the subgroup 
(€ind1) of (a1), i.e. of is isomorphic with (én,a,). Therefore the free 
sum of Mf, and (a) with the amalgamation = exists. We prove 
that 9 has the desired properties. 

Since %, is isomorphically contained in %f, the intersection of any two 
of the first n—1 cycles (a) is given by 4.20 also in 9%. All we have to 
prove therefore is that also the intersection of (a;) and (a,) is the group 
generated by ¢in@i = @nidn, for i—1,---,n—1. For 11 this follows 
from the construction of &, for 1 > 1 we deduce it from 4. 1. 

First we show that (a;){)(an) is the subgroup of order p** of (an), 
(2SisSn—1). 


Now (an) = (€:ndi = and (a;) C%,. Hence 


(ai) (an) = (ai) (Gn) = (4:1) 
so that 


4, 21. (an) = (ai) (a1), if (ai) (a1) (e1nas), 
4, 22. (a:) = if (a:) 11 (a1) D (ents). 


But (a;){) is of order is of order Hence, in the 
first case (4. 21), ei: > ein, 80 that by 4. 11 ein = ej, ; in the second case (4. 22), 
hence, by 4.11, ein ein. Thus in both cases (a:){](an) has the 
desired order. 

It remains to prove that the correct multiples e¢jna; = dinp‘"a; and 
Cnidn = of pra; and respectively are equal in Y. 


In the following lines, d;;* denotes the unique inverse mod p# of dj;. 


In the first case (4.21), (a:){)(an) is the subgroup (p*a;) of (ai), 
which, because of ¢in = i:, is also generated by 


Cindi = = dind = dind 
Also, as €in > €1n, 
Cniln = Anidny Anidni "a, > 
therefore by 4.12: Cindi = Cnidn. 


In the second case (4. 22) the proof is similar and will be omitted. 
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Next we turn to the case of n elements a; of orders Pe; and ej; = eji0j. 
The p-contents of e; is denoted by «; as before. 


4.3. Lemma. If the system of numbers e; = dips is compatible with 


n elements of orders p#‘, and tf 


4, 30. p= Max Bi and = Pip 
then 


4, 31. 


8i; = for all pairs 1, 


4.32. of any three numbers 8j;, 8jx, 8x: two are equal, the third not greater 


than these two; 


4.33. for any three suffixes 1, j,k: 
dij = Aj mod pus where = Max 8 
4.4. Lemma. If the system of numbers ej; and p#« satisfies the con- 


ditions 4. 30-4. 33, then there exists an abelian group XU generated by elements 
a; of orders (i=1,---,n), such that in the intersection (a;)()(a;) 


is generated by the element e,ja; = eja;, for all 1 and 7. 


Proof of 4.3. Consider n elements },,-- -,6, of equal order p#, and 
in each cycle (b;) the element a; = (1 =1,---,n). Since a; is of 
order p#‘, the relations ea; ea; define an amalgam of the a; = p*#‘h;, 
i.e. the relations - b; = exp") - b; define an amalgam of the cycles Jj. 
Thus the system of numbers ep“ is compatible with n elements of equal 


order p“, and 4.3 follows from 4. 1. 


Proof of 4.4. With the same notation as in the proof of 4.3, we have: 
under the assumption of 4.4, the system of numbers p““‘e;; and p# satisfies 
the conditions which, by 4.2, are sufficient for the existence of an abelian 
group generated by n elements of equal order p# such that 
is generated by e;p""*b; = exp"“1b;. But then clearly the elements a; = p*“‘b; 
of 8 and the subgroup Mf of B generated by them satisfy the requirements 


of the lemma. 
Finally, let a,,- - 
let again = 


4, be elements of arbitrary orders - -,m,, and 


For any prime p let A4»(m;) denote the p-contents of m;. 


4.5. Lemma. The system of numbers ej is compatible with n elements 
of orders m; if, and only if, it is compatible with n elements of orders p?(™) 


for every prime p. 


4.6. THEOREM. Every irreducible amalgam of a finite number of cycles 
of finite order is imbeddable in an abelian group. 
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Proof of 4.5 and 4.6. Clearly 4.5 is void for any p which does not 
divide any of the numbers m;. Let p,- - -, pr be all the primes dividing 
at least one of the m;. The cycle (a;) of order m, is the direct sum of r cycles 
(bip) of order mip, where mip = pp), and p=1,-- -,r: 


bi -+ Die bir with MipDip = 0, 


for i=1,:--,n. The amalgamations induce the same amal- 
gamations ¢jbip = ejibjp for each fixed value of p. If the cycles (a;) form 
an amalgam A by means of the given amalgamations, then clearly the cycles 
(bio) (for 1+—1,---,n) form an amalgam Bp by means of the same 
amalgamations, and conversely. Also, the amalgams Bp may be imbedded in 
abelian groups Bp, by 4.3 and 4.4. But then A is imbeddable in the direct 


sum % of the abelian groups Bp. 


5. Amalgams of infinite cycles. Again we begin by deriving necessary 
conditions for the numbers e; to be compatible with n elements of. infinite 


order. 
Given are n elements of infinite order, a,---,@, with ea; = eaj. 
Only irreducible amalgams need be considered, hence we shall assume throughi- 


out this paragraph (because of 3. 2). 
5. 0. ei; 0 for all 4, 7. 


If the given relations define an amalgam of the n cycles, the subgroups 
and amalgamations defined by them satisfy 2.1 and 2.2. The former gives 
nothing new in this case; from the latter we deduce 


5.1. Lemma. If the system of numbers e; 1s compatible with n elements 
of infinite order, then for any three suffixes 1, 7, k: 
5. 10. | es | (ens exe) = | | V eux) 5 

Proof. 5.10, written in the form | e;|/(e\V ex) =| |/(exjV ex), Simply 
expresses the fact that the index of the three-suffix meet (a;){)(a;)( (ax) 


under the intersection (a:){)(a,) may be calculated in (a;) or in (ax) with 
the same result. Thus 5.10 holds in an amalgam. 


5.11 follows again by repeated application of the given amalgamations 
to the element 


ad 
4 
4 
4 
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thus these two multiples of a; are the same element of the amalgam, and 
therefore identical, as a; is of infinite order. 

The following form of the compatibility condition derived from 5.1 will 
allow us to reduce the present problem to that of imbedding an amalgam 


of finite cycles. 
We denote the greatest common divisor of e; and ey by 143, so that for 


all pairs 1, 7 

5. 20. = Cj, = CHT ij, Tig = Tj 
and 

5. 21. Cy Cx = 1. 


5.3. Lema. If the system of numbers e; 1s compatible with n elements 
of infinite order, then 


5.30 there exist n non-zero integers 21,:°*,%, with greatest common 
divisor unity, such that cy = for all patrs 4,7; 


5.31 the numbers ey are also compatible with n elements of finite orders 
m;=—=rh;, where r is the least common multiple of all numbers ry, 
and h; is the least common multiple of the n—1 numbers cy 


Proof of 5.30. We consider the n(m—1)/2 linear equations 
— = 0 


The matrix of coefficients of this system we denote by #H. EH has n(n—1)/2 
rows and » columns; the order in which the rows are taken, is of course 
irrelevant. Each row contains exactly two non-zero elements, ¢; and — ey; 
their column is given by their first suffix. We prove: 


5.4. The matrix EF has rank n—1. 


Proof. By means of 5.11 taken for the suffixes 1,1,7, the equation 
(1, 7)—in obvious notation—follows from the two equations (1,7) and (1,7). 
Hence all equations follow from the n—-1 equations ¢,2, — e,%7;—0 
(t= 2,---,m), and these are clearly independent. 


Thus the equations have essentially one non-trivial solution, and neces- 
sarily all 2,40 by 5.0. Now let z,,- - -,2, denote the solution consisting 
of integers without common divisor (unique but for a common change of 
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sign). Since with also cya; —cyx;—0, these numbers 7; 
satisfy the requirements of 5.30 because of 5. 21. 

Proof of 5.31. We bring this proof in three steps. 


1. By 4.5, it is sufficient to prove that the numbers e; are compatible 
with n elements of orders p*) for any prime p. From now on let p be an 
arbitrary fixed prime. Put 


A(ej) A(mi)=—m, 


Applying Lemmas 4.3 and 4.4 we see that we need only prove that the 
conditions 4.31 and 4.32 are satisfied by the numbers 8; = ej + »— pi. 
The third condition, 4.33, is then trivially satisfied since we even have 


= 
2. We first calculate the numbers «; and 6. Let 
. 50. A(x) = a; (t=1,---,n;2a; defined by 5.30). 
We assume without loss of generality 
61. 
5. 52. Hence A(cij) = — a, if 7; A(Gy) = 0, if > 7. 


Put A(rij) = pix and Max pij = p. 
Then we obtain for the p-contents of the numbers @;: 


5. 53. = — % + py, 7; py, If 7; 


thus for ~;—A(m;) from the definition of m;, and » = Max yw: 


5. 54. pi = Max;(a; — + p= — % + p, 


and p = Max; wi = —% + p—anrt+op. 
Hence finally: 

5. 55. = a; + pi, if 7, and 8; = a + pi, if 1 > 7. 
Thus 8;; follows immediately. 


3. To prove 4.32 we need information on the numbers p;; We assume 
without loss of generality that 1<j<k. Then 


~ 


To find the relation between the numbers pij, pjx, pri, We use the relations 
5.10. for the triplets (1,j,%) and (j,1,#) of suffixes. By their nature they 
imply the corresponding conditions for the p-contents of the numbers ¢;;, viz. : 
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+ Min (€xj, = €xj + Min (ej, €ix) 
and 
ji + Min €xi) = €xi + Min (ej, €jx)- 


To save writing, we put for the moment pij = B, pjx = y, pri = 8. 
Then we have, because of 5.53 andi<j<k: 


5. 57. aj;— a+ B+ Min(y,8) = y + Min(e;— + B, a, — + 8) 


and 
+ Min(y,8) —8+ +); 


hence, subtracting «;— «; from both sides of the first relation, 
5. 58. B Min(y, 8) + Min(£, — + 5) = 6 Min(8, — + 7). 
We show 


If then B= 
if y< 6, then B=a,—a;+ 8; 
if y then B= a%,—a;+ y. 


Proof. The first possibility is obvious. Otherwise, let y < 8; then the 
first of the three expressions 5.58 equals 8 + y; for the last to have this 
value, is necessary and then 
follows, and satisfies 5.58. The last possibility follows by interchange of y 
and 8: 5.58 is symmetrical in y and 6. 

But the relations 5.59 for the numbers pij, pjx, pri together with 5. 56 
and a a prove 4. 32 for 3), and 8xi. 

Now we obtain easily: 


5.6. THEOREM. An irreducible amalgam of a finite number of infinite 


cycles is imbeddable in an abelian group. 


Proof. If the relations eja; = ea; define an amalgam, the numbers @,; 
satisfy the conditions of 5.3. By 5.32 and 4.5, there exists an abelian 
group %, generated by n elements 0;, such that in % the intersection of (0;) 
and (b;) is generated by the element ejb; ejb; Since rij = ey en 
divides the orders of both b; and 0b;, the element ejb; — e,b; of B has the 
exact order 

We now form the direct sum % of 8 with one infinite cycle (a). Let 
*,2, be integers as defined in 5.30; the elements a4, —2a + of 
(t1—1,---,m) are of infinite order. Also because of the infinite component 
aa of a;, the intersection (a;){](a;) is generated by a multiple rea; = reja; 
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of cia; and cya; Because of the properties of 5; and 0; in 8, r—=rj;. Thus 
the intersection of (a;) and (a;) is generated by the element ea; = e;a;. 
This completes the proof. 

We add a remark on the nature of the generalized free sum in the case 
considered in this paragraph: 


5.7. THrorem. The generalized free sum of n infinite cycles, no two 
of which have zero. meet, is the direct sum of one infinite cycle and at most 
n—1 finite cycles. It is cyclical if, and only if, the amalgamations eja; = ea; 
satisfy e;\/ = 1 for all pairs 4, 7. 


Proof. Consider again the matrix # defined as the matrix of coefficients 
of the system of linear equations e,;a;—-eyr;—0. This is clearly the 
characteristic matrix associated with the abelian group generated by a1,° - - , dp 
with relations ¢;a; = e,a;, i.e. with the generalized free sum in question. 
It was shown to have rank n —1 (cf. 5.4) which proves the first part of the 
theorem. 


Also, if ei; \/ = for some pair 1, j, then the element ¢,ja; — c¢jia; 
is of order rj; 541, and the generalized free sum is certainly not an infinite 
cycle. 

To prove that the group is cyclical if ej\/e4—=1, i.e. ej —= cy in the 
notation used in Lemma 5. 3, it is sufficient to show that the greatest common 
divisor of all determinants of order n—1 which can be formed from F is 
unity; or again: 

If p is any prime, there is at least one determinant of order n—1 in # 
which is not divisible by p. 

By 5. 30 the non-zero elements of F are of the form cj = 2;/(a%\V2;). We 
put again and may assume ga, = 0S Now con- 
sider the n —1 rows of F containing the elements c,; and — cj (j —1, 3, 

- +,mn; the first suffix indicates the column). One of the non-zero deter- 
minants which can be formed from these rows equals, but for the sign, 


C21C32° * * 


As p is prime to 2, and the p-content of 2, \y 2; (j = 3) is the same as that 
of x., this determinant is prime to p. 


6. Amalgams of locally cyclic groups. Let A be an amalgam of 
groups ©, and ¢, any set of subgroups of G,. By virtue of being subgroups 
of a group, the groups of the set ¢, naturally form an amalgam. Also, all the 
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groups of all the sets ¢q form an amalgam by virtue of the given amalga- 
mations between the groups @, in the amalgam 4A.‘ 

If, in particular, we take as dq the set of all cyclical subgroups of Ga, 
we thus obtain the amalgam of all cyclical subgroups of A. We denote it 
by A*. It follows from our previous results that A* is imbeddable in an 
abelian group.’ In general, of course, this does not imply imbeddability of 
A: A and A* consist of the same elements ; also, two elements whose product 
is defined in A*, also have a product in A (and then, of course, the same as 
in A*) but, in general, the converse is not true. 

We consider the extreme case that A and A* are identical. This is true 
if, and only if, any two elements whose product is defined in A, also have a 
product in A*, i.e. if, and only if, any two elements belonging to the same 
group ©, belong to, and therefore generate, a cyclical subgroup of ©. But 
this just means that every group @, is locally cyclic. Thus we have proved: 


6.0. Lemma. An amalgam of groups G, and the amalgam of all tts 
cyclical subgroups are identical if, and only tf, all groups Gq are locally cyclic. 


6.1. THroreM. An amalgam of locally cyclic groups ts imbeddable in 
an abelian group. 
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‘ This is a special case of the more general fact that an amalgam (suitably defined) 
of amalgams of groups is an amalgam of groups. 

5If A itself is a group, this amalgam A*, and therefore the abeliau group freely 
generated by it, is an invariant of the group. I owe this remark to the referee. 
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GENERALIZED EUCLIDEAN SPACE IN TERMS OF A 
QUASI INNER PRODUCT.* 


By Leonard M. BLUMENTHAL. 


1. Introduction. Necessary and sufficient conditions of various kinds 
have been obtained in order that an inner product may be defined in a 
normed linear space, with the norm and inner product related in the cus- 
tomary manner. Such conditions have been expressed as norm or distance 
relations by Fréchet [4], Jordan and von Neumann [5], and Aronszajn [1], 
while other writers have formulated the conditions in terms of orthogonality, 
etc., for spaces of more than two dimensions. 

In a normed linear space S, three operations (subjected to eleven con- 
ditions) are assumed as primitive; namely, addition (on SS to 8), scalar 
multiplication (on RS to 8S), and norm (on S to R, the set of real numbers). 
If an additional condition is placed on these operations (for example, the 
condition | y |?+ ||? —2(| 2 of Jordan and von 


Neumann), then a fourth operation, inner product (on SS to &), may be 
defined in S, satisfying five relations connecting the inner product with the 


three primitive operations of the space. 

We solve in this paper the inverse problem. An abstract set % is con- 
sidered in which just one primitive operation, on = to R (quasi inner 
product), is asumed to satisfy three conditions. It is proved that if & is 
rich enough in elements to satisfy three existence postulates, then three 
additional properties of the quasi inner product are necessary and sufficient 
to permit defining in & addition, scalar multiplication, and norm so that 
the resulting space is a normed linear space with an inner product connected 
with the norm in the usual way. The concluding section of the paper is 
concerned with the congruent imbedding and vectorial application of = onto 
euclidean and Hilbert spaces, yielding, incidentally, a new set of postulates 
for Hilbert space (in terms of a single operation). 

It is emphasized that our postulates and fundamental definitions are 
all expressed wholly and explicitly in terms of the quasi inner products of 
those and only those elements of = directly concerned. We shall advert to 


* Received March 30, 1950. Presented to the American Mathematical Society, 
December 27, 1949. 
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this feature in the concluding section of the paper when its significance can 
be more readily made clear. 

The first sections of the paper may be considered as giving a foundation 
of vector algebra in terms of one operation (quasi inner product). From 
that point of view our work is related to a brief sketch (without proofs) 
of a foundation for vector algebra given by Menger [6]. 


2. The postulates. All of the postulates to be imposed are listed in 
this section, although they will be introduced later only as needed. 

POSTULATES FOR A QUASI INNER PRODUCT. 

To each pair of elements x, y of an abstract set = there is attached a 
real number (z,y), called a quasi inner product, in conformity with the 
following agreements: 

Q, (Symmetry). Jf x, ye, then (x,y) = (y, 2). 

Q. (Definiteness). For each element x of 3, 20. 

(Identification). If z,yeX and (1,2) = (x,y) = (yy), then 


(To avoid misunderstanding, it is pointed out that Q, is not a definition 


of equality of elements of % which, as a set, is already supplied with a criterion 
for equality of its elements. As its listing indicates, Q, is an assumption 
connecting the set-equality of elements x,y with the three numbers (2,2), 
(z,y), (y,y) attached to the two elements as quasi inner products. On the 
other hand, we shall show later that Q, does, in the presence of Qi, Q2, S2, E, 
(see below) actually define an equivalence relation in %.) 


The set = may then be referred to as a quasi inner product space. 


SCHWARZ POSTULATES. 

If denote by - +, the Gram determinant 

S,.. If then G(2,; 22) = 9. 
S,. If and 22) = 0, then = 0. 


If 21, and G(x, Le, 23) = 0, then G(X, Lo, Zs) = O. 


S.. 


It is observed that S, and S; are conditional Schwarz inequalities, while 
S, applies to every pair of elements of 3. The existence postulates that 
follow merely insure that = has enough elements for our purpose. 
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EXISTENCE POSTULATES. 

If *,%n&%, denote by B(2,,%2,- - -,%,) the symmetric deter- 
minant obtained by bordering G(2,, 72,- - -,%,) with a row and column of 
1’s with intersection element 0. 

E,. There exists at least one element 6 of & such that (6,4) =0 for 
each element x of %. 

E,. For each element x of & and each real number X there exists at least 
one element y of & such that G(z,y) =0 and (2,y) =A: (2,7). 

E,. If z,z2e% and G(z,z) ~0, there exists at least one element y of % 
such that y,z) = y,z) =0 and G(a,y) = G(y, z). 


If scalar multiplication and addition are defined in a set, we recall that 
a real function ((z,y)) defined over the set of all pairs of elements is a 
(real) inner product provided: (a) ((z,y)) =((y,2)), (b) ((2,2)) 20, 
(c) ((x,z)) —0 if and only if z is the element of the space that is neutra. 
with respect to addition, (d) ((A- y)) ==A- ((z,y)), and (e) ((z y, z)) 
= ((z,2)) + ((y,2)). 


The reader is referred to [2] for the definition of a normed linear space. 


DEFINITION 2.1. A normed linear space in which an inner product ts 


defined so that for each element x, the norm || || and inner product are 
connected by the relation || x || = ((x, x) )4, is called a generalized euclidean 


space. 


3. Development of the system {2u: Q,, Q.,Q;,S.,E,}. We assume 
throughout this section that = is subjected to just the five postulates listed 


in the heading. 

THEOREM 3.1. There is exactly one element 6 of % with (6,7) =—0 
for each element zx of &. 

Proof. If 6, & are two such elements then (0,0) = (0,6’) = (7.0) =0, 
and so by Q;. The theorem now follows from 

THEOREM 3.2. The quasi inner product (2.x) vanishes if and only 
of 

Proof. By E,, (0,6) = 0, and if (z, x) — 0 then (z, x) = (0,2) = (6, 6), 
which implies z = @ by Qs. 


THEOREM 3.3. Corresponding to each element x of & (x 4), and each 
real number i, there is at most one element y of % such that (r, y) =A- (2, 2) 


and G(z,y) =0. 


an 
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Proof. If y, y*e% satisfying those two relations, then from the second 
one we get (y,y) = (y*, y*) =A’: (zz). By computation 


by Q2 and Theorem 3.2. Use of gives (y, y*) =A’: (x,x), and hence 
= (y,y*) = (y*, y*), from which y= y* follows by Qs. 


Remark. defines an equivalence relation in {3%:Q:, Qo, S2, #,}. For 
if s—y and y=z by Qs, then «=z is established by applying S,. to 
G(x. y,z) and using Theorems 3.1, 3.2 in case (4,2) =0. The symmetric 
and reflexive properties are obvious. 


DEFINITION 3.1. Jf ved, (wx ~ 8), and dis a real number, an element 
y of & ts called a scalar multiple of x by X provided (x,y) =2A> (a,x) and 
G(z,y) =0. We write If pul X:x=8, for every X. 


THEOREM 3.4. For each x and each real r», & contains at most one 
element r- x. 


Remark. For each element z of 3,0-c=0. 
THEOREM 3.5. If 7, yes, y) (2, y). 
Proof. The theorem being obvious if « = 6, suppose the contrary. Now 
G(a,A-2,y) =— (#,2) -[(A-a,y) —A- (a, y) SO, 
and using S, gives (A: 2, y) (2,4). 
THEOREM 3.6. If then 


Proof. Use of Theorem 3.5 gives (1:z7,1-7) = = (a,x) and 
by Qs. 


THEOREM 3.7. If 2, Ar‘ (ArAs) A, real), then 
(Az L) — (AiA2) 


Proof. The proof follows immediately from Q., Theorem 3.5, and Q,. 
Pp y 


THEorREM 3.8. If 2, yes (x8), then y is a scalar multiple of x if 
and only if G(z,y) =0. 


Proof. If y=A2A-2, then G(x, y) = 0 by Definition 3.1. If G(x, y) = 0, 
put =A. Then (2,y) —A-(z,2) which, together with 
G(z,y) =0, gives 
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THEOREM 3.9. If y, ze%, (yO), and G(z,y) —=G(y,z) =0, 
then G(z,z) =0. 

Proof. The theorem is trivial if In the contrary case, y= A,-z 
and z=A.‘y by Theorem 3.8. Then Theorem 3.7 gives 2=A2(A,° 72) 
= (AiA2) 2, and G(z,z) = 0. 


4, Introduction of a distance in Q,, Qs, S:, S.,E,}. Attach to 
each two elements z, y of &% the number 


(*) ay =[(2, 2) + (y,y) —2(2,y) 
as distance. Clearly and zr ~0. Now 


= [(z,2)?#— (y, y)*]? + 2[ (2, 2)*(y, — (2,9) ] 20, 


by S,, and so zy is real and non-negative. Moreover, if zy 0 then eacn 
summand in the right-hand member of (+) vanishes. This gives (z, 2) 
= (r,y) = (y,y) and consequently Thus the distance zy defined 
by (*) makes & a semimetric space. 

We note that 0c = (x, xz)? and (x,y) + by? — zy’). 


DEFINITION 4.1. A distance space is metric about one of its elements t 
provided t,u,v are congruent with three points of the euclidean plane for 
every patr of elements u,v of the space. 


THEOREM 4.1. The space & 1s metric about 6. 


Proof. Since = is semimetric, it suffices to show that the determinant 
D(0,z,y) is negative or zero for every z, ye. (See [3, p. 56] for the 
definition of the Cayley-Menger determinant D(p,, +, px) of a k-tuple 
of elements px of a semimetric space). 

An easy computation shows that D(6,z,y) =—4G(za,y), and hence 
D(0,2,y) S0 by 


Remark. The space & is not necessarily metric. For if = consists of 
the quadruple 0, z,, 2, 2; with (6,0) = 0, (0,7,) = (2,6) = 0, (ai, = 16, 
(t= 1, 2,3), and (21, = 41) (41, 3) = (43, = (31)/2, 23) 
= (3, Z2) = (23) /2, then Postulates Q,, Qe, Qs, S:, S2, are satisfied. But 
142, = 2123 = 1, 243 = 8, and consequently the space is not metric. 


DEFINITION 4.2. Three elements z,y,2 of & are algebraically linear 
provided B(x, y,z) = G(a, y, z) =0. 


(4), (eva) | 
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= 0, Remark. Since B(a, y,z) =+4- D(z, y, z), elements z, y,z are metrically 
linear (that is, the sum of two of the distances xy, yz, xz equals the third) 
hu <d if and only if B(z,y,z)—=0. This, however, does not imply that 


G(z, y,z) = 0, and so algebraic linearity implies metric linearity, but not 


conversely. 


5. Algebraic middle elements Q,, Q., Qs, S:, S., Ei}. 


DEFINITION 5.1. If (xz), an element y of & is an algebraic 
middle element of x and z provided 


(a). G(z,z) 40, x, y, 2 are algebraically linear and G(z, y) = G(y, 


(b). G(z, = 0 and y= [(1 + A)/2] 2) 
where z—=2-ax (with the roles of x and z reversed in the two immediately 


preceding equalities in case 68). 


ow THEOREM 5.1. If y is an algebraic middle clement of x,z then y is a 
ned 
metric middle element of x and z. 
Proof. From D(z, =4B(az, y,z) =0, it follows that z,y,z2 are 
We metrically linear. It remains to show that ry = yz. 
for Case 1. G(xz,z) ~0. Since G(z, y,z) —0, the easily established rela- 
tion D(6,2,y,z) =8-G(z,y,z) gives D(0,2,y,z) =0, with 0,2,y,2 a 
metric quadruple (due to Theorem 4.1 and the metric linearity of 2, y, z). 
Hence points 6’, 2’, y’, 2’ of the euclidean plane exist such that the congruence 
(*) 6,2, 9,22 2, 9,2, 
he 
le holds and 2’, y’, @ lie on a straight line [3, p. 56]. Now 
G(z, y) 4D (6, y) 4D(%, y’) 4A? (6, a’, y’) 
and, similarly, G(y, z) = 4A?(@, y’, 2’), where A(_ ) denotes the area of the 
f triangle whose vertices appear within the parentheses. 
Then A(@, 2’, y’) =A(@, y’, 2), which follows from G(z, y) = G(y, z), 
; gives (using the linearity of 2’, y’,2’) 2’y’ =y'2’ and so zy = yz from con- 
gruence (*). 


Case 2. G(z,z)=0. If then y—[(1+A)/2]-2 and 
cy = {x,%) + [(1+A)/2]?- (2,2) — (A+1)- (2,2) 


that is, zy —4|1—A]|-(a,x)#. A similar computation shows that yz has 


1° 2) 

h to 

or 
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the same value. If, finally, c—6, then y= (1/2)+2 and we get 
wy by = (1/2) (2,2)? = yz. 


Though the determinant D formed for a finite subset of & is evidently 
a congruence invariant, the Gram determinants G do not have this property. 
If, however, 21, 2%2,° * and are two n-tuples of such 
that 21, Yn Bnd 02, == Oy, 1,2,---, 2”), then 
G (21, = Yn), Since each is equal to 


sig (6, * *, Un). 
Lemma 5.1. If y ts an algebraic middle element of x and z then 
= (1/2) + 62?) — x2? ]!. 


Proof. Developing D(0, 2, y,z) =8G(z, y,z) =0, and using zy = yz 
= (1/2)az (Theorem 5.1) the expression for 6y given in the lemma is 
obtained. 


6. The system Q,, Q.,Q:, Si, S.,S3°E,}. Adjoining the third 
Schwarz postulate to the preceding system, we prove the following theorem. 


THEOREM 6.1. There is at most one algebraic middle element of two 
elements of %. 


Proof. If y, y* are algebraic middle elements of 2 and z, Theorem 5. 1 
and Lemma 5.1 give 
ry == yz = (1/2) = y*z, Oy = 
Case 1. G(a,z) From 
D(6, x, y, 2, y*) = — 16G (a, y, z, y*) S0 


we readily obtain — D(6, x, z) (yy*)? 0. But G(z,z) gives 2, z) 
= — 4G(z,z) < 0, and it follows that yy* —0. Since & is semimetric, this 
implies y = y*, and the theorem is proved in this case. 


Case 2. G(x,z)=0. Ife ~6 then y= [(1 + A)/2]- 2, where z= X-2z, 
and the uniqueness of y follows from Theorem 3.4. A similar argument is 
employed in case z = 6 (and consequently 2 0), and the proof is complete. 


DEFINITION 6.1. Let x, z be elements of & with algebraic middle element 
y. An element 2-y 1s called a sum of x and z (written 2-y=a+2). If 
r=2, pubr+2—2-2. 


get 


2ntly 
erty. 
such 
then 
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If 2-y=—a2+2 then (1/2) (2-y) = (1/2)(%+2) or (Theorem 3. 7) 
y=4(¢+2). 


THEOREM 6. 2. 


Two elements x,z of & have at most one sum x + z. 


LemMaA 6.1. Jf 2, y, x+y are elements of &, then 


Proof. Writing 2-w—2-+ y, we have 


(x+y, 7) = (2° w, = 2- (w, 2) = Ow? + Ox? — zw’, 


Since cw? = (1/4)zy? and (Lemma 5.1) 6w? = $(6x? + Oy”) — (1/4) ry?, 


substitution yields 


(x + y, x) + (1/2) (62? + Oy? — ay*) = (2,2) + (2,4). 
Also, 
= (2:0, =4: (w,w) = Ow? = 2 (62? + Oy?) — zy?’ 
+ Oy?) — + by? — 2(x, y)) = + + (2, y) 
= (x,t) + + 2° y)- 
If x,y, c+ y, z2e%, then (x+y, 2) = (2,2) + (y, 2). 


THEOREM 6. 2. 


Proof. Suppose, first, that G(z,y) 0. Since 


S, yields G(z,y,7 = 0. 


Use of Lemma 6.1 gives 


G(x, y,¢+y,2) =—[(a@+ 2) — (2,2) — (y, 2) y) S0. 


Consequently G(z,y,7 + y,z) =0 and (x+y, 2) = (2,2) + (y, 2). 


If G(«,z) =0, then (assuming =[(1+A)/2]-2 
with and (Theorem 3.7). Whence 


(c+ y,2) = (a2) 
— (x,2) + (A-2,2) = (2,2) + (y,2). 


The desired result is obtained in a similar manner in case r= (and 


consequently y + @). 


(c+ y, 2) (x, 2) + (z,y), (x, + + 2(2,y). 
= 
Is 
ird 
m, 
WO 
) 
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7. The system Q,, S2, E,, E.,E;}. We adjoin now 
the two existence postulates #, and #; to our system. 


THEOREM 7.1. For each element x of & and each real number i, & 
contains exactly one element If ye there is exactly one element 


of 


Proof. The proof of the first statement of the theorem is an immediate 
consequence of Postulate H,, Definition 3.1, and Theorem 3.4, while the 
proof of the second statement follows from the first one and Theorem 6. 1, 
when it is shown that at least one algebraic middle element exists for every 
pair of distinct elements of 3. (If r—z, r+2=—2-7z exists by the first 


part of the theorem). 

If z,ze% (xz), Postulate H; insures the existence of at least one 
middle element of z, z whenever G(z,z) ~0. If 2, zed, (xyz) with 
G(az,z) = 0, then z= (assuming 6) and the element [(1 + A)/2]-2 
which exists by the first part of the theorem, is the desired algebraic middle 
element of z and z. If, finally, e—6 then the element (1/2)-2 is an 
algebraic middle element of x and z. 


THEOREM 7.2. Addition and scalar multiplication in % have the 
following properties: 


(i) t+y—yt+s, 

(ii) e+ +4 
(iii) implies y =z, 
(iv) 


(v) (Ai + Ac) 


Proof. Properties (i), (ii), (iv), (v) follow at once from Postulates 
Q:, Qs, and Theorems 3. 5, 6.2. To establish (iii), we have 7 +y=—=2+2 
implies (c+ =(2+2,y), and consequently (y,y) = (y,z). Also, 
(x+y, 2) = (x+2,2) and so (y,z) = (z,z). Hence y—z by Qs. 


THEOREM 7.3. Distances 0x, xe, have the following properties: 
(a) = 0, 


(b) 62 = 0 if and only if x = 6, 


— 
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(c) dist. [0,A-2] —=|A|- 6, 
(d) dist. [0,7 + y] S 0x + by. 
A, 3 
ment Proof. The relation 62 = (z,xz)* is given in the second paragraph of 
Section 4, and (b) follows from Q, and Theorem 3. 2. 
liate Since 
the dist. [0,A- 2] =[ (0,0) + (A-2,A- x) —2(0,r-z) 
6.1 
2) (2, 2) |A| - Oa, 
first property (c) is proved. 
am To establish (d) we have from G(z,y) = 0, 
[ (2, + (2,2) + (yy) +2] 
dle 
+ by = (x+y,2-+ = dist. [6,2 + y]. 
We are justified by Theorem 7.3 in defining the norm ||z|| of an 
the element x of = as the distance éz. Noting that 


(z+ (—1)y,e+ (—1)y)? 
= + (y,y) —2(2, ¥)]? = zy, 


or zy = || y—z || = dist. [6,y—z], it follows that for each three elements 


y, 2 of & 


dist. [y—2,2—2] = ||(2—z) —(y—z) z—y |] —y. 


Remark. The space & is metric. 


TurorEM 7.4. The space {%: Q:, Qo, Qs, 91, 82, Ss, Es} a 
generalized euclidean space. 


Proof. Postulates Q:, Q2 and Theorems 3.2, 3.5, 6.2 prove that the 
quasi inner product (z,y) has the properties (a)-(e) of an inner product 
(Section 2), and Theorems 3. 6, 3.7%, 7.2) establish that % is a linear space 
with respect to the addition z+ y and the scalar multiplication A - 2. 

By Theorem 7.3 the space & is normed by taking || z || — 6z, and since 
6c = (x, x)?, = satisfies all the requirements of Definition 2.1 for a generalized 


euclidean space. 
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8. Some further properties of &. We understand now by & a set 
subjected to all nine of the postulates in Section 2; that is, } is a generalized 
euclidean space (Theorem 7.4). It is well-known that if such a space is 
separable and complete, it is congruent with a euclidean space or with Hilbert 
space according as its dimension is finite or infinite, respectively. It might 
be of interest in this concluding section to give another proof of this important 
theorem on the basis of the theory we have been developing. 


THEOREM 8.1. Metric linearity and algebraic linearity are equivalent 
in %. 

Proof. By the Remark following Definition 4.2, algebraic linearity 
implies metric linearity. To prove the converse it suffices to show that if 
x, y, then B(z,y,z) implies G(z,y,z) =0. This is obvious in 
case the elements are not pairwise distinct, or if one of the elements is @. 
Suppose neither alternative holds. 

By the concluding remarks of Section 7, it is easily seen that 2, y,z 
= 6,y—zx,z2—z, and so the metric linearity of z,y,z2 implies that of 
6,y—z2z,z—z. Consequently = — (1/4)D(0, y 
= 0, and application of Theorem 3.8 gives 


from which G(z, y,z) = 0 follows by computation. 


DEFINITION 8.1. A space has the weak euclidean four-point property 
provided each quadruple of its points containing a linear triple ts congruent 
with four points of the euclidean plane. 


THEOREM 8.2. The space & has the weak euclidean four-point property. 


Proof. Let z,y,z,w be any four points of % (pair-wise distinct) with 
x, y;2 metrically linear. Since y, z,w ~x—w, y—w,z—w, 6, it suffices 
to prove the latter quadruple imbeddable congruently in the plane. The space 
= being metric, this follows upon showing D(0,2—w,y—w,z—w) = 0, 
[3]. 

Now the metric linearity of z, y, z implies that of x —w, y—w, z— v, 
and hence (Theorem 8.1) this triple is algebraically linear; that is 
G(z#— wv, y— w,z—w) =0. But 


y— w, z — w) = 0,7 


and the proof is complete. 
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Since for each two of its distinct elements z, 2 the space = contains an 
algebraic (and hence metric) middle element, = is metrically convex. If, 
moreover, x, y © = the element z = 2y — z is such that y is the middle element 


of z and z, and so & is externally convex. 


DEFINITION 8.2. An element x of & is a limit of an infinite sequence 


{tn} of elements of provided lim(, tn) = lim(%p, Zn) = (2, 2). 


Remark. Writing (2,2) + (%n,%n) —2(x,@n) as in (f) of Section 4, 
it is seen that lim z, =z if and only if limaz, = 0. 

Cauchy sequences and separability are now easily defined in terms of 
inner product, and we have the following theorems. 


THEOREM 8.3. The space & is congruent with Hilbert space provided 
it is separable, complete, and for each positive integer k a subset 21, 22,° * +, Te 


THErorREM 8.4. The space & is congruent with the n-dimensional 
euclidean space E, provided it is complete, and n 1s the smallest positive 
integer such that each n+-1 elements of % have a vanishing determinant G. 


Since & is metrically convex, externally convex, and has the weak euclidean 
four-point property, these theorems are immediate consequences of metric 
characterization theorems of Hilbert and euclidean spaces (with respect to 
the class of all semimetric spaces), respectively [3, p. 70], observing (as noted 
in Section 5) that for each positive integer k, 


It is observed that a congruence of % with EF, or with Hilbert space 
preserves inner products if and only if the element @ corresponding to 6 in 
the congruence is the origin (or null vector) of the space. Since this can 
always be brought about by a translation, Theorems 8.3 and 8.4 can be 
restated in terms of a vectorial application of the vector space onto the 
euclidean or Hilbert vector spaces. 

In conclusion, we wish to point again to the fact that we have avoided 
the obvious and ad hoc procedure that, for example, defines an element c as a 
sum of elements a, b provided (c,r) = (a,x) + (b,x) for every element 
t of 3. Such a device places a condition on the inner products of a, b, c 
with every element of the space in order to ascertain if one of the three 
elements is a sum of the other two! This question is answered, according 
to the procedure of the paper, merely by examining the inner products 
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attached to a, b, and c, the three elements concerned. The linearity of inner 
product clearly partakes more of the nature of a theorem than a postulate, 
and much of the paper is concerned with establishing that property from 
our (a priori) milder assumptions. 
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ON THE SPECTRUM OF HILBERT’S MATRIX.* * 
By WILHELM Maenvs. 


1, Introduction and summary. It has been shown by Hilbert that the 


infinite matrix 


(1. 1) (Gnm), Where m= (n+ m-+1)*; n,m==(Q,1,2,° °°, 


is bounded, and Hilbert’s inequality, 


n=0 m= 

for real z,, has been proved in many different ways; for references cf. Hardy, 
Littlewood and Pélya [2]. The finite segments of (1.1) have been investi- 
gated by H. Frazer [1] and O. Taussky [6]. The matrix (1.1) is associated 
with Legendre’s polynomials (cf. Szegé [4]), and the quadratic form in (1. 2) 
has been used by Szegé [5] for a normalization of Hankel forms. 

Hilbert’s original proof of (1.2) (cf. H. Weyl [7], I. Schur [3]) 
suggests that the spectrum of (1.1) is purely continuous. We shall obtain 
the following result: ? 


THEOREM 1. The spectrum of Hilbert’s matrix (1.1) 1s purely con- 
tinuous. Every real value of » for which OSX Sz belongs to the spectrum. 


2. An integral equation. We shall prove 


THEoREM 2. If the real numbers gn, hn, (n=0,1,2,- + -) satisfy 


(2.1) 
0 


> 


* Received January 25, 1950. 

2 Work sponsored by the Office of Naval Research. 

2I am indebted to Professor Wintner for calling my attention to the fact that 
the second statement of Theorem 1 can be derived from Carleman’s work (Sur les 
équations intégrales singuliéres & noyau réel et symmétrique, Uppsala, 1923, pp. 169) 
on the integral analogue of Hilbert’s matrix. Carleman shows that the kernel 
(s-+t)+, 0<s, t < 0, has the purely continuous spectrum [0,7]; from this, from 
Hilbert’s original proof of (1.2), and from a result due to H. Weyl (Rendiconti del 
Circolo Matematico di Palermo, vol. 27 (1909), pp. 373-392), it follows that every 


point of [0,7] belongs to the spectrum of (1.1). 
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(which implies that the power series 


(2.2) g(2)—= Signs", 


converge for |z| <1), and if A denotes a real number such that OSASXz, 


then neither of the integral equations 
1 
(2. 3) J =rg(2), 


1 
(2. 4) h(t)/(1 —tz)dt=—dh(z) +1 
0 
has a solution, except for the solution g(z) =0 of (2.8). 


This is equivalent to Theorem 1. We can show this by expanding 
(1 —#z)-* in a series of ascending powers of zt, introducing this expansion 
into (2.3) and (2.4), and observing that, because of (2.1), term by term 


integration is permitted. 
To prove Theorem 2, we deduce first from (2.1) and from Schwarz’s 


inequality that, for | z| <1, 
(2.5) A(z) | SH 1— 
This shows that we can iterate (2.3) and (2.4) which gives 


(2.6) 
= 
(2.7) {h(t)/(t 2) }at 
= d\*h(z) + log(1—z). 
We now introduce 
(2. 8) 1—t=—e", 1—z=—e5, g(t)—y(r), h(t) 
Multiplying (2.6) and (2.7) by eS and integrating with respect to ¢ from 
0 to 0, we find 


(2. 9) 


gda/(1 — er) — f (1 — 


0 
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The exchanging of the integrations is permitted if Re p > 4, where Re denotes 


the real part. 
The integrals from 0 to o with respect to o in (2.9) can be evaluated 


explicitly, and the integral from + to can be evaluated by an expansion 
of {1 — exp(—) }** into a sum of terms exp(— no), provided that Re p < 1. 


The result is 

where $ < Rep <1 and 


(2. 11) f y(oye — f 


(2. 12) n= g(t) — that. 


But since the integral on the left-hand side of (2.9) is an analytic function 
of p if Re p > 3, the latter condition is the only restriction for the validity 
of (2. 10), the right hand side being regular in p except for poles at p—=k + i 
(k= 0,1,2,---). Since the left-hand side in (2.10) vanishes at 


(2. 13) p=t+n+ 8, (6 = {log(a + (2 — A?)#) — log A}), 
where n = 1, 2,- - -, the same must hold for the right-hand side of (2.10). 


We can deduce from (2.1) that an application of the inversion formula 


of the Laplace transform 
(2. 14) f dg 
0 


must give y(£). If we compute (2.14) from (2.10), this supplies a repre- 
sentation of y(£) by an integral taken over a parallel to the imaginary axis 
of the p-plane, which then can be evaluted by an application of the formula 
of residues. To prove this, we deduce from (2.5) that 


(2. 15) S + 


which shows that the series on the right-hand side of (2.10) tends to zero 
if Rep<1 and |p|—oo. Going back from ¢ to z, the result is, for 
0<A<z7, 


(2.16) = 4S — + Gn(1 —2) 


m=0 


ing 
ion 
™m 
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where 6 is defined by (2.13) and q, by 
(2.17) Gm + m+ + + m + 
In a similar way, we find from (2.7) that 


(2.18) h(z) 22) 4S (1—2) (1 — fin (1 — 2), 


where 
(2.19) tm +A($—m + 


1 1 
(0:20). f f h(t)(1 — #)* log(1 — 
0 0 
Finally, it follows from (2.3), by Stieltjes’ inversion formula, that, 
if w > 1, 
(2. 21) lim {9(w + te) —g(w— te) } 2at(w/A)g(w), 
where g(w te) denotes the analytic continuation of g(z) into the neighbor- 


hood of the upper and lower side of the real axis. (2.21) is also satisfied 
if we substitute h(z) for g(z). Combined with (2.16), this gives 


(2.22) w + Gn (w —1)*} 


From this we see, by letting w— 1, that if go = 0, then g, But q 
must be zero, because 


is finite, according to (1.2) and (2.1). On the other hand, it follows from 
(2.16) that the integral on the left in (2.23) is infinite unless gq, = 0. 
Hence, if g(z) satisfies (2.1) and (2.3), and if O0<A<z, then 


(2. 24) 
* where M’ is a constant and 0=2z=1. Similarly, we find 


(2. 25) | SN’. 


2 
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Differentiating (2.3) and (2.4) with respect to z, we have from (2. 24), 
(2. 25) 


(2.26) Ag’ (z) at 
4 g(t) }dt, 


and (2.26) is also valid if we substitute h(z) for g(z). 


If we combine (2.26) and (2.3), we obtain 
+.9(2)}—= tg’(t) (1 


1 

Since | g’(t)| M’, this gives A(n+1)| gn | SM’ f i™*1dt, which shows 
0 

that 


(2.27) {(n+ 1) gn}? <0. 


We can replace the second equation in (2.26) by an infinite system of 
linear equations, viz., 


(m + 1)9m(n + m + 1)* = —Angn, (n= 0,1,2,° 


Putting (m+ 1)9m—Zm, we find 


(2. 28) +m +1) (n+ 1)2%,. 
n=0 m=0 n= 

Because of (2.27), we can apply (1.2), obtaining a contradiction unless 

Hence we see from (2.28) that also —0, and 

therefore g(z) =0. The proof for h(z) =0 (i.e., for the non-existence of 

h(z)) is precisely the same. This proves Theorem 2 for 0 <A< 

To complete the proof of Theorem 2, it will be sufficient to show that 
g(z) =0 if AO or A=z, since the spectrum is a closed set. Therefore 
we have to exclude only the possibility that A 0 or A—~7 belongs to the 
point spectrum of (1.1). The case A= 0 can easily be excluded by intro- 


ducing G(z) = > gn2"*1(n +1). This is a continuous function of z for 
0 


0=2z=1, and from (2.3) we haye in the case A= 0 


g(t)tdt G(1) f =o 


40} 
}, 
or 
— 
m=0 
Jo 
n 


704 WILHELM MAGNUS. 


for n=0,1,2,---. For n=0, this gives G(1) = 0, and for n —1,2,: 
we find that all the moments of G(¢) vanish, i.e., G(¢t) =0. The caseA =r 
can be dealt with in the same way as the general case if we modify (2. 16) 
according to the fact that the evaluation of y(£) from (2.10) requires the 
computation of residues at poles of the second order of the integrand. The 
analogue of (2.16) then involes a term with log(1—). 
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THE EXPANSION THEOREM FOR SIGMA-MONOGENIC 
FUNCTIONS.* 


By Lipman Bers. 


1. Introduction. A 3-monogenic function f(z) is a complex-valued 
function f = u + iv whose real and imaginary part satisfy the partial differ- 
ential equations 


(1. 1) O1(L) Ug = 71(Y) Vy, O2(X) Uy = — T2(Y) Ve, 


[1, 2,3]. In this note we assume that the functions o;, 71, o2, tz are of class 
C” and positive, and we say that f is }-monogenic only if u and v are of class 
0”. Without essential loss of generality we may assume that the functions 
o,r are defined for all real values of their arguments. If uw and v are of 
class O” and satisfy instead of (1.1) the system 


(1. 1’) = 71(Y) My, Uy/o1 (©) = — 72(Y) Ve, 
we say that f—wu-+w is 3’-monogenic.” 


The S-integral of a continuous function f—=wu- iv is defined by the 


relation 
(1. 2) ffdsz = — vrody +1 (v/o,) da + (u/r1) dy. 


It is path-independent if f(z) is 3-monogenic and is in this case a 3/-mono- 
genic function of the upper (variable) limit of integration. The 3-derivative * 
of a %-monogenic function f(z) is defined by 


(1. 3) dsf/dyz => (z) = T1Vy WUy/T2. 


The real and imaginary parts of f™ satisfy (1.1’), so that if they are of 
class C”, is 3’-monogenic. The higher %, 3’-derivatives of the ¥-mono- 
genic function f(z), provided they exist, are defined by the recurrence 
formulae fl) — f, fl"+t] dy /dyz, dy fl) /dyz. 

A significant class of 3-monogenic and 3’-monogenic functions are the 


* Received January 6, 1950; revised March 30, 1950. Presented to the Society on 
August 30, 1949. The research leading to this paper was supported by the ONR (Con- 
tract N6-onr-248). 

1 Numbers in brackets refer to the references at the end of the paper. 

2 The letters =, =’ denote the coefficient-arrays of the systems (1.1), (1.1’). Note 
that =” = 

3 y-integration and =-differentiation are inverse processes. 
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“formal powers” defined (for any constant values of a and 2) by the 


recurrence formulae * 


Z)(29;2) —a-Z) (29; 2) =a, 


(2; 2) —nf a: Z 2) (29; £) 


2) <n f (455 


The following facts are immediate consequences of this definition. For 
a real A and complex a, b 


(1. 4) A{a-Z™) (29; 2) } = (Aa) Z™ (295 2), 
(1. 5) (232) +b-Z™ (2932) (a+b) (29; 2). 
A “formal polynomial ” 


(1.6) P(2) = Z (to; 2) 


p=-0 
is a 3-monogenic function possessing %, %’-derivatives of all orders. In 
particular, 


(1. 7) = v lav, v=0,1,---,N; Pll(z) =0,4>N. 
The formal powers satisfy the inequality ea 
(1. 8) |a-Z™(29;z)| {C(l 20] + |2!)| z—2|}*, 


where C(r) is a positive continuous function depending upon the functions 
o,7 [1, p. 76]. This implies that if | av |/” = O(1), v0, then the “ formal 


power series ” 
(1. 9) f(2) = Z (295 2) 


converges uniformly and absolutely in some neighborhood G of 2, and so do 
all series obtained from it by %, 3’-differentiation. Hence f(z) is %-mono- 
genic in G, possesses &, 3’-derivatives of all orders, and 


(1. 10) (2) =v lav, 


Now let f(z) be a given 3-monogenic function defined in the neighbor- 
hood of z. Can it be expanded in a formal power series of the form (1.9) ? 
An affirmative answer was given (by A. Gelbart and the author) under the 


“Note that a -Z™ is one symbol. In general, aZ™ ~a.Z™. 
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hypothesis that the coefficients o, + are analytic functions [1, p. 83]. In this 
note we prove the same expansion theorem under the much weaker assumption 
that the coefficients 01, o2, 1, t2 are twice continuously differentiable. 


the 


2.. The expansion theorem. Consequences. Our aim is to prove the 


following theorem. 


EXPANSION THEOREM. Let f(z) be 3-monogenic in a domain D. In the 
neighborhood of every point z of D, f(z) admits a unique (uniformly and 
absolutely convergent) expansion of the form (1.9). If | f(z)| <M i D, 
then 


| av A’M, 


where A is a constant depending only on D, the functions oj, 1;, and the 
distance from z, to the boundary of D. 


With the aid of this theorem many results obtained previously for the 
case of analytic o, + can be reéstablished without the analyticity hypothesis. 
This applies in particular to the analogue of Morera’s theorem [1, Theorem 
3.6] and to the theorem on the quasi-analytic character of 3-monogenic 
functions [1, p. 84]. The inequality (2. 1) in conjunction with (1. 10) implies 
the analogue of Weierstrass’ convergence theorem. 

The expansion theorem implies that a %-monogenic function possesses 
%, 3 derivatives of all orders.. Noting that the real part of a %-monogenic 
function is a solution of the equation 


We obtain very precise information about the way in which differentiability 
properties of the coefficients of the elliptic equation (2.2) are reflected in 
the differentiability properties of solutions. We mention explicitly only an 


extreme case. 


(2. 3) = = exp fa(y)dy, 


equation (2.2) becomes 


(2. 4) Au = a(Y) Uy. 


On the other hand (2.3) implies that a-Z™) (2,2 + iyo) =a(t—2Zp)". 
Thus we obtain the following theorem: if «(y) is of class C’, every solution 
of (2.4) ts analytic in z. 


‘or 
(2.1) 
(ze) 
| For: 
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3. Lemmas. In this section we shall prove several lemmas which are 
needed for the proof of the expansion theorem. 


Lemma 1. Let Dy be a bounded domain, D a subdomain of Do, 2 a 
point of D, ro the distance from z to the boundary of D. Let p(z,y) bea 
bounded continwous function defined in Do, P a bound for | p(x, y)|, o(2, y) 
a bounded function of class C” defined in D and satisfying the equation. 


(3. 1) Ad = pd. 

There exists a constant A depending only on Dy and P such that the inequality 
(3. 2) | $(2,y)| <M in D, 

implies that 


(3. 3) | o(%o, Yo)| | Yo)| S AM/ro. 
Proof.’ Set p(x, y;€ 1) = log| (7 — €)? + (y—v7)*] and 
There exists a constant B depending only upon D, such that in D 
(3. 4) |o(z,y)|, | | ov(2,¥)| S BPM. 


We have, for instance, 


and the last integral has a finite maximum on the closure of Ds. 


On the other hand, h(2, y) = (2, y) —o(z,y) is harmonic in D, and 
since, by (3.2) and (3.4), |h| = (1+ BP)M, it follows *® that 


(3. 5) | Yo) |, | Ry(Xo, Yo) | S 2(1 + BP)M/1». 


From (3.4) and (3.5) the assertion follows. 
Consider now a 3-monogenic function f—=u-+ ww. The function w is 
a solution of (2.2). Set 


70 0 
and @ = [o:(x)o2(x)/7,(y)r2(y)]4, 6 = au. Then ¢ considered as a function of 


®*The lemma is hardly new. The proof is sketched since the author knows of no 
reference. 
* See [5], p. 321 where the analogous inequality is proved for three dimensions. 
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a, and y, satisfies the equation 0°¢/dx,” + = (0°a/dx," + 
so that Lemmas 1 may be applied to ¢. A similar reasoning holds for %’- 
monogenic functions. Noting the definition of 3-derivatives, we obtain the 


following result : 


Lemma 2. Let D be a domain situated within the rectangleaS2Sa, 
bSySd’, % a point in D, ro the distance from z to the boundary of D. 
Let f(z) be 3-monogenic (or 3/-monogenic) in D. If in D, | Re f(z)! << M, 
then | f(2)| << AM/ro where A is a constant depending only on the rect- 
angle and on the behaviour of the functions o, r in the intervals [a, a’], [6, b’], 


respectively.” 
The following is an immediate consequence of Lemma 2: 


Lemma 3. If fn(z), m=1,2,---, and f(z) are %-monogenic in a 
domain D, if Refn— Ref uniformly in D, and if, at some point z of D, 
fn(Zo) > f (20), then fr—>f uniformly in every closed subdomain of D. 


As another application of Lemma 2 we shall prove the inequality (2.1) 
of the expansion theorem for the case of a formal polynomial. 


Lemma 4. Let D be a bounded domain containing the point 2, P(z) 
a formal polynomial of the form (1.6), and M an upper bound for | P(z)| 
in D. Then 


(3. 6) |av| SAM, v=0,1,--°-,N, 
where A is a constant of the kind described in the expansion theorem. 


Proof. For v0 (3.6) holds for every A2=1. Now let v be a fixed 
integer (0< v= WN). Let Dy denote the dise | z— 2% | S p/v)1o where 
ry is the distance from 2 to the boundary of D, and »—0,1,:--,v—1. 
Finally, let M, denote the maximum of | P!!(z)| in Dy, and let A’ be the 
constant from Lemma 2.- By repeated application of this lemma we obtain 
the inequalities (vA’/ro)Mo, Me (vA’/1o) Mi S 
and finally | P!’)(z,)| S Since M, = M and a is given by 
(1.7%), we have | av |S (A’/ro)’(v’/v!)M, and since by Stirling’s formula 
v’/v! ~ the assertion follows. 

The proof of the expansion theorem will be based on Lemma 4 and on 
the following lemma which establishes the possibility of expanding a =-mono- 
genic function in a series of formal polynomials. 


7 An analysis of the argument will show that the maxima of the second derivatives 
of o, 7 enter in A. 


LIPMAN BERS. 


Lemma 5. Let f(z) be 3-monogenic in the closed rectangle R:aSzSa 
bSyb’. Then there exists a sequence of formal polynomials Pq(z) of 
the form (1.6) which converges to f(z) uniformly in every closed subdomain 
of the open rectangle R: a<a<a’,b<y<b’. (The point 2 is not 
required to belong to R). 

Proof. By subtracting from f(z) a formal polynomial of the fourth 
degree, we may obtain a function which vanishes at the vertices* of R. We 
may assume, therefore, that 

f(a + ib) — f(a’ + ib) — f(a + ib’) f(a’ + 8’) 


Since the Dirichlet problem is always solvable for equation (2.2), we may 
represent u=—=Ref(z) in R as a sum of four solutions of (2.2), each of 
which vanishes on all but one side of #. It will be sufficient to consider one 
such function. Thus we assume now that u(z,y) —Ref(z) satisfies the 
boundary conditions: 


w(a,y) =u(a’,y)=0, bSySV’; u(x, b’) = 0, 
u(z,b) =@(2) eC", axrsa, O(a) =0. 
A function | 
(3.7) u(x, y) = $(2)¥(y) 
will be a solution of (2. 2) if 


(3. 8) (x) ]’ + Ao2(z) G(x) = 0, 
(3. 9) Ly’ (y)/r2(y) |’ = 0. 


The characteristic values of (3.8) for the boundary conditions (a) = $(a’) 
= 0 are simple and positive. Let us denote them by A,?, j =1,2,- - -, and 
let $;(x) be the corresponding (normalized) characteristic functions.. Since 
A,’ is certainly not a characteristic value of (3.9) for the boundary conditions 
y(b) =y(b’) =0, there exists a solution y;(y) of (3.9) for A =.A;? which 
satisfies the conditions y;(b) = 1, y,;(b’) =0. It is well known that 


admits the uniformly and absolutely convergent expansion ®(z) = > ajp;(Z), 


Sa. The series converges to u(z,y) uniformly on 
j=1 


the boundary of R. The same must be true throughout RP since solutions of 
(2.2) are known to obey the maximum-minimum principle. 


* See the interpolation theorem in [1], p. 89. This theorem is proved without using 
analyticity of the functions ¢, r. 
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Now we determine 3-monogenic functions f;(z) such. that 
(3. 10) Re f(z) = j=1,2,-5° 
(3. 11) Im fi (21) = Re f (4), Im f;(21) = 0, = 2, 3,- 
where 2, is some fixed point in R. By Lemma 3 we conclude that 


f(z) = f;(z), the series being uniformly convergent in every closed sub- 
j=1 


domain of R. 

The assertion of Lemma 5 would be proved if we could find for every 
positive « and for every j a formal polynomial of the form (1.6) which in 
R differs from f;(z) by less than «. That this can be done, however, follows 
from the fact that every %-monogenic function satisfying (3.10) can be 
expanded in a formal power series of the form (1.9) which converges 
uniformly in every bounded domain.°® 


4. Proof of the expansion theorem.’ Let f(z) be 3-monogenic in the 
domain D containing Z, and let | f(z)| not exceed M in D. According to 
Lemma 5 there exists a sequence of formal polynomials, 


Na 
P,(z) = av) -Z™ (295 2), 
y=0 


such that 

(4. 1) f(z) =lim P,(z), 

uniformly in the closure of some neighborhood G, of Zz. We set ay —=0 
for v > N,. Let A’ denote the constant of Lemma 4 for the domain G, and 
the point z. Then, by (4.1) and Lemma 4, 

(4. 2) |av™ | = + a); lim = 0. 

The limit : 


(4. 3) lim dy) = dy 


n> 


exists for y= 0,1,---. In fact, we have that 

(4. 4) | —ay™ | = A”- max! P,(z) — Pm(z)| (ze Go). 
From (4.2) we conclude that 

(4. 5) | av | = 


® See [1], Theorem 10.2. The proof of this theorem uses no analyticity assumptions. 
10T am indebted to Professor Hermann Weyl for suggesting a simplification of the 


argument. 
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so that the formal power series 

(4. 6) > av: Z™ (25 2) 
y=0 


converges uniformly and absolutely in some neighborhood G, of 2. Let r be 
a positive number such that the dise G: | z—z)| <r is contained in G, and 
rA’C(2| 2 |-+7r) <1, where C is the function in inequality (1.8). For 
m—oo, (4.4) yields 

| av — av | = A”- max | P,(z) —f(z)| = A”m, m— 0. 


Using this inequality, we see from (1.5) and (1.8) that, for z in G, 


| ay: Z) (293 2) — P,(z)|S | (av — - Z (29; 2) | 


< m/{1—rA’C(2 | 2 | +1)}, 80 that, by (41), f(2) = Z (232). 
p=0 
The uniqueness of this expansion follows at once from Lemma 4. 

It remains to prove inequality (2.1). (Note that it is not implied by 
(4.5) since A’ depends upon G,). We observe first that since f(z) may be 
expanded in a formal power series in the neighborhood of every point of D, 
all 3, &’ derivatives of f exist. Next we repeat verbatim the proof of Lemma 
4, replacing P by f and using (1.10) instead of (1.7). 

The proof of the expansion theorem is now complete. The method used 
to establish this result ought to suffice to free the expansion theorems obtained 
by Diaz [4] and Protter [6] for their generalizations of 3-monogenic func- 
tions from unnecessary analyticity conditions. It remains an open question, 
however, whether the conditions imposed by us on the functions o, r can be 
substantially weakened. 
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ON THE SPECTRUM OF A BOUNDARY VALUE PROBLEM 
WITH TWO SINGULAR ENDPOINTS.* 


By KENNETH G. WOLFSON. 


1. Let a positive p(t) and a real-valued g(t), where —o< t <o, be 
continuous functions with the property that the differential equation 


(1) (pa’)’ + (q-+r)e=0 


is of the “ Grenzpunkt” type for both {=—o and t=-+o. Thus (1) 
determines a boundary value problem in the Hilbert space L?(—o, +00) ; 
that is, D(z) ——(p2’)’— qz is a self-adjoint operator defined on the set 
of functions z(¢) for which z, pz’ are absolutely continuous; and z, D(z) are 
of class L?(—o, 0). Let the spectrum of this operator be denoted by S 
and the set of its cluster points by S’. The assumptions above also imply 
that (1) and a fixed homogeneous boundary condition, 


cos%-+ 2’(c) sna—0, 


where —o <c and 0 =a < determine two boundary value problems, 


one in each of the Hilbert spaces L?(—o,c) and L?(c,0). Let S844 
denote the spectra of the respective problems. The derived sets S°, S.q’ are 
independent of ¢ and a ([8], p. 251) and may be denoted by S*, Sy, 


respectively. 

The object of this paper will be to determine the relationship between 
the sets S’, S*, S, and those between the set S and the spectra S,” of the 
Sturm-Liouville problems belonging to (1) and the boundary conditions 


(3) a(a)=0 and —0, 


where —wo<a<b<o. 

The second part of the problem is analogous to the corresponding problem 
concerning S,, treated in [2]. The results below will be dependent on those 
of [2]. 

For A, < A, and a < b, let N (a, b, Ax, Az) be the number of points of S,” 
in the closed interval [A,,A2]. Put n(Ai, A2) = lim inf V(a, b, Az), where 
a—>—o and The following theorems will be proved: 


* Received March 29, 1950. Presented to the American Mathematical Society, 


April 28, 1950. 
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(1) A necessary and sufficient condition for X= A, to be in S ts that 


(4) (Ao — €, Ao + €) = 1 for every «> 0. 


Il) A necessary and sufficient condition for \ =X, to be in S’ ts that 
( y 


(5) — €, Ao + €) for every > 0. 


Let 8(A,) denote the number (0, 1 or 2) of the half lines (—o, 0], 
[0, 0) on which (1) is oscillatory for A near, but exceeding, Ay. Put 
m(Ax.Az) = lim sup N (a, b, A2), where a——oo and It turns 
out that condition (4) is equivalent to 


(4’) m (Ao — €, Ao + €) = 8(Ao) +1 for every « > 0. 


It may be pointed out that, in (1), the boundary conditions (3) cannot 
be replaced by arbitrary homogeneous boundary conditions, say 


(6) z(a)cos B + 2’(a)sin B = 0, z(b)cos 8 + 2’(b)sin B = 0. 


Corresponding to the differential equation 7” + Ax 0 and the boundary 
conditions (6) determined by 8 = 7/4, the number A = — 1 is an eigenvalue 
for every choice of a,b; but the set § is the half-line 0=A <0, and does 
not contain the point A=— 1. 

It will be clear that the proof of (1) can be modified so as to imply the 
following theorem. This theorem is the analogue of one concerning Sy, 
which was proved first in [8], pp. 252-257, with restrictions on q(t) and A., 
and without restrictions in [2], p. 917. 


(III) If <0, put N(A) = n(A,A) for A <A<Az. Then 
(i) N(A) is a non-decreasing (integral valued) step-function; (ii) N(A) ts 
continuous from the left; (iii) every jump (tf any) of N(A) has the value 1; 
finally, (iv) the discontinuity points of N(A) on dy <A < Az are tn the point 
spectrum and no other X values of the open interval (d4,A2) are in the 
spectrum § of (1). 


The following theorem will also be proved: 
(IV) + 8*, where the addition is set-theoretic. 


The set 8’ can be decomposed into the cluster points of the point spectrum 
and the continuous spectrum C. According to Weyl ([9], p. 450), each d 
in C is at most of double multiplicity, as defined by Hellinger [5]. If p=1, 
while g is even and periodic, then it is known [10] that the sets S, and S* 
are identical and consist entirely of continuous spectra. Furthermore every 
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point A of S,—S* is also in C with multiplicity two; cf. the spectral 
resolution given in [6], p. 934. Thus suggests the possibility that, in the 
general case, (IV) has some interpretation as regards the multiplicities of 
points of the continuous spectrum C. This will remain an open question. 

As a consequence of (IV), results on the set S* can be carried over to 
the set S’. For example, by the use of the theorem (*) of [3] we have: 

If there exists a number yp such that for A < yw every solution of (1) has 
only a finite number of zeros for -—«0 < ¢ <<, but has infinitely many zeros 
when A> yp, then p» is the least point of S’. If such a number up» fails to 
exist, then S clusters at A = —oo. 


2. Proof of the necessity of (4) in (I). If lim inf Ay, — 
where a—>—oo and b-»-+, then the open interval (A;,A2) contains at 
most & points of S. 

This can be established as follows: Let Ka, denote the bounded integral 
operator whose kernel on the rectangle as, t=) is the Green function 
determined by (1) for A= and boundary conditions (3): This operator 
determines the spectrum S,%. Let K denote the corresponding integral 
operator for the interval (—o,0); so that K = (ZL —viI)~, where J is the 
identity operator. For convenience, suppose that the domain of Kap is not 
[?(a,b) but L?(—o,-+00); and that, for any element g of this Hilbert 
space, Kang is 0 outside the interval [a,b]. From the form of the Green 
functions and from the definition of “ Grenzpunkt ” ([8], p. 226), it can be 
verified that K,, converges to K, as a—>—o and b-»--0, in the sense of 
strong convergence of bounded operators on the Hilbert space L?(—,0) ; 
cf. the derivation of the spectral resolution of Z as given by Titchmarsh [7], 
pp. 56-57. The statement at the beginning of this section follows from 
known properties of strongly convergent bounded operators. 

This assures the necessity of (4). 


8. Proof of sufficiency of (4) in (I). The proof will be divided into 
three parts (i), (ii), (iii) corresponding to the cases 8(A.) =0,1, 2 
respectively. 

(i) If nm(Ac—e,Ao +) 21 for a given « > 0, then there exist numbers 
A,, B. such that, for all a= A, and b = B,, the set S,” has at least one point 
in the interval [A, —«,Ao + €]. By Theorem (I) in [2], the set S®, where 
— §%, contains at least one point in [A> + €] for every }= B,. 
By the Lemma in 8 of [1], there exist solutions of (1) of class L?(—, b), 
corresponding to the values A lying in the interval [Ay —e,rAo +e] for 
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sufficiently small «> 0. Since (1) is of the Grenzpunkt type at t = —o, 
these solutions are unique up to constant factors. Denote by 2(t,A) a 
solution of (1) which is L*(—o,b). Since = 0, the solution x(t, d) 
has only a finite number of zeros on —o <t<o. The proof can be com- 
pleted by adapting the method used in [1] for the analogous problem 
concerning the sets S.q” and Seq, for fixed c. That method is based on the 
following: If 2*(t,A) denotes a solution of (1) and (2), then the n-th 
largest zero of z* on c << t << is a continuous decreasing function of A, and 
the Wronskian of x*(t, 41) and x*(¢, A”) is zero at t==c. In the present case 
of the function x(t, A), the point t = —oo replaces the point tc. The n-th 
largest zero of 2(t,A4) on —o<¢t<o is a continuous decreasing function 
of A. Also, the Wronskian of x(t, A’) and x(t, d?) satisfies 


(7) p(t) (t, A*) a(t, — x(t, 90 as — 


[8], p. 242; cf. formula (19) in [4]. 
The details of the proof for case (i) will not be given as they follow 
closely those of [1]. 


(ii) In the case 8(A,) = 1, it can be assumed that (1) is non-oscillatory 
on the half axis —o<¢=0. Suppose, if possible, that (4) holds but that A, 
is not in 8S. Then there exists an « > 0 such that the interval [A» — e, Ao + €] 
is free of points of S. Since n(Ayo — «, Ao + €) = 1, there exist numbers A,, B, 
with the property that, whenever a = A,, b = B,, the set S,” has at least one 
point in [Ay — ¢,Ao + €]. Theorem (I) in [2] implies that, for every b => B,, 
the set S° has at least one point in the interval [A> —«,A, + €]. It will be 
shown that there exist values of 6 corresponding to which S” has at least 
two points in that interval. Let {u,(b)} denote the set of eigenvalues in S° 
which are less than the least point of S” = S*. The continuity and monotony 
of the n-th zero of x(t,A), mentioned above, and the fact that the number 
of zeros on (—o,b) of eigenfunctions corresponding to successive elements 
of the sequence {y,(b)} differ by one, allow an adaptation of the arguments 
of [2], p. 916, as follows: 

Let x(t,A) have the same meaning as in (i). Consider a value b’ > b 
satisfying —e) =0; so that for some value of h. 
Then pysi(b’) SA +. For if this were not the case, it would follow that 
pn (b”) < Ao —e, while (0”) > Ao + € for b” near, but exceeding, b’. This 
contradicts the fact that for every 6 = B, the set S* contains at least one 
element in [Ao —<«, Ao + €]. Hence, for some arbitrarily large b, S® has at 


least two points in [Ay — €, Ao + €]. 
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To complete the proof, it will be shown that the assumption that no point 
of 8 is in the interval [Ay —e, Ao + €] leads to a contradiction. 

Since the addition of a constant A) to g(t) simultaneously translates the 
sets S°, S by —Apo, it can be assumed that = 0. Thus, for some choice 
of b and h, the numbers pp(b), wns (b) lie in the interval [—e,¢], but this 
interval contains no points of 8. Let x(t), an.:(¢) be eigenfunctions corre- 


sponding to pr, “asi respectively. Put 
(8) z(t) = + or z(t) =0 


according as —o<t=b or b<t<o, where ¢,,¢. are chosen so that 
7(b—0) =0 (and z(t) 0). Then z, pz’ are absolutely continuous, and z, 
L(z) are of class L?(—o, 0). Hence z(t) belongs to the domain of the 
From (1) and (8) 


self-adjoint operator L(z). 
= Cipntn(t) + or L(z) =0, 


according as —o< tSborb<t<oo. Since | wal, | pau | Se, it follows 
from (8) that 


(9) 22dt, 


since py, a4, are orthogonal on (—o,b). Since [—e,e] is free of points of 
S, the spectral resolution of the operator L(z) implies 


This inequality contradicts (9) and completes the proof of the case (ii). 


(iii) Assume that §(A)) = 2, that (4) holds and that, if possible, Ao 
is not in 8. Then there is an interval [A) —«,Ao + €] free of points of S; 
and there exist numbers A,, B, such that for all a= A, and b= B,, the 
interval [Ay —«, Ao + €] contains at least one point of S,”. The theorem (I) 
in [2] implies that [A> —«, Ao + «] contains at least one point A= A, of S?, 
and at least one point AA. of Sy. Let —2,(t), denote 
corresponding eigenfunctions. Let d < a be a zero of x, and e > b be a zero 
of z.. These zeros exist in view of the assumption 8(A,) = 2. Let 7; = %3(¢) 
denote an eigenfunction corresponding to a point AA; of S,4° lying in 
the interval + Finally, let z(t) c,2,(t), v(t), Core(t) for 
respectively, where c,, are chosen 
so as to make z’(¢) continuous. Since 21, v2, x, satisfy (1) for A = Aj, As, As; 
respectively, it follows that (pz’)’=0 for t=d,e. Hence (pz’)’ is con- 
tinuous; so that z, pz’ are absolutely continuous on —o <t<o. Thus 
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z(t) is in the domain of the operator L(z). By a procedure analogous to 
that used in (ii), one obtains a contradiction to the fact that [A> — ¢, A» + «] 
is free of points of 8. This completes the proof of case (iii). 


4. Proof of (II). The necessity of (5) follows from 2. The proof of 
(I) can be modified so as to imply that if n(x, A2) =, then there are | 
points of S in [A,,A2]; ef. (III). This shows the sufficiency of (5). 


5. Proof of (IV). Assume that A is in Sy. Theorem (I) of [2] 
implies that if c is fixed, —o< c<o, then there exist corresponding sets 
having arbitrarily many points in [Ao -— €, Ao + €] for every e > 0. Hence 
(Ayo — €, Ao + €) =o for every « > 0, and so Ay is in S’ by (II). Similarly, 
if A, is in S*, it is in 8’. 

Assume that A» is in 8S’. It remains to verify that A» is in either S* 
or S,. Suppose, if possible, that this is not the case. If ¢ is a fixed number, 
there exists an interval [A)» —«, A» + €] which contains at most one point of 
each of the sets 8°, S,. Then no set S,° or &,° for any a<c< b can have 
more than two points in the interval [A> —«,A, +]. But then Sturm’s 
comparison theorem shows that N (a, b, Ao —«€,Ao + = 5 for alla<c<b, 
which is contradictory to the fact that A, is assumed to be in 8’, and so 


N(rA»o — €, do + €) 


6. Proof of equivalence of conditions (4) and (4’). The proof will 
again be divided into three parts (i), (ii), (iii) corresponding to 8(Ao) 
= 0, 1,2 respectively. 


(i) In this case it is only necessary to show that if, for some ¢ > 0, 
the limit superior — €, Ao + 1, then — Ao + €)= 1, for the 
converse is obvious. The assumption m(A — Ao + €) = 1 implies that there 
exists a sequence of intervals (a1, (@2, b2),* - such that a, > > 
and by < > 0, as and that S,, where (a,b) bx), has at 
least one point A = A, in the closed interval [Ap —«,Ao + €]. Let px denote 
the number of zeros in (ax, 6,) of the eigenfunction corresponding to A = Ax. 
Since 8(A.) = 0, the sequence is bounded. Hence it can be 
supposed that p,—p is independent of k; otherwise the sequence (a, ),), 
(a2, b2),- - - is replaced by a subsequence. If pp(a,b) denotes that point 
of S,”, which corresponds to an eigenfunction having exactly p zeros on (a, b), 
Sturm’s comparison theorem shows that pp(a’, b’) < yp(a,b) whenever a’ < a 
and b’ > 6. Since Ax = pp(ax, bx), it follows that Ay >A» >: > 
The assertion to be proved is an obvious consequence. 
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(ii) The proof used in (ii) of 3 shows that if n(A>—«, A + ¢€) 21, 


then m(Ao — ¢, Ao + €) = 2; ef. [2], p. 916. The converse statement follows 
from Sturm’s comparison theorem. 


(iii) The equivalence of (4) and (4’) in this case can be shown by 
proving that m(A,—¢,A +¢«) =3 is necessary and sufficient for A» to be 
in S. The sufficiency follows from an obvious modification of the construction 
used in part (iii) of 8. To show the necessity, assume that A. is in 8. Then 
it belongs to both S° and S,, where tc is a zero of an eigenfunction corre- 
sponding to A). Thus, for any « > 0, there exist arbitrarily large numbers 
—a,b such that S,° and S,” each have at least two points in [Ay —«€, Ao + €]; 
ef. [2], p. 918. Then S,” has at least three points in [A,—«,A. + €] by 
Sturm’s comparison theorem. This completes the proof. 
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ON CUBE-COVERINGS OF n-SPACE.* 


By L. G. Pxcx. 


It was shown by Hajos* in 1941 that in every covering of Euclidean 
n-space by unit cubes whose edges are parallel to the coordinate axes and 
whose centers form a lattice (modul) there is a pair of cubes with a complete 
(n — 1)-dimensional face in common. The present note contains the results 
of an attempt to generalize the above theorem by omitting the condition that 
the centers of the cubes form a lattice. 

®t, will denote the n-dimensional vector space over the real field; small 
German letters will be used for elements of %,, and the corresponding 
Latin letters with subscripts for their components (e. g., r= *,2n), 
= *,@in)). The unit vectors, are defined by the 
equation e;; = 0 or 1, according asi ~j ort=j. There will also be occasion 
to use the set A, of n-tuples § = (8,,- - -,8,), where §; = + 1(1—1,---,n). 
Note that A, contains 2” elements. 

The following definition is introduced to make precise the notion of a 
cube-covering of n-space: A subset X of R, will be called an n-grill if, for 
every there exists a unique such that 0S <1, 
1,---,2). 

It is clear how one can associate a cube-covering with every n-grill, and 
an n-grill with every cube-covering. Notice that the defining property of a 
grill is unaltered by translation, so that there is no loss of generality in 
assuming that a particular point of the grill is the origin 0 = (0,- - -,0). 

A property (P) of grills, which will be used repeatedly in the sequel, 
is as follows: 


If ts an n-grill, if a,a’e A, and if |a,—a/! <1, 
then ada’. 


Proof. Let x; = max(aj, a) for i—1,- - -,n, and apply the definition 


of 


* Received February 9, 1950. 

*Georg Hajos, “Uber einfache und mehrfache Bedeckung des n-dimensionalen 
Raumes mit einem Wiirfelgitter,”’ Mathematische Zeitschrift, vol. 47 (1941). The 
reader should also consult papers by Keller, Journal fiir die Reine und Angewandte 
Mathematik, vol. 163 (1930), and Perron, Mathematische Zeitschrift, vol. 46 (1940). 
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It is now possible to prove a lemma, which, interpreted geometrically, 
states that the fundamental half-open cube which is used in the covering may 
be constructed from a closed cube by omitting from it any set of 2"? non- 
parallel (m—1)-dimensional faces. (The difficulty of making this last 
statement clearer without departing from geometrical terminology accounts 
for the introduction of the concept of a grill.) 


Lemma. Let % be an n-grill, reRn, and Se A,. Then there exists a 
unique ae such that OS a+ 8a,< 1; 


Proof. The uniqueness of a follows from (P). For the existence, we 
can find (by definition) elements, a;, a2, a3,- -, of which satisfy 


0S <1 if 6; = — 1 
0 = (— 1— 1/k) — Ani 1 if 8; = 


1,2,- °°). 


Since | an | <2 (i=—1,---,n; k,1=1,2,-- -), it follows from (P) 
that there is only a finite number of distinct elements in the sequence 
Q1,Q2,° °°. Also, if a, —ar—b, and k <1, we have OS <1 if 
§, = —1, and 1/k (—-a,— 1) —), < 1+ (1/1) if8;=-+1. Therefore, 
if k<m<l, we have |b;—am|<1, ((=1,:--+,n), and am—b by 
virtue of (P). Thus, for a suitably large K, ax =Qn.—=** *—a, Say. 
This a clearly satisfies the conditions of the lemma. 

With the above preparation, it will now be shown that in any cube 
covering of the type under consideration each cube has a vertex in common 
with some other cube. This statement, it should be remarked, is no longer 
true if the word “vertex” is replaced by the word “ edge,” trivial counter- 


examples being available in three dimensions.? 


TuHerorEM. Let U be an n-grill and peM. Then there exist numbers, 
not all zero, such that or 1 (t=1,---,n) and 
p+ee +: ene, U. 

Proof. Without loss of generality, take p—o. Denote by Y, the set 
of ae which satisfy OS (t—1,---,n). If Se A,, the preceding 
lemma assures the unique existence of a(é) eM satisfying 0S (1—4)/2 
+ 8a;(8) <1; (t—1,---,n), 0S a,(8) <1 when §,—-+ 1, and 


2 Consider the 3-grill whose elements are triples of integers (#,y,2) with the 
following exceptions: when «0, y+ 1, take the third component of the form 
z+ 4, 2 integral; when y=0, z= + 1, take the first component of the form «# + 3, 
integral; when =+1, take the second component of the form y + 3, 
y integral. (0,0,0) is an element of this grill, but the associated cube has no edge 


in common with any other cube of the covering. 
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0 < a(8) =1 when §;——1. The function a(8) thus maps each element 
of A, onto an elements of %. Consider the inverse mapping. If be Mo, we 
will have 6=a(8) on condition that 0=0;< 1 when §,—-+1, and 
0< b=1 when §;=——1. 

In other words, §;—=-+1 when 0}; when 0b; —1, and 
finally 8; = + 1 when 0 <b; <1. Consequently, if £(6) denotes the number 
of components, bi, of b which satisfy 0 <b; <1, then the inverse of the 
mapping a(8) maps each element be 2%, onto 25) elements of A,. Thus, 
>25() — 2", where the summation runs over every be Mp. Since £(0) = 0, 
this means that 3/25(5) — 21 where the ’ refers to the omission of b = o. 
Consequently 3/25) is odd and so £(b) = 0 for some hAv. This 
completes the proof. 
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ON THE LOCAL UNIQUENESS OF GEODESICS.* 


By Puitie HARTMAN. 


1. Statement of the theorems. Let H(u,v), F(u,v), G(u,v) be 
defined in a neighborhood of (u,v) = (0,0) in such a way that 


(1) ds? = Hdu? +- 2Fdudv + Gdv? 


is a positive-definite element of arc-length. If H, F, G are of class C’, then 
the Christoffel symbols I'*;, exist and are continuous functions of (u,v) and 
so the differential equations 


(2) u”; + = (0 fori=— 2, Uz) = (u, v) 


are meaningful and define the geodesics associated with (1). Professor 
Wintner has raised the question of whether or not geodesics are uniquely 
determined (locally) by (2) and by a set of initial conditions (even though 


“ uniqueness ” restriction, 


the coefficient functions I'*;, are not subject to a 
say of the Lipschitz type). It turns out that the answer to this question is 


of a very surprising nature. 


On the one hand, if it is only assumed, as above, that F, F, G are of 
class C', then the solutions of (2) are not in general uniquely determined by 
initial conditions. On the other hand, if (1) is the first fundamental form 
of a (2-dimensional) surface of class C? in a 3-dimensional Euclidean space, 
then the solutions of (2) are unique. This last statement can be reworded 
in the following manner: 


THEOREM 1. Ona surface of class C?, every geodesic is uniquely deter- 
mined (locally) by its initial conditions. 

The proof of Theorem 1 will depend on the circumstance, pointed out 
by Weyl [5], pp. 42-44 (cf. also van Kampen [4], p. 135), that the theorem 
of Gauss-Bonnet and/or the Theorema Egregium (in a suitable form) holds 
on surfaces of class C*. 

Let X denote the vector (z,y,z) and let X¥—X(u,v) be of class 
CO", where n=1, on a (u,v) domain and such that the vector product 
(Xu, Xv) 40. Then X = X(u,v) is called a surface of class C*. 

The proof of Theorem 1 can be refined to show that it is possible to 
introduce geodesic polar coordinates (r,¢) at any point on a’surface of class 


* Received December 28, 1949. 
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C’ and that the resulting transformation (r,¢) — (u,v) is of class C'. In 
the standard textbooks on differential geometry, it is assumed that the surface 
X =X(u,v) is of class C* in order to introduce geodesic polar coordinates. 
Their result, under that assumption, is merely that the transformation 
(r, p) — (u,v) is of class C'. The proof below will show that if the surface 
is of class C", where n => 2, then the mapping (r,¢) — (u,v) is of class C”". 


THEOREM 2. To every point P on a surface X =X (u,v) of class C*, 
where n = 2, there corresponds a neighborhood N of P with the property that, 
for any point QP in N, there exists one and only one geodesic (in N) 
joing P and Q. Let u—u(r,¢), v=v(1r,¢) be the point reached at a 
distance r from P along a geodesic determined by the angle ¢ from some fixed 
direction. Then u—u(r,¢), v=v(r,¢) are of class C™* on some circle 
< 2 (and have a non-vanishing Jacobian if 0.). 


THEOREM 2*. The element of arc-length in the (1, $)-coordinates ts 


(3) ds* = dr? +- gd¢’, 
where g = g(r, ¢) ts of class C™-* (and such that g(0, =0, while g,(r, 
exists and satisfies g,(0,¢) =0 even if n=2). 


Similar theorems hold for geodesic parallel coordinates. 


2. An example of non-uniqueness. It will first be shown that the 
solutions of (2) need not be unique. To this end, let h(v) be a positive 
function of class C? (for sufficiently small | v |). Choose E(u, v) = G(u, v) 
=h(v) and F(u, v) =0, so that (1) becomes ds? = h(du?+ dv’). If u is 
the independent variable, then the system of equations (2) reduces to the 
single equation 


(4) 2d*v/du? = (1+ (dv/du)*)Hy, where H = logh, 


(the subscript v denotes differentiation with respect to v) ; cf., e. g., the last 
equation on p. 403 in Darboux [1]. It will be shown that the function h(v) 
can be chosen so that both v=0 and v =u? are solutions of (4). 

In order that v=0 be a solution, it is sufficient to choose h(v) so as to 
satisfy H,(0) —0 (i.e., hy(0) 0). On the other hand, if (4) is multiplied 
by dv/du, a quadrature shows that H(v) —log(1-+ vy?) or h(v) =1-+ v,’. 
If v = wu’, then vy = 3u? = 3v’/8, In order that v = u® be a solution of (4), 
it is sufficient to choose h(v) =1-+ 9v*/*. This function h(v) also satisfies 
hy(0) = 0, and so both and are solutions of (4). 


8. Proof of Theorem1. Let Y —X(u,v) be a surface of class C’ 
defined in a neighborhood of (u,v) = (0,0). It will be shown that the initial 
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data (u,v) = (0,0), (u’, v’) = (1,0) determine a unique geodesic. Suppose, 
if possible, that there are two distinct geodesics satisfying these initial con- 
ditions. On both of them, the variable w can be used as parameter. Let 
them be given by v=1,(u) and v—v,(u), respectively, for small |u|. 
Since w can be replaced, if necessary, by — wu, it can be supposed that 
vi(u) ~v2(u) for some small positive wu. It can also be supposed that 

(5) E(0,0) =G(0,0)=1, F(0,0) 

If » > 0 is sufficiently small, consider the closed curve S = S, which 
goes from (0,0) to (u,v1(~)) along the first geodesic (v= v,(u)), then to 
V2(u)) along the parameter curve w= yp, then back to (0,0) along the 
second geodesic (v= v2(u)). Although § need not be a simple closed curve, 
it is clear that one can define the interior T—Ty, of S, and that Green’s 
theorem is applicable. Hence, the theorem of Gauss-Bonnet gives 


f ff 
8 T 


where K —K(u,v) is the Gaussian curvature of the surface at (u,v); 
x denotes the geodesic curvature along S; ds is the element of arc-length 
along S; do = (HG — F?)4du dv is the element of area on 7’; finally z, a, B 
are the oriented exterior angles at the respective vertices (0,0), (u, v:(~)), 
(u,V2(u)) of S. Cf. the proof of the Gauss-Bonnet theorem given by 
van Kampen [4]. 

Since the geodesic curvature along geodesics is 0, the last equation 


reduces to 
Vo (u) V2 
(6) (n—B)—a— f v)dv+ f f K (EG —F*)tdv du. 
Put v1 0 v3 (u) 
(7) m(u) | du. 


Then m(u) +0 for small » and =| v2(w) —v,(u)| for OS 
It is clear that the integrands in (6) are continuous (hence bounded) func- 
tions of p, u, v near (p, u,v) = (0, 0,0); consequently 


(8) 


Since v’,(0) =0, both a= a(n) and A(z) tend 
to the angle between the parameter curves at (0,0). This angle is + $n, 
since F(0,0) —0. By interchanging, if necessary, the numeration of v, 
and v2, it can be supposed that this angle is + 37. Hence, 
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(9) a— (r— B) ~ cos(r— 8) —cosa as p> 0. 


Since « is the angle between the vector Xy(p, v1(u)) + 
and X»y(p, it is seen that 


(10) cos = (F + Gv’,) {£ + 2Fv’, + Gv’,?} 444, 


where the arguments of F, F, G are (y,v:(m)) and that of v’, is wp. It is 
also seen that cos(7— ) is given by a similar expression, in which v,(,), 
are replaced by v2(y), v’2(u), respectively. 

For a moment, consider p, v:(u), v’1(#) as independent variables in the 
expression on the right of (10). The partial derivative of this function 
with respect to v’; at (p, v1, 0’1) = (0,0,0) is 1, by (4). Furthermore, since 
E, F, G are of class C1, the expression (10) possesses a continuous (hence 
bounded) partial derivative with respect to v; = v,(u). Hence, as 


(11) cos(*—£) —cosa 

= (1+ 0(1)) + O(v2(u4) — 
Then (7), (8), (9) imply that v’s(u) —v's(u) —O(m(u)). By (7), this 
means that m’(u) =O(m(yu)). But this contains a contradiction, since 
and m(0) The contradiction establishes Theorem 1. 


4, Proof of Theorem 2. As above, let tne surface X — X (u,v) be of 
class C? in a vicinity of (u,v) = (0,0) and let P be the point (0,0). Assume 
the normalization (5) for #, F, G. According to Theorem 1, there is a 
unique geodesic u—u(r,¢), v—=v(r,¢) satisfying the initial conditions 
(w(0, d),v(0,¢)) = (0,0) and (u,(0,¢), v,-(0,¢)) (cos 6, sin 6), where 
r denotes arc-length on the geodesic. The functions u— u(r, ¢), v= >) 
possess continuous derivatives of second order with respect to r, on some 
circle 0=r<r, and 0=¢< 2z, since they are solutions of (2) and the 
solutions of (2) are uniquely determined by their initial conditions. It will 
first be shown that u,v and u,,v, are of class C1 on some circle 0=r < 1%, 
0=¢ < 2. 

Let 0 < 8 < 42, then there exists a positive number wu) = wU)(8) such 
that, if | ¢| 8, the equation u—u(r,¢) has a solution for r—r(u, ¢) 
whenever |w|Su%. Let v—v(u;¢) denote the result of substituting 
r=r(u,¢) into v—v(r,¢); so that, for fixed ¢, the arc v—v(u;¢) is 
the geodesic determined by the initial conditions v(0;¢) —0 and v,(0; ¢) 
=tand¢. The proof of Theorem 1 will be modified to show that v,(u; ¢) 
(hence v(u;@)) has a continuous partial derivative with respect to @ for 
|¢| and |u| Su(when uw >0, 8>0 are sufficiently small). The 
arc-length, r= r(u,¢), on a geodesic is given by 


(1 


- 
cl 
v 
fo 
dc 
0 
F 
Vy 
| 
SE 
t 


THE LOCAL UNIQUENESS OF GEODESICS. 


(12) $) + Goat (us 4) 

where the arguments of H, F, G@ are (u,v(u;)), and accordingly is of 
class 

Since w= u(r,¢) is determined by the equation r—r(u,¢) and since 
v= v(r,¢) is obtained by substituting u—u(r,¢) into v(u;¢), it will 
follow that u(r,¢), v(7,¢) and u,(r,), are of class C1 on some 
domain 0=r<r, and |¢|<8. A similar procedure can then be applied 
on domains 0=r< ri(do) and | 6—-¢o | S48(¢o), where is arbitrary. 
Finally, an application of the Heine-Borel theorem shows that u,(r,¢), 
v,(r,@) are of class C1 on some circle OS r <r, and 0S ¢ < 2x. 

Let ¢ be fixed in such a way that |¢|<8, and let A¢ satisfy 
|\¢+A¢|S8 and |u|. In order to use the notation of the last 
section, put vi(w) —v(u;) and v.(u) —v(u;d+A¢). Consider the 
closed curve S which goes from (0,0) to (,v:i(m)) along the geodesic 
v=4,(u), then to (u,v2(u)) along the parameter curve u—yp, then back 
to (0,0) along the geodesic v= v.(u). Let T denote the “ interior ” of this 
curve. As above, the theorem of Gauss-Bonnet is applicable. The equation 
corresponding to (6) is 

02 (u) 2 (u) 
(13) f + K (EG — F?)*dv du, 


1 (u) 0 v1 (u) 


since the exterior angle at the vertex (0,0) is *— Ag, instead of = as above. 

The quantity x occurring in the first integral on the right of (13) is the 
geodesic curvature of the parameter curve uy at the point (u,v). By a 
standard formula, « = det(X G+, (X_,G+),G4, N), where N is the unit normal 
to the surface. Hence, «G4 is p(u,v), where p(u,v) = G* det (Xv, Xw, NV) 
is a continuous function of (u,v). Let q(u,v) =K(HG—F?)§%. Then 
(13) implies that 8) — equals 


(14) — Ag + + o(1)} + 0(1)}du, 


where Av = v.(u) — v,(u) = v(u; + Ad) —v(u;¢), and the o(1)-terms 
tend to 0 uniformly with respect to u (for |u| <u) as Ad—> 0. 
On the other hand, the left side of (13) can be treated as follows: 


First, (9) can be replaced by 
a— (r—f) = {cos(w— — cos a} {sin a + 0(1)}*. 
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The o(1)-term refers to Af—>0O and is uniform with respect to wu for 
| w| Su; also sin det(Xy + Xvv.u, Xv, N)/| Xu + | | Thus 
sin a = (LG — F?) {EF 4+ 2F vy, + Gv,,7}+*G4, where the arguments of £, F, 
G are Vi()). 

Next, (11) can be replaced by 


cos (a — B) —cosa= (a+ 0(1))Av, + (b + 0(1)) Av 


where = a(p, Viu(w)), b= ) are the partial deriva- 
tives of the expression on the right of (10) with respect ta v’; and 1, 
respectively, at v1, = Vin(m)). Consequently, (*r—B) —a 
equals 


(15) — {sin a(n) + 0(1)}*{(a + 0(1)) Avy + (b + 0(1))Ar}. 


It is clear that neither sin « nor the function a vanishes if the numbers wp, 8 
are sufficiently small. 

On interchanging the roles of » and u, the equality of (14) and (15) 
can be expressed as 


A + D(n)Av/Agdu + 0(1), 


an integro-differential equation for Av/Ad, where A, B, C, D are continuous 
functions of u,v(u;) and vy(u;¢) and, for fixed ¢, are considered as 
functions of u. (Actually, A—sin«/a; B=—(psina+ b)/a;C =— A; 
D=q.) It follows by a slight modification of the arguments occurring in 
the theory of differential equation (cf., e.g., [3], pp. 145-146 or 155-158), 
that the partial derivative vg(u, ) exists, is a continuous function and satisfies 
the integro-differential equation 


(16) y—A+By+C = d/du), 


provided that (16) has a unique solution satisfying y(0) —0. On the other 
hand, it is easy to show (for example, by the method of successive approxi- 
mations) that if A, B, C, D are continuous functions of u for | w| S uo, then 
the linear integro-differential equation (16) possesses, for | u | S wo, a unique 
solution y= y(u) satisfying an arbitrary initial condition. 

Hence vg(u; @) exists, is continuous and satisfies (16). But (16) implies 
that vgu(u,¢) exists and is continuous. Consequently, vu(u;) is of class 
for |u| Sum, |¢|S8 (if uw, 8 are sufficiently small). This completes 
the proof of the statement that u—u(r,¢), v—=v(r,¢) and their partial 
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derivatives of first order with respect to r are of class C* on some circle 
0S < 2a. 

The proof also shows that if the surface X(u,v) is of class C", where 
n= 2, then u(r,¢), v(r,@) (and their partial derivatives with respect to r) 
are of class 

Theorem 1 and the standard arguments (cf. [1], p. 408) show that 

=u(r,d), v=v(r, are functions of the normal coordinates =r cos ¢, 
n=rsing, say u—U(é,n), v=V (Ey). It is easily verified that U,V 
are of class C* on the circle €* + y?=1,”. For example, if €* + »? ~0, then 
Ue(é, 9) = ur — (9/1?) ug; while u, = cos ¢ + O(r) and ug = —rsin ¢ 
+ o(r), uniformly in ¢, as r—>0. Hence, U¢ exists, is continuous at (é, 7) 
= (0,0) and has the value 1 there. Similarly, Uy(0,0) —0; Ve(0,0) —0; 
V,(0,0) 1. Consequently, the Jacobian 0(U,V)/0(é,) is 1 at (0,0). 
This proves Theorem 2. 


5. Proof of Theorem 2%. Let X —Y(r,¢) denote the result of sub- 
stituting u—u(r,¢), v=v(r,¢) into XY —X(u,v). Clearly, the scalar 
product Y,-Y, is identically 1, since r is arc-length along the geodesic, 
¢ = const. 

It will be shown that Y,- Y¥s==0. Under standard restrictions, this is 
merely the theorem of Gauss concerning orthogonal trajectories to the geodesics 
issuing from a point. In order to prove it under the assumptions at hand, 
the standard arguments (cf. [1], p. 410) will be suitably modified. 

First, Y,,, Y,@ exist and are continuous, and so (Y,-Y¢),—Yrr-Y¢ 
+ Y,-Y, exists. But Y,- Y¢==0, since Y;,, the principal normal to the 
geodesic ¢ = const., is parallel to the surface normal N and therefore ortho- 
gonal to Y»y. Also, Y,- Y,==1 implies Y,- Y,g==0. Hence, (Y,- Yo),=0, 
so that Y,-Y¢ is independent of r. On the other hand, the identity 
Y¢(0, =0 implies Y,- Yo =0. 

Hence, in terms of dr and dd, the element of arc-length has the form 
(3), where Clearly, g(0,¢) = 0. Also, g-(r,) exists and 
equals 2Y¥4-Y,¢; so that g-(0,¢) =0. Since g(r,¢) has the smoothness 
asserted, the Theorem 2* is proved. 


6. Remark. Using the notation of Section 5, let the surface ¥ = X(u, v) 
be of class C? in a vicinity of (u,v) = (0,0), and let XY = Y(r,¢) denote 
the parametrization of the surface in geodesic polar coordinates (at (u, v) 
= (0,0)). As mentioned above (Section 1), the Theorema Egregium is 
valid on surfaces of class C?. It follows that if 8 is any (smooth) Jordan 
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curve in the circle 0 =r < 1, such that its interior 7 does not contain the 
point r= 0, then 


» 


8 


(This equation is merely an “ integrated ” form of the Frobenius formula for 
the Gaussian curvature when (3) holds; this formula. is valid on surfaces 
of class C?, as can be seen by approximating X — X (u,v) suitably by smooth 
functions; cf. [2], Section 7.) 

Consider curves S which are the boundaries of regions of the type 
(09<)nSrsn, diSleSdo. If the last formula line is divided by 
(v2 —11) —¢1), and if $:,¢2— 4, finally, (0), then it is 
seen that g,,(r,@) exists and is continuous if r 40, and that 0°93/dr? + Kg 
=0 if r+0. 

Although g(r, @) is smoother, as a function of r, than is to be expected, 
it remains an open question as to whether or not g(r,) possesses a partial 
derivative with respect to @ (which is to be expected and hoped for; other- 
wise, in terms of r,¢, it is impossible to consider the usual equations for 
geodesics). It is easily verified that the orthogonal trajectory r = const. has 
a parametric representation of class C? in terms of its arc-length; however, 


it is not clear that its parametric representation in terms of ¢ is just as smooth. 
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ON THE HOLDER RESTRICTIONS IN THE THEORY OF PARTIAL 
DIFFERENTIAL EQUATIONS.* 


By AvREL WINTNER. 


1. In the following considerations, which deal with solutions u, on an 
(x, y)-set D, of the partial differential equation 


(1) Au + f(z, y)u=0, 
(Au = Uz + Uyy), everything will depend on a precise definition of “a 
solution u on D,” as follows: 


(I) The (z,y)-set D will be required to be open (and connected or, 
for that matter, simply-connected; either of the latter restrictions will be 
immaterial, since there will no loss io generality in assuming that D is 
“small”). The open set D will be referred to as a domain if it is not the 


empty set. 


(II) The coefficient function, f, of (1) will be assumed to be (real- 
valued and) continuous on a given D. 


(III) A function wu, defined on D, will be called a solution, on D, of 
a differential equation if and only if all those derivatives of wu which occur 
in differential equation exist, and satisfy the differential equation, at every 
point of D. 


Remark. In the sequel it will be essential that the notion of “a wu which 
satisfies the differential equation almost everywhere on D,” a notion first 
used by Lichtenstein and further developed by Schauder, Leray, and others, 
is entirely ruled out by (I) and (III). In fact, the ejection of an unspeci- 
fied zero set (or, for that matter, of an enumerable set) replaces the domain 
D by a set which, instead of being again a domain, can fail to contain any 
domain as a subset. Correspondingly, the question is not an issue just in a 
Hilbert space (such as the w-space grad uCL? on D). 


2. If (III) is applied to (1), all that follows for the smoothness of u 
is the existence of the derivatives Uzz, Uyy (but not that of uz, and uUyz, and 
still less their equality) at every point of D. This implies the existence of 
u, and u,, but it fails to imply the existence of a complete differential du; 
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as a matter of fact, not even the continuity of u(z, y) can be concluded. In 
fact, solutions of (1) which are discontinuous on a dense set are compatible 
with (III) even in the case, f==0, of Laplace’s equation. This can be seen 


as follows: 


Define on the (2, y)-plane a function u(z,y) by placing u(0,0) —0, 
and u(z,y) =— 2zry/(2?+ y’)? if (z,y) ~ (0,0). Then, since u(z, 0) 
and u(0,y) vanish identically, w2, and u,y exist and vanish, hence they satisfy 
Au = 0, at the point (z,y) = (0,0). Except for this point, u(z,y) is a 
regular harmonic function, since it is the imaginary part of 1/(z + tw)? 
Consequently, u(z,y) is a solution of Au 0 on D in the sense of (III), 
where D is the entire (z, y)-plane, although u(z, y) is discontinuous at (0, 0), 
since it is unbounded near (0,0). In order to “condense” this isolated 
“singularity,” it is sufficient to put unp(z,y) =u(t—4n,y¥— Yn) and 
u* (x, AnUn(@, y), Where ¥1), (2, Y2),* is a Sequence of points 
which is dense on the (2, y)-plane, and a,,@2,° - - is a sequence of constants, 
where it is understood that the elements of these two sequences must be chosen 
by an appropriate induction. What then results is a function u* which, in 
the sense of (III), is a solution of Laplace’s equation on D (with D the 
entire (xz, y)-plane), but which is such as to be discontinuous at every point 
of a set of second category (in fact, u*(z,y) can be unbounded on every 
circle — + (y— yn)? <€, where n —1,2,-- -). 

In order to avoid pathological solutions of this type, only those solutions 
of (1) will be considered which, besides being solutions in the sense of (1)- 
(III), are continuous functions. This additional restriction of the smooth- 
ness required by (III) is the more natural as every continuous solution wu of 
Au =0 on D is of class C” (hence, a regular harmonic function) on D; 
ef. [8] or [5]. 


3. It is known (for references, cf. [3], pp. 1294-1295) that if D is 
smali enough and if J is a sufficiently smooth Jordan curve contained in D, 
then, with reference to every smooth continuous function assigned on J, the 
first boundary-value problem for the interior of J (with a u(z,y) which is 
continuous within and on J) is solvable for (1), provided that the coefficient 
function satisfies a Holder condition, 


| f(2’, 9’) —f(2", y”)| S const. { — 2’)? + (y’ — 
(0<6<1). 


It will be shown that the situation becomes entirely different if this proviso 
is omitted (in this regard, cf. [4]) and just the continuity of the coefficient 
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functions is required. In fact, there will be constructed a (real-valued) f(z, y) 


having the following property: 


(*) Although f(2,y) is continuous on the entire (2, y)-plane, 
there does not exist any domain D (or, equivalently, any circle D: 
(c— 2%)? + (y—Y)? < 1°, with some (2%, Yo) and some r>0) on which 
D the differential equation (1) possesses some continuous solution, u(2, y), 
distinct from the trivial solutions, u(z, y) =0. 

Accordingly, every boundary value problem belonging to (1) becomes 
unsolvable for every Jordan curve J, except when the boundary condition on 
J is such as to be solved by u(2, y) =0 (within J, hence on J). In addition, 
it is possible to choose a continuous f(z, y) as follows: 


(**) The boundary-value problem 


(2) u+ f(x,y) }u= 0, u=0 on J, 


becomes meaningless for every circle J: (x*—2))* + (y— yo)? =7”, since 
it is possible that (2) has, for no value of the parameter A, and on no (2, y)- 
domain, any continuous solution distinct from u(z,y) =0, even though 
f(z, y) is continuous throughout. 

This refinement, (**), of (*) will follow from the proof (*). 


4. Quite another consideration, one based simply on the equation, 
(a) y’ = —f (zy), (‘= d/dz), 
of the characteristic curves, y= y(zx), of 
(b) Ue + f (2, Y) Uy = 0, 


shows that similar possibilities can occur for linear, homogeneous, partial 
differential equations of first order also. For the inhomogeneous extension, 
Ur + f(z, y)Uy = 9 (2, y), of the homogeneous equation, (b), the construction 
of a counter-example is more straightforward, since, according to Perron [6], 
p. 550, it can be made to depend on the choice of the continuous. function 
g(x,y), whilst f(z, y) =1, and this would not do in (b). 

Only solutions of class C’ will be considered for (b). Then what 
corresponds to the assertions of Section 3 is as follows: 


(+) There exist on the (z,y)-plane real-valued, continuous functions 
f(z,y) having the following property: There does not exist any domain D 
on which D the differential equation (4) possesses some solution of class C’, 
say u—=u(z,y), distinct from the trivial solutions, u(z, y) = const. 

First, if f(a, y) is unspecified, and if y= y(z) is any solution curve of 
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(a), it is clear that du(z,y(x))/dx vanishes, identically in z, whenever 
u(x, y) has a complete differential (e. g., bounded partial derivatives wz, u,) 
and is a solution of (b) (on an (2, y)-domain, D, which contains the curve 
y=y(xz)). Hence, if a point (2, yo) of D issues more than one characteristic, 
say Ki: y=yi(x) and Kz: y=—y2(xr), where, without loss of generality, 
yi(x) < y2(x) holds for small positive 2p, then u(z,y) has the same 
value, u(2o, Yo), at every point of K,-+ K,. But it is well-known (Osgood) 
that if (x*, y*) is any point, close enough to (2, yo), which is contained in 
the “horn ” bordered by K, and K., then (a) possesses at least one solution 
path, K: y= y(z), which joins {z*, y*) with (2, yo). Consequently, w(z, y) 
is constant on the entire domain of the “ horn.” 

Choose the real-valued, continuous f(z,y) in such a way that every 
point of the (z,y)-plane becomes a point (2%, yo), that is, a point of non- 
uniqueness, of (a) (such functions f exist; cf. [1]). Then every point (z, y) 
will be a boundary point of some domain D = D,, (viz., the open set supplied 
by a “horn”) on which domain the function w(z,y) is constant; so that 
U;=0=u, on Hence, if u(z,y) of class C’, then u,=0=u, 
holds throughout. This proves (t+). 


4bis. Clearly, the coefficient function, f(x,y), of the example, (b), 
proving (+) cannot vanish identically on any (z,y)-domain. Hence, f(z, y) 
will not vanish at some point and therefore, by continuity, on some (2, y)- 
square. It can therefore be assumed that f(z, y) is positive (or, equivalently, 
that f(x,y) is negative) throughout the square (|7|<1,|y|S1). This 
leads to the following corollary of (+): 

(t bis) There exist on the square (|x| <1, | y |= 1) continuous func- 
tions f(z,y) >0, g(z,y) <0 having the property that the binary linear 
homogeneous system 

Ur =f (x,y) Uy + 0° vy, Vz = 0° Uy + 9 (2, 
(which, in view of f(z, y) #g9(z, y), is a hyperbolic system) has on no open 
set contained in (|x| <1,|y!1) any solution of class C’ distinct from 
the trivial solution: u(z,y) = const., v(z, y) = Const. 

In fact, the system in the last formula line splits into an equation for 
u alone and one for v alone in such a way that (+) is applicable to each of 


them. 


5. The proof of (*) will depend on certain facts concerning the solutions 


of Poisson’s equation, 


(3) Au = 9(2, y); 
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and its formal solutions, 


(4) up (29) = 9(én)log r dédn, 
D 


tic 
ty, where r? = (€—2)*+ (y»—-y)?. ‘The first of these facts is as follows: 
ot (i) If g(z,y) is continuous and bounded on a bounded domain D, 


then (3) cannot have any continuous solution on D unless the function (4) 


represents a solution of (3) on D. 
In order to ascertain (i), let A*v = A*v(z,y) denote, for any point 
(x,y) and for any function v defined in a vicinity of (z,y), the limit of 


h*{y(z + h, y) + v(z,y +h) + v(z—h, y) + v(z,y—h) — 4v(z,y)} 


TY 
n- as h > 0, provided that this limit exists. It is known (ef. [8], p. 147) that 
y) if a function v(z,y) is continuous on a domain D and is such that A*v 


exists and vanishes at every point (z,y) of D, then v(z,y) is a regular 
harmonic function on D. Furthermore, it is readily seen (cf. [8], p. 149) 
that if v(z, y) is a function for which Av exists at a point (2, ¥.) (in the 
sense that both wz2(%o, Yo) and Uyy(%o, Yo) exist, implying that u,z(z, yo), 
Uy (Zo, y) exist for small | y—- yo j, respectively), then A*v exists, 
and equals Av, at (2, Yo). Finally, Zaremba [8] has shown that if g(z, y) is 
continuous on a bounded domain D, then the function (4) satisfies, at every 
point of D, the following variant of (3) : 


(3 bis) 


A*up(z, y) 9 (2, y) 


(the existence of A*up at every point of D is the essential part of the 
statement). 

Clearly, these three facts imply the truth of (i), simply because the 
logarithmic potential (4) is a continuous function on D. As a matter of fact, 
(4) always is a function of class C’ on D. Hence, the three facts leading to 
(i) also lead to the following lemma (cf. [8]): 


(ii) If g(z,y) is continuous on a domain D, and if (3) has on D a 
continuous solution u(2z,y), then u(z,¥) is of class C’ on D. 


In fact, it is clear from the proof of (i) that the situation is as follows: 


(iii) If g(x,y) is continuous on a bounded domain D, then (3) either 
does not have any continuous solution u(z,y) on D or, if it has such a 
solution, its most general such solution is given by wu = wp + v, where Up is 
defined by (4) and wv denotes an arbitrary function which is (regular) 


harmonic on D. 
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6. The following analogue of (*) will now be proved: 


(§) It is possible to choose, on the (z, y)-plane, a continuous function, 
g(x,y), and a dense set, S, of points in such a way that, if D is any bounded 
domain, the function (4) fails to have a second derivative 0?up/dx? at every 
point of the common part of D and 8. 

It follows from (i) that (§) actually is an analogue of (*), with (1) 
replaced by (3). 

In the proof of (§), on which that of (*) will depend, the following 
criterion of Petrini [7], pp. 132-133, will be needed: If (a,b) is a point of 
D, and if a,b) denotes the circle r «, where r? = a)? + 
then the existence of the limit 


(5) tim 9(& 10g 
D-E (€;a,b) 


is necessary and sufficient in order that the function (4), where g is continuous, 
be such as to possess a second derivative 0?up/dx? at the point (a,b) (a 
similar criterion holds for the existence of the other second derivatives of up). 


Since r? = (€—a)* + b)?, it is clear that 


(6) ffs 6? log r/0&* | dEdn—>o, as 0, 


D-E(€;a,b) 


holds for every (a,6). But the integral (6) is the “ Lebesgue constant ” 
which, in the “ singular integral ” occurring in (5), belongs to a fixed « > 0. 
It follows therefore from (6), by Lebesgue’s classical construction (cf. [2], 
pp. 60-63), that there exists a continuous function f(z,y) = fay(z, y) for 
which the limit (5) fails to exist. But it is well-known that Lebesgue’s 
construction can be carried out for a sequence of points simultaneously, if 
the “ Lebesgue constants ” (belonging to the parameter, which is the above e) 
are unbounded (as «—>0) at each of the points belonging to the sequence.* 
Consequently, there exists a continuous function g(x,y) having the property 
that the limit (5) fails to exist at each of the points (a,b) = (a, ),), 
(a.b2),- Where is any point of D. Hence the assertion of 
(§) follows by choosing the dense set, occurring in (§), as follows: 


(7) 8: (n= 1,2,-.>-), 


1In fact, if the case of a single point, say P, is replaced by that of a sequence, 
P,, P., P;,- - -, it is sufficient to replace the sequence P,P,P,-.-.-, which occurs in 
Lebesgue’s construction, by the sequence P,; P;, P2; Pi, P2, Ps; 
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where (21, ¥:), ¥2),* denote those points of the (2, y)-plane for which 
both a and y are rational. 


7. Besides (§), the following criterion of comparison will be needed 
in the proof of (*): 


(§§) Let g*(x, y), 9?(x,y) be two continuous, bounded functions on a 
bounded domain PD containing the point (a,b), and let up'(2, y), upn?(z, y) 
denote the corresponding functions (4). Suppose that g' = Gg?, where 
G(x, y) is a function satisfying G(a, b) 0 and having a complete differential 
dG(z,y) at (a,b) (e.g., continuous derivatives G,, G,). Then either both 
or neither of the functions u = up', u = Up” has a second derivative 0?u/dx? 
at (z, y) = (a,b). 

In fact, if r? = (€—a)* + (n— b)? > 0, the existence of dG at (a, b) 


means that 


G(é,n) = G(a, b) + const.(é — a) + Const.(y —b) + o(r), 


and implies therefore that G(é,) O(r), where c= G(a,b). It follows 
therefore from g* = Gg’, where g*(é,») = O(1), that 


(8) (&, cg’ (é, O(r), where c~0, 


since G(a,b) ~0. In addition, (8) remains true if g' and g? are inter- 
changed and ¢ is replaced by 1/c. But the existence of the limit (5) is 
necessary and sufficient for the existence of the 0°/dx-derivative of (4) at 
(t,y) = (a,b). It follows therefore from (8) that the assertion of (§§) 
will be proved if it is ascertained that 


Sf O(r)0? log r/0&* 0, as «> 0. 


D-E (e€;a,b) 


But this is sure to be true if 


ff r | 0 log | <0, 


and the convergence of the last integral is seen by placing =u -+ r cos ¢, 
rsin ¢. 


8. In order to prove (*), choose a function g satisfying the requirements 
of (§) with regard to (3), and put f ——g (or, for that matter, f—g). It 
will be shown that this f satisfies the requirements of (*) with regard to (1). 
This will also prove that the same f satisfies the requirements of (**) with 
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regard to (2) and to every A =const.; simply because an additive constant 
has no bearing on the construction leading to the g(x,y) of (§). 

For the given f—=-—g, let u be a continuous solution of (1) on a 
bounded D. The assertion is that u=0 on D. 

First, if (1) is written in the form (3), where g represents the product 
of the two continuous functions —f, u, it follows from (i)-(iii) that the 
given continuous solution, u(z,y), of (1) must be of class C’ on D, and 
that the logarithmic potential (4) belonging to g = — fu must have a second 
derivative @°up/dx? at every point (z,y) of D. It follows therefore from 
(§§) that, if vp —vp(z,y) denotes the logarithmic potential (4) belonging 
to g = —f, and if (z*, y*) is in D, then either 0?vp/dx’ exists at (z*, y*) 
or u(z*,y*) =0. But g was chosen in accordance with (§). Hence, 
0°vp/dx’ fails to exist at every point of an (2, y)-set, (8), which is dense on D. 
Consequently, « must be 0 at every point of some dense subset of D. It 
follows therefore from the continuity of D that w=0 on D. 


THE JOHNS HopkKINS UNIVERSITY. 
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ON THE ZETA-FUNCTIONS OF ALGEBRAIC NUMBER FIELDS II.* 


By RicHarp BRAUER. 


1. It was shown in the first paper’ that if & is an algebraic number 
field of :a fixed degree n over the field P of rational numbers, then the 
discriminant d of k, the regulator R of k, and the number h of classes of 
ideals in & are connected by the asymptotic relation 


(1) log (Rh) ~ log V | | 


for |d|—>«. In this note, fields & will be considered whose degree n over 
P is no longer fixed. It will be shown that (1) holds for every sequence 
of fields & normal over P for which n/log|d| tends to zero.” If & is an 
arbitrary algebraic number field and if n* is the degree of the minimal 
normal field &* over P which contains &, the set of values 


( log (Rh) —1)3, 
log V | d| n* 
(for all k=4P) is bounded and has zero as its only limit point. Since 
n* <n}, this result implies (1) for fields of fixed degree n. 

The procedure is similar to that of I. In particular, the method used 
in 4 is an extension of a method of C. L. Siegel.* Except for the proof of 
the Lemma on p. 244 of I, the present paper is independent of I. 


2. We shall denote by p(k) the residue at s=1 of the zeta-function 
¢(s,%) of the algebraic number field &. 


Lemma. There exists an absolute constant c, such that the inequality 
(2) p(k) + d 
holds for all algebraic number fields k and all y = 1.* 


* Received February 7, 1950; presented to the American Mathematical Society, 
November 25, 1949. 

2 American Journal of Mathematics, vol. 69 (1947), pp. 243-250. We shail quote 
this paper by I. 

* As was shown by Minkowski, this quotient n/log | d| lies below a fixed constant 
for all algebraic number fields k ~ P. 

°C. L. Siegel, Acta Arithmetica, vol. 1 (1935), pp. 83-86. 

* We shall use the notation ¢,,¢,,- - - for positive constants which do not depend 
on the field *. Similarly e,(¢) will denote a positive constant which depends on a 
parameter e but is independent of k. 
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For the proof, compare Landau, Nachrichten von der Koeniglichen Gesell- 
schaft der Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse 
1918, pp. 478-488, proof of Lemma 1. If a is the number of real conjugates 
of k, and 2b the number of non-real conjugates, n —a- 26, then the 
expression 

| d (8) k) — p(k) | d —1) 
is positive for all real s. This follows from Hecke’s representation of the 
expression as an integral.» The lemma is obtained by setting s—=1-+ y7 
and using the inequality 

+7)" 
where {(s) ={(s,P) is Riemann’s zeta-function. 

The value of the residue p(k) is given by 
(3) p(k) = | d | 
where w is twice the number of roots of unity in k if 6b > 0, and w= 2 if 
b=0(. We need the following rough estimate of w: 


(4) w S 


For the proof of (4) we may assume w > 2, which implies 6 > 0. Since k 
contains the roots of unity of order w/2, we have n= $(w/2) where ¢ denotes 
the Euler function. Suppose now that w > 2n?. Then w/2 > n?= o(w/2)’. 
Since ¢(q¢)/q'/?-—>0 for q—,° it follows that w must lie below a certain 
constant. This prove (4).’ 

Combination of (2), (3), and (4) shows that 


(5) log (Rh) —logV| d| nlog(c,(1 + y)) + (logv| d|)/y 
+ 2 log n + log cs. 


Since n/log | d| lies below a fixed constant (cf. footnote 2), it follows for 
y = 1 that there exists a constant c; with 


(6) log (Rh) /logV | d! Se; (for 


If k ranges over a sequence of fields for which n/log | d| tends to zero, then 
(5) implies that 


lim log (Rh) JlogV|d|S1+y. 


* See, for instance, Siegel, loc. cit.*, equation (5). 

* See, for instance, Hardy and Wright, An Introduction to the Theory of Numbers, 
Oxford 1945, Theorem 327, p. 265. 

7 If we use Landau’s inequality ¢(q¢) =cq/loglogq (c a positive constant, g > 1), 
(5) can be improved to w= c’n log logn + c” (c’,c” positive constants, k ~ P). 
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If yo, it follows that 

(7) lim log (Rh) /logV | d| S1 (for n/log | d|—0). 
Finally, if & ranges over an infinite sequence of distinct fields, then | d | 0 
and (5) yields 


_—/ log (Rh 1 
(8) fim (08 (for | d| 00). 


3. We now prove 


THEOREM 1. Let k be an algebraic field and let K be a normal extension 
field of k. Denote by d the discriminant of k and by D the discriminant of K. 
Set [k:P] =n and [K:P]=—N. There exists a constant c, such that 


(9) p(K)/p(k) S + D |/| d 
for all y=1. 


Proof. Let & be the Galois group of K with regard to k. It was shown 
in I that if @ is the character of the regular representation of & and if yo 
is the 1-character of G, we have an equation of the form ® 
(10) xo = 
where each y; is an irreducible character different from the 1-character of 
a eyclic subgroup Y; of G, y*; denotes the character of G induced by the 
character y; of Yj, and the A(j) are positive rational coefficients. 

Let the subgroup %; of the Galois group © correspond to the field 
Z;;kCZ;C K. Then K is cyclic over Z; and hence it is class field to a 
certain group §; of ideals in Z;. On account of the fundamental results of 
Artin,® (10) implies 


(11) K)/£(s, &) = L(s, y*;, K/k); 


moreover L(s, ¥*;, K/k) is equal to an abelian L-series: 


(12) L(s, K/k) = L(s, 


where y; on the right is considered as a character of the group of ideal 
classes (mod §;) in Z;. It follows from (11) and (12) for s—>1 that 


8 See the Lemma on p. 244 of I. Cf. also Aramata, Proceedings of the Imperial 


Academy of Japan, vol. 9 (1933), pp. 31-34. 
® Abhandlungen aus dem Mathematischen Seminar Hamburg, vol. 3 (1924), pp. 


89-108; vol. 8 (1931), pp. 292-306. 
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(13) e(K)/e(k) II | L(1, 


The factors on the right are finite since y; is different from the 1-character. 

We now need an upper estimate for the factors | Z(1,y;)|. Let n(j) 
be the degree of Z; over P; let a(j) denote the number of real conjugates of 
Z; and let 2b(j) denote the number of non-real conjugates. If f; is the 
conductor of y; and if d; is the discriminant of Z;, we set x; = | d; |*M(f;)* 
where 9t(f;) denotes the norm taken in Z; with respect to P. Finally, we set 


where g is the number of infinite primes of Z; appearing in f;. Then, for 
every s > 1, the inequality holds '° 


Kj L(1, yy) | 


Set s=1+y" with y=1. Since 


we obtain an inequality of the form | Z(1, ¥;)| (1+ y) MD with 
a positive constant c,. Now, (13) vields ies 


(14) o(K)/p(k) (1 MIA 
J 


In order, to evaluate the product on the right, we compare the number 
of zeros of the functions appearing in (11) in the rectangle 


(15) 0=R(s) <1, 0<3(s) St 


(for > 0). If M; denotes the number of zeros of L(s, in this rectangle, 
then, by the analogue of the Riemann-von Mangoldt theorem," 


= n(j)t log t + (2 log x; — n(j) —n(j) log 2x) t + O(log t). 


The same formula holds for the number of zeros of {(s, K) in the rectangle, 
if we take for n(j) here the degree N of K and for x; the value | D|*. 
Similarly, in the case of {(s,/), we must take n(j) =n and xj=|d|%. 


1° This is shown by the method used by Landau, Mathematische Zeitschrift, vol. 4 
(1919), pp. 152-162, in the proof of Theorem 4. If we set 

then according to Hecke, #(s) can be written as a sum of two integrals ¥,(s) and 
W.(s). It follows from the form of these integrals that | ¥,(1)| is at most equal to 


the value obtained from #(s) by replacing L(s,y,;) by £(8,Z,;) and taking s.> 1. 
*1 See Landau, Mathematische Zeitschrift, vol. 2 (1918), pp. 52-154, Theorem LXXI. 
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Move the factor {(s, &) in (11) to the right and raise the equation to the J-th 
power where / is the least common denominator of all A(j). Then, on 
comparing the number of zeros of both sides in the rectangle (15), we find 


INt log t + I(log | D| —N —N log 2x) + O(log t) 
= Int log + I(log | d| —n— n log 2x)t 
+ log t + (2 log xj — (7) — n(j)log 


This yields *° 
(16) 


(17) log | D | —log | d| +2 log x: 
] 
Hence 


(| d |). 
j 


If these values are substituted in (14), the inequality (9) is obtained and 
Theorem 1 is proved. 

Remark 1. In the case that K is normal over k, the lemma in 2 may be 
considered as a special case of Theorem 1. 

Remark 2. If K Ak and we choose y = log(| D|/|d|) in Theorem 1, 
we obtain 

p(K)/p(k) S logN-"(| D |), 

with a constant ¢;. 


4. We now have to find a lower estimate for p(k). 


THEOREM 2. Let «>0 be a positive real number. There exists a 
constant cg(«) depending only on ¢« such that for all fields k normal over the 
field P of rational numbers the inequality holds 


(18) p(k) = ca(e)*| d 
(n= [k:P], d the discriminant of 


Proof. We may assume «= 1/2. 


12 Instead of using the number of zeros of L(s,y,;) in the rectangle (15), we may 
also compare the functional equations of both sides of (11). It is also possible to 
obtain (16) and (17) without analytical tools. In the case of (16), one has to use 
the explicit value of the \(j) as given in I. The formula (17) can be deduced from 
Artin’s conductor formula, Journal fiir die reine und angewandte Mathematik, vol. 164 
(1931), pp. 1-11. 
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Case I.** For all fields k normal over P the function £(s,k) does not 
vanish for real s with 1—e/n<s <1. 

Then £(1—«/n,k) =0 and a result of C. L. Siegel ‘* (Lemma 1 of I) 
shows that 

p(k) = (1—e/n) | |-</2n, 

It is evident that an inequality (18) holds in this case. 

Case II. There exists a normal field ky of degree n. over P such that 
f(s, ko) =0 for a real s with << s <1. 


We may consider mp, s, and the discriminant dy of k, as depending only 
on «. Let K be the compositum kk, of the normal fields k and ko. Then K 
is normal over ko, and (11) for k, instead of k implies that £(s, K) —0 for 
our fixed s, since the right hand side of (11) remains finite for this s. 
Again, Siegel’s result ** can be applied and yields 


(19) p(K) | D |-0-# 2, 
where N —[K:P] and where D is the discriminant of K ; 
(20) N = mn; | S| d || d, |. 
Hence 
| D > | D > | d | dy 
and since s, %, dy depend on ¢« but not on &, (19) can be written in the form 
(21) p(K) d 


where c;(¢«) depends only on «. 
On the other hand, K is normal over k and Theorem 1 can be applied. 


If we choose y = n)/e and take (20) into account, we obtain an inequality 


(22) p(k) p(K)es(e)* | d |”, 


where cs(¢) also depends only on «. Combination of (21) and (22) yields 
(18) with cg(e) = c;(€)¢s(€), and Theorem 2 is established. 
It follows from (18) and (3) that an inequality of the type 


(23) log (Rh) —logV |d | = — neg(e) — 2c logy | d | 


holds. 


18In particular, we have Case I, if Riemann’s conjecture is true for {(s,k). 
If ¢(s, &) does not vanish on the real line between 1 — e/log | d| and 1, the same method 
yields the better estimate p(k) => c(e)-"(log | d|)~* with a positive c(e) depending only 
one. This result is due to Hecke. 

1* Loc. cit.*, Lemma 2 on p. 85. 
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Since n/log | d| is bounded for all algebraic number fields k ~ P, we see 
that log (Rh) /logV| d| is bounded below. This together with (6) yields: 


THEOREM 3. There exists an absolute constant Cc) such that | log(Rh)| 
< ¢ | d| for all fields k normal over P. 


Further, if & ranges over a sequence of fields normal over k for which 
n/log|d|—>0, then (23) implies that lim log (Rh) /logV | d | 1—2e. 
Since « > 0 is arbitrary, the limit inferior is at least 1. By (7), the corre- 
sponding limit superior is at most 1. Hence we have 


THEOREM 4. If k ranges over a sequence of fields normal over P for 
which n/log | d|— 0, then log (Rh) ~ logy | 


5. We now consider arbitrary algebraic number fields k. If k = P(q,), 
and if a, a,- - -,a, are the conjugates of ,, set 


Then &* is the minimal normal field over P which contains k. The degree n* 
of k* over P satisfies the condition nS n* = n!. We need an estimate for 
the discriminant d* of k&* in terms of the discriminant d of k. Let 6; denote 
the isomorphism of k = P(a,) on P(a;) which maps a, on a. Let ej denote 
the greatest common divisor of all o% —w* with integral wek; (1,7 fixed; 


i<j). If we set Lj = P(a, - -, Lo =P, the different of L; 


relative to L;_, divides 1° 


II ey; 
\ j>i 


1,2,- - -,n—1), and hence the different d*of L,_, relative to P 
divides 


n-1 


II II ey. 


However, the square of this double product is the discriminant d of k. Thus, 
d**| d. Taking the norm in k* relative to P, we obtain d*?| d™ and this 
implies 
(24) | alr. 
Apply Theorem 1 to the field & and the normal extension field &*. If 
y = 1/2, « < 1/2, we find the inequality 


(25) p(k) = | d* 


15 See Hilbert, “ Zahlbericht,” Jahresbericht der Deutschen Mathematiker-Vereini- 
gung, vol. 4 (1897), pp. 177-546; Chapter V. 
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with a suitable c,,(¢). On the other hand, Theorem 2 applied to°&* yields 
(26) p(k*) = | |. 
On combining (3), (25), and (26), we obtain | 
(2n)*"Bh/V | d| p(k) = | 
Hence, for a suitable c,2(e), 
log (Rh) — logy | d | = —- n*c,2(€) — 2 log | | 
and, by (24), 


( log (Rh) 1) > Ciz(€) 
logV | d | n* logV | d | 

Excluding a finite number of fields, we have ¢,2(e)/logV|d|Se«. Thus, 
the left hand side of (27) is bounded below and does not possess any negative 
limit points, if we let & range over all algebraic number fields different from P. 


This, together with (8) yields 


(27) 


THeorEM 5. If k ranges over all algebraic number fields different from 
P and if n* denotes the degree over P of the minimal normal field k* over P 
containing k, the set of all values 


n* 


( log (Rh) 1) 1 


logV|d| 


is bounded and possesses 0 as tts only limit point. 
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ON COMPLETENESS IN THE SENSE OF ARCHIMEDES.* 


By L. W. and Casper GoFFMAN. 


; An .archimedean extension of an ordered abelian group G is a group 

H DG such that if h > @, the identity, in H, then there are g > 6 in G and 
an integer m such that mg =h and mh=g. The group G is called com- 
plete in the sense of Archimedes or a-complete if it has no proper archimedean 
extension. 

Topological or ¢-completeness may be defined for G in the manner of 
Cantor or, equivalently, in the manner of Dedekind [1,2].1_ It has been 
shown [2] that if G@ is a-complete it is t-complete but that the converse is 
not true. The principal result of this paper is that G is a-complete if and 
only if, for every proper isolated subgroup JC G, the ordered factor group 
G/I is t-complete and non-discrete. 

A group @ is called non-discrete if to g > @ in G there is a g’e G such 
that g>g’ >06. A subgroup IC G is called isolated [3] if |g|Sg’el 
implies geZ. The subgroup consisting of 6 alone is isolated and, in 
order to avoid confusion J = [6] shall be referred to as degenerate when it 
occurs in the discussion. It is easy to see that if J is isolated the cosets 


+ 9’ eI] are segments of G and that the factor group 
G/I is ordered by the condtion J,=J, if g=0@ in G. The topology of a 
group G@ is determined by a limiting ordinal. * — é*(G@) with the property 
that if é < é* for 7< 4* < é* then sup[é | » < 7*] < & and a strictly 
decreasing sequence ge | 0, €< é*, in G. The neighborhoods in @ are sets 


Lemma 1. If G is non-discrete and t-complete, then the neighborhoods 
U:(0) of the identity are equivalent to (a) a sequence I:, € < &*, of isolated 
subgroups of G, or (b) the segments 8,—[g||9|<-yal, n<., of an 
isolated subgroup IC G which is isomorphic to the additive group of real 
numbers. 


Proof. Consider the sequence gg) @ in G. Then either (a) for each 
é < &* there is a gy, such that for all integers m, mgy , <9 or (8) there is 
a € < é* such that for all gn, 6 < &*, there is an integer my such that 


Mngn = 


* Received September 17, 1949. 
1Numbers in square brackets refer to the bibliography at the end of the paper. 
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Suppose (a) holds. Let J: be the set of g such that for some g,.° - 
Ung (0) and integers Then 
4=1 


implies ge J:, and g’,g” «I implies g’ + g” € I. Hence J¢ is an isolated 
subgroup of G. Further, Un, (0)C Ie C U2(0), E< &*. Since ge Un (0) 
implies | g |e Uy (0), the first inclusion holds. Now suppose geJZ¢. Then 


|g | Sz mg S where M we | Jo = max[| g.|,---,| gn|] 


€ Un, (@).. From (a) it follows that Mg, e Ue(@). Hence ge Ue(6) and the 
second inclusion follows. Hence (a) implies (a). Suppose (8) holds. Let 
yo= gt. Since 2gn J 0, there is an w-subsequence yn of gn, Sy < &*, such 
that 2yn < yn1. Now o-limy,—6. If not, there is a g,é< < &*, such 
that 9; < Then for each m, < mMym < 2"ym < yo= This 
contradicts (8). Hence é*(G@) and lim y, 8. From (£) it follows that 
for each n < there is an integer m, = 1 such that mnyn < yn-1 <(m™n + 1)yn. 
Now consider all g such that @= g < yo. For each n there is a unique integer 


jn —=ja(g) such that and Dijon Since 
é=1 4=1 


n n 
6 Yn> lim = Now let = 1, Ly = Ln-1/ (Mn 1), 
4=1 


n<o. Then > jus > Ln-1 <2. It is easy to show thatz 2(9g) = 
i=1 i=1 i=1 


is a homeomorphism between the set [g | 6g < ge]C G and the set of 
real numbers [x | @= 2 < >} 2;-,] since G is t-complete. Let J be the isolated 
4=1 


subgroup generated by [9g |@=g9 < gz]. The mapping x—2z(g) may be 
extended additively to J and this extension is an isomorphism between J and 
the additive group of real numbers. The segments S,—([g||g|< yn] 
are equivalent to the neighborhoods of @ in G, Hence (8) implies (b). 


LemMMaA 2. If G ts a non-discrete group and H 1s an archimedean exten- 
sion of G then H is non-discrete, &*(H) = &*(@) and, if Ve(h) is a neigh- 
borhood system for H, Us(g) = Vz(g) [) G is a neighborhood system for G. 


Proof. H is non-discrete. If not, there is a smallest positive he H and 
h< gt €< &*(G@). Since H is an archimedean. extension of G, there is a 
g > 6 in G such that g S mh for some integer m. Then 0@< g= mh < mg, 
< &*(G@) contrary to lim mg: =—6 in G. 


Now consider hn | 0, » < é*(H), in H. For each hy there is a 7& S Ay. 
Because of the property of ¢*(G@) mentioned above and the decreasing 
character of the gz, the gt can be chosen so that », < yn. < é*(H) implies 
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In, Shing Gén, S hn. Hence &*(H) —lim gg = in G as well as in H. 
By the minimal property of *(H) and é*(@) ([2], p. 311), é*(H) = &*(@). 
The remainder of the lemma follows at once. 
Lemma 3. If G is a-complete and I is a proper isolated subgroup of G, 
then G/I 1s a-complete. 


Proof. Assume that G/I is not a-complete. Then there is a proper 
archimedean extension K DG/I. Let H be the set of pairs (k,7), ke K, 
jel. We define addition by (h1, 71) + jo) == (ki + he, + Jo). Since 
I is the identity in K, and 6 is the identity in TC G, (J, 6) is the identity 
for this addition. We define order in H by the relation (k,7) > (1,6) if 
k>Iin K ork=IJandj>86inJ. With these definitions, H is an ordered 
abelian group. The subgroup H’ = [(J,,j)| g¢G,jeZ]C H is isomorphic 
with G. For: @ being a-complete, mz = g has a solution in G for all ge G 
and integers mv ([4], p. 197). Since J is an isolated subgroup of G, 
mI =I for all integers ms40. From a known theorem? ([5], p. 766) it 
follows that J is a summand of G. Hence H’~ G. 

There is a ky e K — G@/I and so the pair (ko, 0) e H— H’. Now consider 
(k,j) > (7,0) in H. If k =I, then (k,j)e¢ H’ ~G. If k >I, then since 
K is an archimedean extension of (/J, there is an I, > J such that for some 
integer m, ml, >k and mk >I,. Now m(Ig,j) = (mI,, mj) > (k,j) and 
m(k, 7) = (mk, mj) > (Ig,7). Hence H is a proper archimedean extension 
of H’ ~ G, contrary to the hypothesis. 


Lemma 4. If G is a-complete then G ts non-discrete. 


Proof. lf g >0 in @ then g > h > 0 where h is the solution of 2x = g. 


We introduce some notation for convenience. Consider an extension H 
of an ordered abelian group G and an isolated subgroup JC G. We denote 
by I’ the set of he H for which there are g(h) eI such that |h| Sg(h). 
It is clear that J’ is an isolated subgroup of H. The mapping f(J,) =I’, 
is an order preserving isomorphism of G/J into H/I’. 

Lemma 5. Jf G is a non-discrete and t-complete group and H ts an 
archimedean extension of G, then for he H —G there is an isolated non- 
degenerate subgroup IC G such that I’, {) G=0. 

Proof. Consider he H—G. Since G is t-complete and non-discrete, 
there is a neighborhood Ve(h) such that Ve(h) (1 G@=0. @ satisfies the 
hypothesis of Lemma 1. If (a) of Lemma 1 holds for G, then by Lemma 2, 
U2(6) = V2(@) () G is a neighborhood of @ in G, and it contains an isolated 


2? The authors are indebted to the referee for calling this theorem to their attention. 
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subgroup G. Now J’eC V2(0), and +h) 11 GC. Ve(h) 1) G = 
Now suppose (b) of Lemma 1 holds for G. There is an isolated subgroup 
IC G, isomorphic to the additive group of real numbers, such that U¢(@) C J 
and is mapped on some set of real nuumbers [z | | z| <<], «> 0. Since the 
additive group of real numbers has no proper archimedean extension, I’ = J, 
Now (I’ +h) (I+h) G=0 since h# G. 

Suppose that H is an archimedean extension of G and that o is the set 
of all isolated subgroups 7C G@ such that (1’+h){]G=0.. The union 
K = cl is an isolated subgroup of G such that (K’+h){)G=0. We 
shall call K the maximal isolated subgroup with this property. 


THEOREM. An ordered abelian group G is a-complete if ana only tf, for 
every isolated proper subgroup IC G, G/I is non-discrete and t-complete. 


Proof. Suppose that the condition holds and that H is an archimedean 
extension of G. We show that H=G. If not, there is an he H —G. 
From Lemma 5, and the above remark, there is a maximal isolated ‘sub- 
group KCG such that (K’+h.){]@—0 and K is not degenerate. 
Now K+ G. If not, then since there is in K —G an element g >| h |, 
K’ +h. =K’DK. This contradicts (K’ +h.) G=0. 


Now H/K’ is an archimedean extension of f(G/K) where K’, = f(K,) 
is the isomorphism of G/K into H/K’ defined previously. For: if K’, > K’ 
in H/K’, then hh >6@in H. Since H is an archimedean extension of G, there 
is a g >0 such that for some integer m, mg >h and mh>g. Hence 
f (Kimo) = mg = and K’mn = =f(K,). Further, K’ H/K’ 
— f(G/K). If not, there is K’,—K’+h .ef(G/K), and so (K’+ A) 
GD K,~0, which is false. 

Now by hypothesis G/K is non-discrete and t-complete so that Lemma 5 
applies to H/K’ Df(G/K) and K’,,¢ H/K—f(G/K). Hence there is an 
isolated subgroup &C f(G/K) such that (&’ + K’) 1) f(G/K) =0. 

If K’,e &’ then ge K. If not, there is g,e G—K such that K’ + ged’. 
Let J be the set of geG such that for some g’eK and integer m, 
|g|S9’+mg. Then J is an isolated subgroup of G and KC J — [gp}. 
Since K is the maximal isolated subgroup of G such that (K’ + ho) 1] G=0, 
there is a (J’ + ho) G. Now and so there are geJ and 
K and an integer m, such that | mg. Hence 
mg, = K’ mg, = MK’y, &’, since & is an isolated sub- 
group of H/K’, and K’, —K’ is the identity in &’. Further, K,,+,¢ 2’, 

+ and so K’,, ¢f(G/K). Hence Ky, G/K, contrary to g, G. 

Since 2 ~[K] by Lemma 5, [K’]. Hence there is h in H 

such that K’ < K’,2 8’. Consider any g>6@ in G. If ge K, then for all 


i 
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integers m, mge KC K’ < K’y. Hence mg < h for all integers m. If 9 ¢ K, 
K,C K’,¢ Since for all integers m, &’, it follows that 
if g > 0, K'ma < K’;. Hence mh < g for all integers m. Thus there does 
not correspond to some h > 6 in H any g > @ in G such that, for some integer 
m, mg=h and mh=g. This contradicts the assumption that H is an 
archimedean extension of G. Hence H = G, and the sufficiency is proved. 

To establish the necessity of the condition, consider an a-complete 
group G, If J is a proper isolated subgroup of G, then G/I is an ordered 
abelian group. By Lemma 3, G/I is a-complete. Since an a-complete ordered 
abelian group is ¢-complete ([2], Theorem 9), G/I is t-complete. By 
Lemma 4, the a-complete group G/I is non-discrete. 

' We conclude with examples indicating the independence of the conditions. 
Let R be the group of rational valued sequences r= {r,} ordered lexico- 
graphically. For neighborhoods of the identity we use U,(0) =[r|r1 =: - 
=t,=.0]. The U,() are isolated subgroups of R. FR is non-discrete and 
t-complete, but the factor groups R/U,(@) are not t-complete, although they 
are non-discrete. R is not a-complete since R*, the group of all real sequences 
x = {z,}, is a proper archimedean extension. Let N be the group of complex 
numbers n +- iy, where n is an integer and y is real, ordered lexicographically. 
The neighborhoods of the identity are U,(0) = [iy | |y|<1/n]. N is non- 
discrete and ¢-complete. The subgroup J = [iy | y real} is isolated. The 
factor group N/I, isomorphic to the group of real integers, is discrete and, 
therefore, trivially t-complete. N is not a-complete, since the ordered group 
C of all complex numbers is a proper archimedean extension of NV. 
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ON COMPLETENESS AND CATEGORY IN UNIFORM SPACE.* 


By L. W. Cowen and Casper GorrMAN. 


The problem of the relation between completeness and category in 
uniform space arises from results obtained for certain topological groups. 
For ordered abelian groups G, two concepts of completeness have been defined: 
G is called ¢-complete if every fundamental sequence has a limit in G; 
G is called a-complete if it has no proper archimedean extension [1, 2]. 
We have shown [1] that if G is a-complete, it is t-complete and of the second 
é*-category.?_ There are t-complete G which are not a-complete, but it is not 
known whether there are ¢-complete G which are of the first *-category. 
However there are, for each €* >, topological abelian groups which are 
t-complete and of the first é*-category [2]. The relation between the two 
concepts of completeness for ordered abelian groups G is given in the theorem 
[3]: @ is a-complete if and only if, for every isolated subgroup ZC G, the 
factor group G/I is non-discrete and ¢-complete. 

The property of Archimedes, requiring order for its formulation, is not 
applicable to topological groups in general. Thus a property corresponding 
to a-completeness which would imply that such a group is of the second 
é*-category is lacking. It is the purpose of this paper to supply such a 
concept in a form applicable to the class of uniform spaces metrizable with 
distances in an ordered abelian group. 

We consider the uniform spaces S [a] with neighborhood systems 
U = [U:(r),re8,é < &] satisfying the conditions: 


(1) = 


(2) &<&< & implies Uz,(r) DU4,(z) ; 


(3) »< & implies there is a é(y) such that » < 4* < &*, and if 
Ven (y) 1 (x) AO then (y) C Un(z) ; 


* Received November 7, 1949. 

1 Numbers in brackets refer to the appended bibliography. 

There is a unique ordinal é* associated with an ordered abelian group G. A 
sequence in @ is a single valued function gg on §< ¢* to G. A group G is of the 
first or second &*-category according as it is or is not the union of nowhere dense 


sets Ne, &. 
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(4’) »* < & implies is open, where é* is a limiting 


ordinal such that if é& < é* on » < n* < &*, then 
(*) sup [én | 1 < &. 


These conditions are satisfied by ordered abelian groups G with segments as 
neighborhoods. It has been shown [2] that if S is ¢-complete and satisfies 


(4) If decreases on < < &* then Ueg(an) is a non- 
empty open set, 
then § is of the second é*-category. 


We shall associate with S a family of “ factor” spaces S*, analogous to 
the factor groups @/I mentioned above, and call § a-complete if, for all A, S* 
is t-complete. It will be shown that if S is a-complete then S is of the second 
é*-category. It has been shown [4] that a uniform space § is metrizable with 
distances in an ordered abelian group G if and only if S satisfies (1), (2), (3), 
(4’). Our result may now be stated as follows: A metrizable uniform space S 
which is a-complete is of the second é*-category. Since the two concepts of 
completeness coincide if €* —w, it would seem that the proper generalization 
of the classical concept of completeness is a-completeness. 

We assume é* >w in the remainder of this note. In [4] it is shown 
that S has a neighborhood system U=[V2(x)], equivalent to U, which 
satisfies (1), (2), (3), (4’) and 


(5) Ve(x) Ve(y) #0 implies Ve(x) = Ve(y). 
We define a neighborhood system [We(x)] where We(z) = Vn(z), 
n<é 


é< &*. It is clear that Wis equivalent toV and satisfies (1), (2), (3), (4), 
(5) and 


(6) IfA< & is a limiting ordinal, then W)(r) = 1) We(z). 
E<h 


Lemma 1. If &, then We(y) = U [Wn(z)| ve We(y) ]. 

Proof. Consider ze Wy(z) where re We(y). Then ze Wn(z) C We(z) 
= We(y) by (2) and (5). Hence LU [Wn(x)| xe We(y)]C We(y). The 
reversed inclusion follows from (1). 

We consider any limiting ordinal A = é*. Let A be the set of limiting 
ordinals » = A such that there is a strictly increasing, ordinal valued function 
€(v) on v < » for which sup[é(v)| v< »] =A. Since Ae A, A is not empty 
and so contains a first ordinal p*(d). 
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LEMMA 2. p*(X) has property (*). 


Proof. Suppose »*(A) does not have property (*). Then there is a 
v® << p*(A) and an ordinal valued function y(v) on v< v* such that 
We define =v(1) and assume that, for 
o < v*, there is a strictly increasing, ordinal valued function {(r) on r<o 
such that Sf(r) <w*(A). Let & If fo —p* (A), 
then o is a limiting ordinal o* < v* < p*(A). If <p*(A), then we 
define (7) = max[n(c),£)] +1. In any case, there is a limiting ordinal 
o* Sv* < w*(A) and a strictly increasing function {(c) on o < o* such 
that sup[f(c) | o < =p* (A). 

Since »*(X) € A, there is a strictly increasing function é(v) on v < p*(A) 
such that sup [é(v)]v<p*(A)] =A. Hence sup [€(£(c))| o << o*] =A. 
Since €({(o)) is strictly increasing on o < o*, oF eA. Hence w*(A) So%, 
contrary to o* = v* <p*(A), and the lemma is proved. 

Now for each limiting ordinal 4 < é* we define X\—W)(z). We 
define S* as the set of all X*. For «*(A) we fix an ordinal valued, strictly 
increasing function on »<u*(A) for which sup | 7 < »*(A)] =~. 
We define W,\(X*) as the set of Y = W)\(y) C We, (a) where X = (2). 
Finally we define for S the neighborhood system W* = [W7,(X*), 


<p*(A)]. It is consistent with these definitions to put — 8, X* —az, 
W(X") = We(z). 


Lemma 3. S',\A < &*, satisfies (1), (2), (5) with & replaced by p*(d). 


Proof. Condition (1) follows from (6). Condition (2) and (5) are 
clearly satisfied. 

The concepts of fundamental sequence and t-completeness are defined 
for S* in terms of »*(XA) as in [2]. We call S a-complete (complete in the 
sense of Archimedes) if S is ¢-complete for each AX &*. Since S* —S, 
it follows that if § is a-complete it is t-complete. 


Lemma 4. If & ts a-complete then S satisfies (4). 


Proof. Consider neighborhoods Wa,g(zg) which decrease on B < B* < &. 


By property (*), sup [ag] B< B*] —é< &. If there is a y < B* such 
that a,=& [) Wag(rg) = Way(xy) by (2), and is open by (4’). 
B< 


If there is no such y, then é is a limiting ordinal A < é*. We now 
consider the space S*, the ordinal ~*(A) and the fixed function & such that 


sup | 7 < »*(A)] =A. 
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There exists a function ag, strictly increasing on » < w*(A) such that 
sup [gy | 7» << “*(A)] =A. For there is a 8, such that & < ag, Assume that 
ag, is strictly increasing on y<o < w*(A) and that é& Sag, Then since 
p*(A) is the smallest ordinal in A, sup [%|y»<o]=a<a. Now 
max [@, 6] < A, and so there is a Bo < #* such that max [a, fo] < ago <A. 
Transfinite induction yields ag, strictly increasing on » < »*(A) for which 
sup | < #*(A)] =a. 

To simplify notation let ag,»—8, and 2g,—Yn. We define 
Xn = Wr(yn) € S, 1 < w*(A), and show that it is a fundamental sequence. 
Consider {Sy<p*(A). Then &S&S8,<A, and Wy) 
C Wén(Yn) Wa (ys) by (2) and the decreasing character of the neighbor- 
hoods Wag(zg). It follows that Ay EW (Xe) for Sy < w*(A), and so 
X*, is a fundamental sequence in 8°. 

Since S* is ¢-complete, lim X*, = X* eS. There is an ee such that 
X* = W(x). We show that W(x) C If not, there is a 
B<B* such that W)(x)C Wag(ap). There is a < p*(A) such that 
agp<d& <A. There is a p< yw*(A) such that & é <A. It follows from 
Lemma 1 that Wa,(ys) = U [We,(y) | ye Wo(ys)}. Hence either. We, (x) 
Wo, (ys) or War (ys). Now, by (2), Wy(x) C We,(x) C Woe(ys) C Wag(2g) 
follows from the first alternative, contrary to W)(x)@ Wag(ap). Hence 
We(ys). From (5) it follows that Ws(x) Wa(ys) =0. Recalling 
that < <A, we have, for < w*(A), We, (2) Wyr(yn) Wo,(2) 
() Wen(yn) C War (x) 11 Woe(ys) = 0 by (2), the increasing character of 
8n = On » < w*(A) and the decreasing character of Wag(zg) on B < f*. 
Finally, from We, (x) Wy(yn) = 0 we have ¢ Wp(X*),€ Sy < p*(A). 
This contradicts lim =X). Hence g<geWag(rp) ~ 0. 

It remains to show that [{) g<p-Wag(ag) is open. Consider 
ye) From (4’) it follows that Wag(ag), B < is open 
and so there is a és, 8B < B*, such that We,(y) C Wag(ze). Again, by (4’), 
there is a We(y) C pepe Wes(y) C and the set is open. 

Since it has been shown that {) a<p*Wag(rp) is a non-empty open set 
it follows that S satisfies condition (4). 


ts a-complete, is of the second &*-category. 


Proof. Since § is a-complete, it is t-complete. By Lemma 4, 8 satisfies 
(4). By Theorem 7 of [2] it follows that S, satisfying (1), (2), (3), (4) 
and being ¢-complete, is of the second £*-category. 


This theorem may be put in the following form. 
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THEOREM. A uniform space S, metrizable with distances in an ordered 
abelian group, which is a-complete, is of the second §*-category. 


Proof. It is shown [4] that § satisfies (1), (2), (3), (4’). The con- 
clusion follows from the previous theorem. 
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ON THE FUNDAMENTAL EQUATIONS OF DIFFERENTIAL 
GEOMETRY.* 


By Puitie Hartman and AuREL WINTNER. 


Introduction. 


If a binary, symmetric, positive-definite matrix (gi) of functions 
Jix = Jix (U1, U2) is given on a (U, U2)-domain, then the problem of embedding 
ds? = gi, du; du; into a Euclidean (2, 22, 73)-space requires the determination 
of three functions = %q(U1, U2) corresponding to which 3: = U2) 
is a surface on which drgdxq becomes identical with ds’. Clearly, this problem 
presents a system of three non-linear partial differential equations for the 
three unknown functions %q(w1, U2). But it has never been attacked directly. 
In fact, differential geometry considers, besides the given form gi du; dux, 
an auxiliary quadratic form, hi, du;dw,, which is required to become the 
second fundamental form of the unknown surface =. What is then required 
is that the three unknown functions Ay, should satisfy a system of three 
partial differential equations which contain the three given functions gx, 
and which consist of the Theorema Egregium and of the two equations of 
Mainardi-Codazzi. This system of 1 + 2 equations, usually considered under 
the analyticity assumption of Cauchy-Kowalewski, was treated in [4], along 
with the remaining issue of the actual embedding, with such a minimum of 
“real” assumptions of mere differentiability as is attainable today. 

In Part 1 of the present paper the “ remaining issue of embedding ” will 
be treated under assumptions which are less generous and more natural than 
those which have to be assumed in the classical treatment of this problem. 
The latter consists of solving, with given gi, and given hi, the so-called 
derivation equations of surface theory. These are supplied by the derivation 
formulae of Gauss and of Weingarten; derivation formulae the system of 
which is a “ total” system, of the Jacobi type, for the Cartesian coordinates 
Ta(U1, U2) of &, with the 1 + 2 partial differential equations of the Theorema 
Egregium and of Mainardi-Codazzi as integrability conditions. 

It was pointed out in [4], §2, that the 1 + 2 partial differential equations 
contain a certain type of paradox in differentiability for the three unknown 
functions U2), if the given functions gi, (1, U2), hin (U1, U2) are referred 
to an actual = of class C", where n <<oo. A corresponding paradox presents 


* Received January 24, 1950. 
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itself in the usual treatment of the derivation formulae. This will be disposed 
of in Part 1, by lightening the classical assumptions of differentiability. The 
latter are necessitated by the usual formulation of the 1 + 2 equations which 
represent conditions of integrability for the total system. 

Accordingly, what is involved is a formulation of the integrability con- 
ditions of a total system in such a way that no superfluous assumptions of 
differentiability are made. ‘This will be accomplished by using integral 
conditions (along arbitrary closed curves of integration), instead of the local 
field conditions of the standard theory of total systems. 

The total system in the differential geometry of surfaces is a linear one. 
It will, however, be seen at the end of Part 1 that a refined formulation of 
the existence theorem holds for non-linear total systems also. The reduction 
of the condition of integrability is relevant for other applications also; cf. 
e.g., [8]. 

Part 3 has about the same bearing on the derivation formulae of the 
differential geometry of curves (Frenet) as Part 1 does on those of surfaces 
(Bonnet). It is true that the differential equations are now ordinary, and 
therefore nothing like the existence theorem of Part 1 is involved. Never- 
theless, the usual treatment contains again a “ paradox in differentiability.” 
The latter is due to the standard definition of torsion; it will be dissolved 
by a more geometrical approach. 

Part 2 is, in the main, independent of the rest of the paper. It deals, 
on the C?-level, with the various definitions of a torse and their equivalence. 


Part 1. The Fundamental Equations of Surfaces. 


1. Let X denote the vector (x,y,z). The vector function X(u, v), 
defined on a (u,v)-domain, is called a surface of class C", where n= 1, if 
each component of X is a function of class C” and, in addition, the vector 
product (X,, X.) does not vanish (the subscripts 1, 2 denote partial differen- 
tiation with respect to wu, v, respectively). Let 


(1) N= X>)/| (X3, X2) | 


be the unit normal vector of the surface. 


On a surface of class C?, the derivation formulae of Gauss, 
(2) dX; = (TipXq higN ) for i= 2, 
and those of Weingarten, 


(3) dN = — hyaX 
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must hold, if (u*, uw?) denotes (u,v), and (giz), (hi) are the matrices of the 
first and second fundamental forms of the surface, (g‘/) is the reciprocal 
matrix (gi;)~*, finally the I’; are the Christoffel symbols of the second kind. 

If X is a surface of class C*, the integrability conditions of (2) and (3), 
which state that Ny. and that Xi2, for 1—1, 2, are equivalent 
to the equations of Mainardi-Codazzi, 


(4) Ohi, /dv Ohi2/Ou Tisha: hao for 1, 2, 
and to the Theorema Egregium, 


(5) [ (911» — — [ Jo2u)/9 |u = —(2K + 


where g denotes (det gi,)#, and K the representation det hi,/det gu, of the 
Gaussian curvature, finally D is a 3-rowed determinant in which the first 
column consists of 911, 912, Jz2, and the second and third columns are formed 
by partial derivatives of 911, 912, Joo with respect to wu and v, respectively. 

Conversely, the classical existence theorem of Bonnet states that if the 
symmetric matrices (gix(u,v)) and (hiz(u,v)) are of class C? and class C’, 
respectively, and if (gi) is positive-definite, finally if the integrability con- 
ditions, (4) and (5), are satisfied, then there exist surfaces X(u,v) of class 
C® for which (gix), and (hi) become the matrices of the first and second 
fundamental forms, respectively. 


2. There is an unsatisfactory element in this theorem. First, since 
every surface of class C? (not necessarily C*) possesses first and second funda- 
mental forms, whose matrices (giz), (hix) are of class C1 and 0°, respectively, 
it is meaningful to ask whether two given symmetric matrices, (gm) and 
(hz), of class C* and C°, respectively, are the matrices of the first and second 
fundamental forms of a surface X of class C?. But Bonnet’s theorem furnishes 
an answer to this question only if further smoothness assumptions on the 
gix and hy, are made; and correspondingly, in the affirmative cases, it assures 
the existence of surfaces Y which are smoother than required by this question. 

It turns out that these objections can be overcome by restating the 
equations (4) and (5) in an “integrated” form. The equations (4) and 
(5) are thus replaced by the requirement that the relations 


(6) f + hiedv = ff (Ti:haz — T%zhai)du dv, where 1 = 1, 2, 
J 


and 


(7) f {(9110 Ji2u)du + (Ji2v dv} (2K 4Dq*)9 dudv 
J 


should hold whenever J is a Jordan curve of class C1, and S§ the interior of J. 
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Whereas (4) and (5) need not be meaningful on a surface of class C?, 
the relations (6) and (7) are meaningful and hold on every surface of class 
C?, This follows from the considerations below. Incidentally, (7) shows 
that the Theorema Egregium, which is usually stated for surfaces of class C%, 
is true for surfaces of class C?. Actually, this statement can be deduced from 
the fact that the theorem of Gauss-Bonnet holds on surfaces of class C? (Weyl 
[9], pp. 42-44; cf. van Kampen, [5], p. 136). 

The modified version of the theorem of Bonnet, which meets the objections 
mentioned above, is as follows: 


(I) Let gu(u,v) and hiy(u,v), where i,k be defined on a 
simply-connected (u,v)-domain, R. Necessary and sufficient in order that 
(gix), (hix) be the matrices of the first and second fundamental form of a 
surface X(u,v) of class C? on R is that (gix) be symmetric, positive-definite, 
of class C*, that (hi) be symmetric and continuous, and that (gix), (hix) 
satisfy (6) and (7) for arbitrary simple closed curves J of class C1 in R. 

When these conditions are satisfied, X(u,v) is uniquely determined up 
to translations and rotations of the (x, y, z)-space. 


This theorem will be deduced from a modification of the standard exis- 
tence theorem on systems of total differential equations. In fact, this modified 
theorem on systems of total differential equations leads to (1) in the same 
way as the standard theorem leads to Bonnet’s theorem. 


3. Objections, similar to those mentioned above, can be raised against 
the standard existence theorem on systems of total differential equations. In 
this theorem, it is assumed that the given data are of class C1 and, under this 
hypothesis, the existence of solutions of class C? is proved; ef. [8], §1. It 
would seem more natural to consider only continuous coefficient functions, 
and to ask whether or not solutions of class C* exist. The answer to this 
question is given by (I1) below when the system is linear. In the non-linear 
case, treated by (III) below, it is difficult to state integrability conditions 
without making some differentiability assumptions. 

In what follows, the tensor sum convention, used above, will continue to 
be applied to Greek letters, but not to Latin letters. For example, ajgz* is 
the sum  % dj,2%, while aj,jz/ represents one term (not a sum). 


The theorem on total differential equations needed in the proof of (I) 
is as follows: 


(II) Let a*y,(u,- - -,u™) and bt, (w,- - -,u"), where = 1,- -,m 
and k=1,---,m, be continuous functions on the n-dimensional cube R: 
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|u*| Sr, where k=1,---,n. Necessary and sufficient in order that, for 
every set of constants ct,- - -,c™, the system of total differential equations 
(8) dzt = (a'gyz* + bt,) 
possess a solution z2'(u*,---,u"),--+,2™(ut,---,u™) of class Ct on R 


satisfying the initial conditions 
(9) 2*(0,- -,0) == ct fort=1,---,m, 


is that the integrability conditions 


(10) a‘ + = ff — du*du', 
J 
and 


(11) bt,duk + bt,du! = ff — a‘gib%,) du*du! 
J 8 


hold whenever J is a simple closed curve of class C1 in R bounding a domain 
S in a plane parallel to the (u*,u')-plane. When the integrability conditions 
(10) and (11) are satisfied, the solution of (8) and (9) 1s wmique. 


In the proof of (II) and in the deduction of (I) from (II), the following 


lemma will be useful. 


Lemma. Let a,(u,v), d2(u,v), c(u,v) be continuous functions defined 
on a simply-connected (u,v)-domain R and let 


(12) f c du dv, (ut, u?) (u,v), 
J 8 


whenever J is a simple closed curve of class C1 and § is its interior. Then, tf 
z(u,v) ts a function of class C* on R, 


(13) f 20,du* f f — + cz) du dv. 
8 


J 

4. The derivation formulae (2) and (3) form a system of the type (8), 
where m=9, n=2 (and bé,=0). The proof that (6) and (7) are 
necessary and sufficient for the corresponding set of integrability conditions 
(10) can be verified as in the usual proof of the fact that, under standard 
conditions, (4) and (5) are equivalent to the complete set of integrability 
conditions (cf., e. g., [1], pp. 175-178). In the case at hand, the legitimacy 
of the corresponding operations (of considering linear combinations of inte- 
grability conditions) follows from the Lemma. 


C2 
lass 
OWS 
om 
eyl 

a 
at 

a 

@, 
.) 
d 
t 
1 


PHILIP HARTMAN AND AUREL WINTNER. 


The verification in question can be sketched as follows: The system (2), 
(3) splits into three identical systems, corresponding to the three components 
of the vectors X,,X2,N. Hence, it is sufficient to consider the systems (2), 
(3) in which N are treated as scalars, z*, 2°. The integrability con- 
ditions (10) to be considered are therefore satisfied. Two, corresponding to 
t= 1,2 and j are identical with (6). Two, corresponding to i=3 
and j = 1, 2, involve 


*hapdu*, j= 1, 2, 


and are seen to be equivalent to (6), by virtue of the Lemma, since det 9i, 0. 
The remaining four are of the form 


f Pade = 


J 


+ gi du dv, 


where 1,7 = 1,2. By virtue of the Lemma, these equations are equivalent 
to a set involving 


f I ipdu’, 1, 1, 2. 
J 


It can be verified that two in the last set of equations are trivially satisfied, 
and that the other two are identical with (7). This proves that the integra- 
, conditions (10), (11) for the system (2), (3) are equivalent to (6) 
and (7). 

The proof of (I) will be omitted, since it follows the usual proof of 
Bonnet’s theorem, except that (II) replaces the standard theorem on systems 
of total differential equations. 


5. The proof of the Lemma will now be given. Let (u,v) be an 
(interior) point of R; let ’ > 0 be so small that the square 


|u—u | 


is in R; finally, let J Js be the boundary of 8. In order to prove the 
Lemma, it is sufficient to show that if the line integral on the left of (13) 
is divided by 8°, then, as 8-0, the quotient tends to the integrand, at the 
point (tw, Vo), of the double integral on the right of (13), and that this 
limit process is uniform with respect to (wo, Vo) on any closed set interior to R. 

Since @,(u,v), d2(u,v) are continuous and z(u,v) is of class C1, it 
follows that, for any point (u,v) of S, 


(14) a;(u,v) =a;° + 0(1) 
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and 
(15) z(u,v) = 2 + (W— Up) + (VU — V0) + 0(8), 


where the superscript 0 on a function symbol signifies that the argument of 
the function is (wo, V)). The o-terms in (14) and (15) refer to 30 and 
are uniform with respect to (wo, Yo) on any closed set interior to R. Hence 
the line integral in (13) is the sum 


of Agdu* +- f {(U— Uo) 2u° + — Vo) (da°du*) + 0(8?). 
J J 
By (12), the first term in this sum is, uniformly, z°(c° + 0(1) )8?, since c(u, v) 
is continuous. The second term in the last formula line is (a°%,° — a,°%,°)8*. 
These relations imply the assertion to be proved, and complete the proof of 
the Lemma. 


6. Theorem (II) will now be proved. The sufficiency of (10) and (11) 
for the existence of a solution z'(u*,:--,u*),---,2™(w,---,u) of 
class C1 of the system (8) and (9) on R will be verified first. To this end, 
successive approximations will be employed. 

On R, put 


(16) > +, == for tom ++, m. 


Suppose that the functions z',,- - -,2™, have been defined and are of class C% 
on R. Put 
(0,...,0) 

fori 1,- - -,m, where the integral is a line integral along a path consisting 
of n line segments parallel to the u?-, u?-,- - -,u”-axis, in this order (some 
of the line segments can reduce to points). 

It will be shown that (17) is of class C' in R, and that its partial deriva- 


tives are given by 


(18) = + bt; 
Uk 
+ 3 — —b%) 
=j+ 
0 


— ag; (02%, /du* — a%g,28, — b%,) 


where the argument of the integrand is (w*,u’,-- -, -,0). Let 
P = (p',---,p”) be a point of R and let AA0 be such that 


(19) pi +A, p™, p”) — (p*, p") 


7 
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is defined. If, in the expression 


(20) Attra + 
pith 
the argument of the integrand is (p',- - -, pi, x, pi+1,- - +, p™), it is clear 
from (17) that the expression (20) is equal to 


(21) 3 f (atajdui + ataxdut) f bidul + bt,duk, 

Te 
where J; is the boundary of the rectangle in which wu! =p! if 1<j or 
j<l<k, and u'=0 if 1>k, while u/ varies from pj to pi/+ A and uk 
varies from 0 to p*. Since it is assumed that z = z+, is of class C1 in R for 
+=1,---,m, the Lemma is applicable to each of the integrals in the first 
term of (21). Hence, the function (21) is identical with 


pi+h 


(22) 3 f { a‘, ;02%,/du*) + ax 


— + aigjb%, — ataxb%;} duiduk, 


where the argument of the integrand is (p',- - -, pf, pitt,- - -, pe, 
u®,0,---,0). If the ratio Az‘,,,/A is calculated by equating expressions 
(20) and (22), and A then tends to 0, it is seen that 0z‘,,,/du/ exists at P, 
and that (18) holds if (p’,- - -,p") is replaced by (u',- --,u"). Clearly, 
(18) implies the continuity of the function @z‘,,,/dui/ on R. Consequently, 
are Of class C* on 

That the functions (17), where 1—1,2,---,m, converge uniformly, 
as r—>oo, and that the limits, say 2',- --,2”, are of class C1 on R and 
satisfy (8) and (9), follows by standard procedures. Furthermore, these pro- 
cedures show that the solution of (8) and (9) is unique. The necessary 
calculations follow, without change, from those of [7], pp. 44-45 and pp. 46-49. 


7. It remains to prove that the integrability conditions (10), (11) are 
satisfied if the existence of a solution z*,- --,2™ of (8) and (9), where 
the constants c’,: - -,c™ are arbitrary, is assumed. This solution is neces- 
sarily unique. In fact, the successive approximations (17) are defined and 
continuous on # and converge uniformly on R (whether or not (10) and (11) 
are assumed). It follows by standard arguments, involving the use of 
successive approximations, that if a solution of (8) and (9) exists, it must 
be the limit of those successive approximations. 

The difference of two solutions of (8) is a solution of the homogeneous 
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system obtained by placing b‘;==0 in (8). Hence, the assumption that (8) 
and (9) have a solution implies that the homogeneous system and (9) have a 
solution. As above, this solution is necessarily unique. Consequently, if 
z,--+*,2™ is a solution of the homogeneous system and z',- - -,2™ vanish 
at some point of R, then they vanish identically. It follows that there exist 
m solutions of the homogeneous system, and that every solution is a linear 
combination (with constant coefficients) of these m solutions. Furthermore, 
if --,c™ are arbitrary constants and is an arbitrary 
point of R, then there exists a solution z’,: - -, 2” of the homogeneous system 
satisfying 

In order to prove (10), let (u‘,- - -,w%) be an interior point of R, 
and let § > 0 be so small that J = Js, the boundary of the square 
Ss: ui = wus, if jAK,1; | | <8 and | <8, 


is in R. It is sufficient to show that if the line integral on the left of (10) 
is divided by 8’, then the quotient tends, as §—> 0, uniformly to the integrand, 
at (u%,° - -,&"), of the double integral on the right of (10), and that this 
limit process is uniform with respect to (u*,- - -,W%)) on any closed set 


interior to R. 
To this end, let z',- - -,2" be the solution of class C* of (23) and of 


the homogeneous system obtained from (8) by placing b+,=0. Then 
(24) f atgidu') = 0, 
J 


and, on S, 
gt + — a%pyoc® + .0(8) and = + 0(1), 

where = +, U%). The o-terms refer to 0 and are uniform 

with respect to (w‘o,- - -,wW%) on any closed set interior to R. It follows 

from (24) that 

+ atgidu! = ch f (u¥ — + + 0(8?). 
J J 
But the right-hand side of this equation is 
CF — 8? + 0(8?). 
If c* is chosen to be 1 or 0 according as «—j or a=4j, the desired limit 


relation follows. This proves the necessity of condition (10). 
The proof of the necessity of (11) is similar and will be omitted. 
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8. Theorem (II) has an analogue for non-linear systems of total 
differential equations. 


(IIL) Let a*,(ut,:--,u";2*,---,2™) be continuous on the parallel- 
epiped R:(|2*|=b, t—1,---,m; Sa, and let 
|a*, |= M on R. Suppose further that the functions a‘, possess continuous 
partial derivatives with respect to the variable z',- - -,z2" on R, and that 


(25) a*,du® +- at;du! = ff (a%0a*;,/02* — a%,0a‘,/02*) du*du' 
7 
holds whenever J is a simple closed curve of class C1 in R bounding a domain 
S in a plane parallel to the (u*,u')-plane. Then, on the parallelepiped 
| w* | = min (a, b/nM), the system of total differential equations dz* = a‘,du* 
has a umique solution 2™(ut,---,u") of class C’, 
satisfying the initial conditions 2*(0,- - -,0) =0. 


(III) differs from the standard theorems in that in (III) it is not 
supposed that the functions a‘, possess partial derivatives with respect to the 
variables - -, 

The proof of (III) will not be given, since it is similar to the proof of 
(II). It is only necessary to remark that the above Lemma can be replaced 
by the following fact: The integrability conditions (25) imply that if 
z(u*,- are functions of class C* on a (simply 
connected) sub-domain of R, then 


f a*,du® + at,du? 


J 


ff { (a%: — 02*/0u') da*,,/d2* — (a%, — 02%/du*) dukdu', 
8 


where the argument of the integrands is (u*,- - °°, 
z™(u,- - -,u")), and J, S have the same significance as above. (The relations 
(25) represent the particular case in which 27(u',---,u™),---,2™(ui,---, wu”) 
are constants. ) 

Part 2. On Torses. 


9. Let K denote Gaussian curvature. It is well-known that, under 
suitable smoothness restrictions, the solutions of the fundamental equations 
of a surface, when K = 0, can be characterized by either of two properties: 
(i) the surface is isometric with a plane; (ii) the surface is a torse. But the 
usual presentations either assume more than what is needed to prove the 
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equivalence of the three conditions (i), (ii), K==0 or fail to state the 
required restrictions. That some smoothness conditions are needed before 
these three properties become equivalent was shown, by a discussion of part 
of the problem, by Lebesgue [6], pp. 319-342. 

Although the notions of a Gaussian curvature, a torse, and isometric 
equivalence, can be defined for surfaces of class C’, this section will be 
restricted to the consideration of surfaces of class C?. Before proceeding 
further, the pertinent definitions for surfaces X(u,v) of class C? will be 
stated : 


(«) The Gaussian curvature K is defined as above, in terms of areas of 
normal maps, and is therefore the quotient det hiz,/det gi. Accordingly, 
K =0 is equivalent to 
(26) =0. 


(8) A surface is called a torse if through every point of it there passes 
at least one line segment lying on the surface and having the property that 
the tangent plane does not vary along the segment. 


(y) A surface is said to be isometric with a plane at a point (Up, Vo) 
if, in some vicinity of (Uo, vo), there exists a transformation u* = u*(u, v), 
v* == v*(u,v) with the properties that it is of class C', that its Jacobian 
does not vanish, and that the element of arc-length on the surface in the 
(u*, v*)-coordinates is Euclidean, ds* = + dv*?, 


It will be shown that, barring an exceptional case, the properties of being 
a torse, df being isometric with a plane, and having a curvature K =0, are 
equivalent for surfaces X (u,v) of class C?. 

The first theorem to be proved is 


(IV) Let X(u,v) be a surface of class C?. The Gaussian curvature is 
identically 0 if and only if X(u,v) 1s isometric with a plane at every point. 


The statement to be proved concerning the equivalence of K =0 and of 
the property of being a torse will involve a qualifying condition: 


(V) Let X(u,v) be a surface of class C?. The Gaussian curvature ts 
identically 0 if X(u,v) is a torse; conversely, if the Gaussian curvature ts 
identically 0 and tf either every point of X(u,v) is a flat point or every 
point of X(u,v) is a non-flat point, then X(u,v) 48 a torse. 


By a flat point (u,v) is meant a point at which the matrix of the 
second fundamental form is the zero matrix, that is, 


(27) hie hoe = 0. 
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It will remain an open question whether or not the restriction in the second 
part of (V), namely, that every point of X(u,v) be of the same type, flat or 
non-flat, can be dropped. 


10. The part of (IV) which states that K =0 implies that X(u, v) is 
isometric with a plane at every point will be proved first. A standard proof 
of this implication involves the introduction of geodesic parallel coordinates 
in a vicinity of a given point, and an application of (5) in those coordinates. 
It turns out that this method can be adapted to the more general case of the 
present assumptions. This adaptation involves the replacement of (5) by its 
integrated form, (7). 

By modifying the procedure applied in [3], it can be shown that, in a 
vicinity of any (uo, ¥)), new parameters u*, v* can be introduced as follows: 
The transformation u* = u* (u,v), v* = v*(u,v) is of class and of non- 
vanishing Jacobian, and the element of arc-length in terms of u*, v* is of 
the form ds? = du*? + G(u*, v*)dv**, where G (> 0) is continuous and 
possesses a continuous second partial derivative with respect to u*. The 
function G satisfies the Jacobi equation 6°G4/du*? + KG4 = 0 and the initial 
conditions G(0, v*) =1, Gy+(0, v*) =0. 

Since K =0, these initial conditions imply that G(u*,v*) =1. This 


proves that X (u,v) is isometric with a plane at any point (Up, vo). 


11. The remaining part of (IV), which states that K =0 if X(u, v) 
is isometric with a plane at every point, will now be proved. This statement 
becomes trivial if the surface has a parametrization (near every point) in 
which the element of arc-length is Euclidean and (5) is valid in that para- 
metrization. But definition (y) assumes that the parametrization of the 
surface in which the element of arc-length is Euclidean is only of class C’; 
so that not even the integrated form, (7), of (5) is applicable in this coordi- 
nate system. This difficulty will be overcome by using a form of (7) which 
is independent of the coordinate system, namely, the formula of Gauss-Bonnet. 

Let (wo, >) be an arbitrary point of the surface X(w,v) of class C?. 
Let u*, v* denote the parameters described in the definition (y), whose 
existence is assumed. Although the surface in the parametric representation 
(u*, v*) might only be of class C’, it is clear that the (surface) image of any 
line segment in the (u*, v*)-domain is a geodesic (hence, an arc of class C?), 
and conversely. 

On surfaces of class C?, the theorem of Gauss-Bonnet is valid ([9], pp. 
42-44; cf. [5], p. 136). Hence, if 7 is the interior of a geodesic triangle, 


a+ B+y+ Sf Kdo = 2x, where do is the element of surface area and 
T 
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a, B, y are the exterior angles of the triangle. Consider small geodesic tri- 
angles with the point (uo, vo) as a vertex. In the (u*, v*)-coordinates, such 
a geodesic triangle is the image of a triangle in the (u*,v*)-plane (in 
particular, the geodesic triangles exist). Since the (u*, v*)-coordinates are 
Euclidean, the angles a, 8, y are also the exterior angles of the triangle in 


the (u*,v*)-plane. Thus «+ 8+ y= 2z, and so ff Kdo =0. Since 


the domain 7 is arbitrarily small and since K is continuous, it follows that 
K (to, Vo) = 9. This completes the proof of (IV). 


12. In order to prove the first part of (V), let X(u,v) be a torse of 
class C?. Let (wo, 9) be an arbitrary point of the surface and let u = u(t), 
v= v(t) denote a parametric representation of a line segment which lies 
on the surface, passes through (wo, vo) and has the property that the tangent 
plane does not vary along this segment. Since the surface is of class C?, 
and since the vector product (Xx, Xv) £0, the functions u(t), v(t) are of 
class C?. 

If N(u,v) is the unit surface normal, dN(u(t),v(t))/dt=—0. It 
follows therefore by the formula of Rodrigues that u— u(t), v= v(t) is a 
line of curvature, and that 0 is a principal curvature along the segment. 
Hence, the Gaussian curvature, being the product of the principal curvatures, 
vanishes along the segment; in particular, it vanishes at (U,%). Since 
(Uo, Vo) is an arbitrary point, the first part of (V) follows. 


13. It remains to prove the second part of (V). It can be supposed 
that the surface is given in the form z—2(z,y), where z is defined in a 
vicinity of (z, y) = (0,0) and is of class C?. The assumption K = 0, being 
equivalent to (26), reduces to 


28 — =O 
yy 


since hy, his, ho. are identical with (1+ 2,2 + times Zzy, Zyy, 
respectively. 

First, if every point is a flat point, that is, if (27) holds for all points 
(z,y) near (0,0), then z is a linear function of z and y. Thus the surface 


is part of a plane, hence a torse. 
Next, if (0,0) is a non-flat point, then at least one of the functions 


Zre, Zayy Zyy Goes not vanish at (0,0), and therefore in a vicinity of (0,0). 
It can be supposed that 22(0,0) 40 (otherwise the (2, y)-plane can be 
subjected to a suitable rotation). 
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Under the asumption (26), the differential equation of the asymptotic 
lines, + 2hyow’y’ + Rosy’? = 0, reduces to either of the equivalent 
equations + Aysy’ = 0, + =0, where the prime denotes 
differentiation with respect to a parameter which does not occur explicitly. 
But the last two equations can be written as +- Zzyy’ = 0, + Zyyy’ = 0, 
that is, as (zz)’ =0, (z,)’ =0; so that z,—const., zy Const. Thus the 
tangent plane does not vary along an asymptotic curve. Conversely, if, along 
an arc of class C1, the function z, (and/or z,) is constant, then the arc is an 
asymptotic arc. 

Since zz¢40 in a vicinity of (0,0), it follows from the theorem on 
implicit functions that, if ¢ is fixed and | ¢| is sufficiently small, the equation 
Ze(x,y) = %,(t, 0) has a solution = x(y, t) of class C* for | y|, | ¢| small. 
For fixed ¢, the arc is an asymptotic arc, since y) = const. 
(= 2z(t,0)). The variables ¢, y can be introduced as new parameters, since 
z(0,¢) =¢ implies that 0(z, y)/0(t,y) =1 at (t,y) = (0,0). 

Let z= 2(y;t) =2z(r(y,t),y). The linear equation 


(29) a(t)x(y,t) + b(t)y—z(y;t) =e(t), 


is an identity in y and ¢ if a(t) —2z,(t,0), b(t) = 2z,(t,0) and c(t) =a(t)t 
—z(0;¢). (Thus, the surface is the envelope of a 1-parameter sheaf of 


planes, which is of class C*.) It follows at once that the asymptotic are 
«==2(y,t), for ¢ fixed, is a line segment. In fact, differentiation of (29) 
with respect to ¢ gives 


ar(t)ax(y,t) + d:(t)y =e (t), 


since ax;— 2; = 0 is the scalar product of a normal vector and a vector tan- 
gent to the (surface) are x = x(y, t), for y fixed. Since a;(t) = Zz2(t, 0) ~ 0, 
the equations 


a(t)x + b(t)y—z—c(t) and a,(t)x + (t)y = 


define planes which intersect along the asymptotic arcs x = x(y, t) for ¢ fixed. 


This completes the proof of (V). The proof is an adaptation of one given 
by Hadamard [2], pp. 398-399. 


Part 3. The Fundamental Equations of Curves. 


14. The fundamental theorem in the differential geometry of curves 
states that if x(s) > 0 and r(s) are, on some s-interval, functions of class C 
and C°, respectively, then there exists, on this interval, a curve XY = Y(s) 
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of class C* for which s, x(s) and r(s) become the arc-length, the curvature 
and the torsion, respectively. Furthermore, this XY — X(s) is unique, up to 


translations and rotations of the (2, y, z)-space. 
The proof of this theorem involves the Frenet differential equations, 


(30) = «Uz, =— KU, + 7U 3, U,’ =— 


where the prime denotes differentiation with respect to s and U,, U2, Us are 
certain unit vectors in the X-space. Since the linear differential equations 
(30) possess solutions if the coefficient functions x, + are merely continuous, 
there arises the question as to what remains of the fundamental theorem if 
it is only assumed that x (> 0) and + are continuous. In order to answer 
this question, it will be necessary to extend the definition of torsion. 

Let X = X(s) be an arc of class C*, of non-vanishing curvature, having its 
are-length s as parameter. Let U,; =X’, U, = X”/| X” | and U; = (Ni, U2), 
where the symbol ( , _ ) is that of vector multiplication, be the unit tangent, 
the principal normal and the binormal unit vectors, respectively. The arc 
X(s) will be said to possess a torsion r—7(s) at a point s if 
im | A6/As | 


(31) ] 

As—0 
exists, where A@ is a continuous determination of the angle between the vectors 
U3(s) and U;(s + As), such that A6 0 for As 0. When the limit (31) 


exists it will be called the absolute value of the torsion; so that 
|r(s)| | (Ua(s), + As))/As |. 
8-0 


In order to define the sign of r(s), note that the definition, VU; = (U,, U2), 


of the binormal implies that 
(32)  (U3(s),Us(s + As)) = U2, AU2]U, — [U,, U2, AU, 


where AU; = U;(s + As) — U;(s), and [A, B, C] is the scalar triple product 
of the vectors A,B,C. Since AU, = (xU2-+ 0(1))As as As—>0, the last 
term of (32) is o(| As|) as As—>0. Hence the limit (31) exists if and 
only if lim |[U,,U2,AU2/As]| exists (as As—>0); in which case the two 
limits are equal. If the last limit exists and is not 0, the limit also exists if 
the sign of the absolute value is removed. The sign of +r(s) can be deter- 
mined from this limit; thus, if (31) exists, put 


(33) = lim [U,, U2, AU./As]. 
As—0 


It is clear that if the torsion exists, in the above sense, at a point, then its 
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absolute value has the usual geometrical interpretation as the measure of the 
rate of the twisting of the osculating plane. 

Since U; = (U;,U.) and U,=— (U3, U,), and since U, is of class C’, 
it is clear that U, has a derivative at a given point s if and only if Uz does. 
Clearly, a sufficient condition for the existence of the torsion at a point is 
the existence of U,’ (and/or U;’) ; in which case (33) shows that r is given 
by the scalar product U;- U.’. Furthermore, the Frenet equations (30) hold 
at such an s. In fact, the first of the equations (30) is the definition of U2. 
Since the definition of U; implies that U,’ is orthogonal to U, and U3, while 
U,!-U,—=—U./-Us, the third of the equations (30) holds: Finally, the 
second is a consequence of the other two. Conversely, the fundamental theorem 


can be stated as follows: 


(VI) Let x(s) >0, r(s) be continuous functions on an s-mterval. 
Then there exists, on that interval, a curve X = X(s) of class C? for which 
s ts arc-length and x(s), r(s) are the curvature and the torsion, respectively ; 
in fact, the unit tangent, principal normal, and binormal unit vectors are of 
class C' and satisfy (30). The curve X(s) is unique up to translations and 
rotations of the (2x, y, z)-space. 


The proof depends on an adaptation of the proof of the classical theorem. 


Let S = (s;;) denote the three-rowed skew-symmetric matrix in which s,. = x, 
Sis = 0 and s.;=+7. If U denotes the matrix whose consecutive columns are 
U,, Us, Us, then the system of differential equations (30) can be written in 
the matrix form 


(34) U — U8, — — 8), 


when the asterisk denotes transposition. It follows from (31) that U*” = SU*, 
hence (UU*)’ = — USU* + USU* =0. Thus, UU* = const., where const. 
denotes a constant matrix, is a first integral of (34). 

Since the differential equations (30) are linear, the initial conditions 
can be assigned arbitrarily, and the corresponding solution will exist on the 
interval on which the coefficient functions are defined. The same holds at 
every s if the initial conditions are so chosen that, at an initial s =, the 
vectors U,, U2, U; form a right-hand orthonormal system; that is, in such a 
way that the matrix U is an orthogonal matrix of determinant +1. Of course, 
such a solution U is uniquely determined up to multiplication (from the left) 
by arbitrary constant orthogonal matrices of determinant + 1, since (30) is 
a linear system. It is clear that, corresponding to such a solution U,, U2, U; 
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of (30), the indefinite integral XY(s) — f{U.ds + C defines an arc satisfying 
the assertions of (VI). The uniqueness of X (up to rotations and trans- 
lations) is clear from the proof. 


15. Application to Enneper’s theorem. The advantage of (V1) over 
the usual formulation of the fundamental theorem of curves is due to the 
fact that (VI) does not assume that the curve is of class C* and contains, 
nevertheless, the theory of torsion. In this regard, the situation becomes 
particularly revealing after a perusal of the standard form of Enneper’s 
theorem; cf., e. g., [1], p. 147. In fact, all that can then be stated is that 
if the Gaussian curvature, K, is non-positive on a surface of class C+, and if 
r is an asymptotic curve of non-vanishing curvature, then the square of the 
torsion is identical with — K along T. Clearly, the C*-assumption, which is 
usually not stated, is unnatural indeed. But it cannot be omitted in the 
usual treatment, since otherwise the asymptotic curve I need not be of class 
C®, and so the torsion (in the usual sense) of © becomes undefined. 

On the other hand, if (VI) is used, the C*-assumption can be reduced to 
the assumption that the surface be of class C*. In fact, if the surface is 
of class C*, the asymptotic arc T is of class C*. Since I is of non-vanishing 
curvature, its binormal, U3, is the surface normal, N, which is of class C?; 
hence, (VI) is applicable to I. 

Despite the fact that, for the existence of the torsion, it is sufficient that 
U; be only of class C’, the theorem of Enneper becomes meaningless if it is 
only assumed that the surface is of class C*. - For an asymptotic arc might 
then be of class C’; so that the principal normal U,, hence the binormal U3, 
need not be defined. In order to see this, consider the surface z = g(x) + zy 
+ 4y?, where g(x) is of class C*. The equations for the asymptotic lines 
reduce to gx’? + 22’y’ + y’? = 0, that is, dy/dx = —1 +(1— g”)}. Clearly, 
the Gaussian curvature is negative if and only if 1--g” > 0. Let h(x) =—1 
+ (1— g”)!; so that 

= — 2h — h’. 


Let h(x) be an arbitrary continuous function which vanishes at z =O and 
is not of class (*. Finally, let g(x) be defined by the last formula line (while 
g(0) and g’(0) are arbitrary). Then the surface, z, is of class C? and has 
a negative curvature, for | z | sufficiently small. It is clear that the asymptotic 
ares will not be of class C? if h(x) is suitably chosen. 

By a suitable choice of an h(x) of class C1 in the above considerations, 
it is also seen that, on surfaces of class C*, the set of those points of on 
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asymptotic arc at which its curvature is 0 can be, for example, a nowhere 
dense, perfect set. 
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LAME COORDINATES IN HILBERT SPACE.* 


By Puitip Hartman and AUREL WINTNER. 


1. In an n-dimensional unitary space, let = (&,é&,°--,&) be a 
point not on a parameter plane (so that & 0 for k=—1,---,m), and let 
@ a. Then the equation 


(1) 3 |?/(a—A) =1 


has n distinct real roots, say, A1 < Az An, which separate, and are 
separated by, the numbers @,- - -,%,. This is the classical definition of the 
Lamé coordinates ’,,---,An of € The following considerations will be 
made possible by the fact that it is possible to introduce the Lamé coordinates 
by quite another, though equivalent, definition, as follows: 


Let (x,y) denote the scalar product, 7,9, --+2nYn, of x and y, 
and let ¢ = c+, where c= (é, €) is the squared length of € If H denotes 
the diagonal matrix having the diagonal elements @,, @,° * -,@n, and if J is 
the unit matrix, then (1) can be written in the form ((H — Al)-14, ¢) = —1/c. 
Let EH denote the matrix of the linear transformation 


(2) = (4, 


so that £ is a one-dimensional projection. It turns out that the eigenvalues 
of the Hermitian matrix H + cH are the Lamé coordinates, d1,- - -,An, of é. 

In this characterization of the Lamé coordinates of é, the restriction that 
all coordinates & of é be different from 0 can be omitted. This generalization 
merely allows the possibility that some of the Lamé coordinates A,,-° - -, An 
of € and some of the numbers @,°--,@, are equal. (Of course, there still 
remains the difficulty that - -,é.) and - -, e#é,), for arbitrary 
real 9,,02,- - -,@n, have the same Lamé coordinates.) It is clear that, in 
this definition, H need not be a diagonal matrix with distinct roots but can 
be an arbitrary Hermitian matrix. In the latter case, the number « occurs 
at least k —1 times among the Lamé coordinates of every element é, if the 
characteristic number A = @ of H is of multiplicity k. 


2. The object of this note is to carry over these ideas to Hilbert’s space. 
Let H denote an arbitrary Hermitian matrix, bounded in Hilbert’s space, 


* Received April 5, 1950. 
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¢@ a vector of length 1 in this space, and # the corresponding projection 
(2). Associated with H and ¢ is a bounded Hermitian matrix, say K, 
which is the projection of H on the hyperspace orthogonal to ¢. Thus, 
K = (I— £)H(I—E), where J is the unit matrix. For example, if the 
coordinates of ¢ are (1,0,0,-- -), then K is obtained by removing from H 
the first row and first column. The matrix K is considered as operating on 
the hyperplane orthogonal to ¢. Clearly, 


K = F)(H+ ck) (1-- E), where <o. 


It was recently shown ([3], p. 867) that the spectra of K and H separate 
each other; in the sense that if A, and A2, where A, < A», are two points of 
the spectrum of K (or H), then the interval A, =A A, contains at least 
one point of the spectrum of H (or K). The same holds in the limiting case 
Ai = do, if AA, — Az is in the point spectrum of K (or H) with a multi- 
plicity-m > 1; in which case A is in the point spectrum of H (or K) with 
at least the multiplicity m — 1. 

These separation theorems imply that the cluster points of the spectra of 
K and H are identical. This corollary is contained in a theorem of Weyl [9], 
p. 384, also, since the difference K — H is completely continuous. 

The above comments make clear the content of the following theorems: 


(1) Let the spectrum of K contain the points rx, rA2 but no point of 
the interval A,<.A< A». Then, to every X on this interval, there belongs a 
unique real c = c(A), corresponding to which d is in the spectrum of H + cE. 
The function c == c(A), given by 
(3) c(A) = — 1/((H "4, 9), 


is regular-analytic and increasing for <A < dz. 


That (3) is meaningful, that is, that ((H — AI)-'¢,¢) 0, will be 
shown in the proof of (I). It is understood that c(A) =-0 if A is in the 


spectrum of H. 

(II) Let the conditions of (1) hold and let X =A, be an isolated point 
of the point spectrum of K, hence of H+cH. Let m, m(c) denote the 
multiplicity of A, in the point spectrum of K, H + cE, respectively, so that 
m(c)Sm+i1. Finally, let c,—limc(A) as A> A, + 0, 
where <0. Then c, holds if and only tf m(c) =m—1 
is an identity for —wo<c<o. 

(II bis) Jf c, >—oo, then m(c) =m or m(c) =m -+ 1 according as 


C, OF C=C). 
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3. .Proof of (1). If A is on the interval (A, A2), then there is at most 
one ¢ corresponding to which d is in the spectrum of H + cH. For suppose, 
if possible, that there exist two distinct values ¢,, c, with the property that. d 
is in the spectra of both H + ¢,F and H + c.H. Let 2, 2, denote normalized 
eigenfunctions satisfying 


(4) (H + cE)a 


for ¢ = €;, C2, respectively. The elements z,, x, are either linearly independent 
or dependent. In the first case, let 2 denote a linear combination of 2, 22 
of length 1 and orthogonal to ¢, that is, |4|—1 and Fx—0. It then 
follows from (4) that Hx = Az. In the second case, it can be supposed that 
Then (4) shows that hence Er 0, since 
¢,;~ C2. Thus, in either case, there exists an element 2, of length 1, satisfying 
Hxe=aAz and Ex=0. But the definition of K implies that 


(5) Kz = 


which contradicts the assumpt’on that no point of the interval (Ai, Az) is in 
the spectrum of K. 

The separation theorem, quoted before (1), shows that the interval (Ai, Az) 
contains at most one point of the spectrum of H. If such a point exists. 
denote it by Ao. If AS Ao, let x = (H —-AI)-*p. Then z exists and is not 0. 
Furthermore, ¢) = ((H — ¢) #0. For otherwise (J — 
holds, hence (K — A(I — E))a becomes (J — F)(H — XI)z, which is (I — E)¢ 
and therefore 0. But this contradicts the assumption that A is not in the 
spectrum of K. Consequently, (3) is meaningful if A—2A>. The regular- 
analyticity and monotony of ¢c(A) at A= 2, follow from the identity 


(6) ((H—A1)*4,46) = 


where p(n) is the non-decreasing function on —o< p< defined by 
p(n) = (E(u), ¢) in terms of the resolution of the identity #()belonging 
to H. 

The definitions of z, F and K = (H — 4I)"'¢ show that (H — Al + cE)z 
=¢+cKr—¢+c¢((H—Al)“*¢,¢)¢. If c is given by (3), it is seen 
that (4) holds; so that A is in the point spectrum of H + cH. 

It remains to show that if A, exists, then c(A) is regular-analytic and 
increasing at AA o. (Of course, c(Ao) = 0.) To this end, let 40 be 
a real number; so that A, (and hence any A near Ao) is not in the spectrum 
of H,— H+ cE. Since the relation between K and H + cE is independent 
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of c, it follows that if » is on the interval (Aj, Az), then d is in the spectrum 
of H,-+ cE if and only if c(A) —co. Thus, for A near Ao, 


(7) c(A) — & = — 1/( (Ho 
This completes the proof of (I). 


4. Proof of (II). It will first be shown that if m(c) > m—1 for 
one value of c, say for ¢ =», then m(c) > m-—-1 for all values of c. 

Let *,2%m denote m ortho-normalized solutions of (4), where = 
andA=—A,. If (z;,¢) =0 for - -,m, then 2,,- - -, 2m are solutions 
of (4), with A=A,, implying that m(c) = m holds for all values of c. It 
can, therefore, be supposed that (z,,¢) #0. It can also be supposed that 
(x;,¢) =0 for 7—=2,---,m. For otherwise 2;, where 7 = 2,---,m, can 
be replaced by a suitable linear combination of 2; and 2, (then zr, becomes 
replaced by an element orthogonal to z2,- - -,%m). Consequently, the elements 
* *, are also solutions of (5), with A==A,. Since A =A, has a multi- 
plicity m in the point spectrum of K, there exists a normalized element x = y 
satisfying (5) with A=A., (y,¢) =0 and (y,2;) =0 for 7 =2,---,m. 

On the other hand, the definition of K and the relations (y, 6) = 0 and (5), 
with A —A,, imply that there exists a constant k satisfying (H — Al)y = kg. 
It can-be supposed that k= 0, for otherwise Y, Lo,° * *,Xm are m ortho- 
normalized solutions of (4), with A—A,, for every c, and the assertion is 
proved. 

If k= 0, it is easily verified that ay-+ 2, is a solution of (4), where 
A=dA, and Clearly, ay+ 2, is orthogonal to 
* and ay+2,0, since (ay+2,,¢) = (%1,¢) #0. Hence 
(4), with A=A,, has at least m linearly independent solutions for every c. 


5. The assertions of (II) can now be proved as follows: 


First, it will be shown that if m(c) =m —1 holds for all values of c, 
then c, = —o. 

Suppose, if possible, that c,; >—-o. Let y,2.,--+,2%m denote m 
ortho-normalized solutions of (5), with A—A,, chosen so as to satisfy 
(y, 6) = (zj,¢) =0 and (H for 7=2,---,m. Let 
denote a normalized solution of (4), for c—c(A) and A (>A,) near dj. 
There exists a sequence of A-values A’, A*,- - - satisfying A” > A*** > A, as 
n—o, and z; = lim z(A") exists in the weak sense. Since, as n—>00, 


(8) (H—AJI + = (A"—A,) x(a") + (ce, —e(A))a(a") 


tends to 0 in the strong sense, the limit x, is not 0. For, if it were, it would 
follow from Weyl’s criterion ([9], p. 378) that A==A, is a cluster point of 
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the spectrum of H + c,#, and hence of K. Consequently, c = zx, ~ 0 satisfies 
(4) for c—c, andA—A,. Also, (%,2;) for j= 2,---,m. In fact, 
(2(A"), = 0 for j= 2,---,m and n=—1,2,---, since and 2; 
satisfy (4) for c—c(A"), but for the distinct A-values, AA” and Aj, 
respectively. Since this implies that m(c,) = m, it contradicts the assump- 
tion that m(c) = m—1 for every c. 

In order to prove the converse, let c,;=-—-0o. Suppose, if possible, 
that m(c) = m for all values of c. The assumption that A = A, is an isolated 
point of the spectrum of H shows that the monotone function p(y) in (6) is 
constant near = A,, except for a possible jump at Aj. 

It follows from (3) that c, —-—o implies that ((H—AlI)~*¢,¢) has 
a finite limit, viz. 0, as AA, Hence, the monotone function p(,) 
has no jump at »— 2,. Thus, ¢ is orthogonal to the linear space spanned 
by the solutions of Let denote m ortho- 
normalized solutions of this equation. Then 2,- - -,%m are solutions of (5) 
with A = A}. 

Since p(u) is constant near »—A,, it follows that there exists an 2, 
orthogonal to z;,° 2%, satisfying the equation (H —¢. In fact, 
v is given by 


(9) r=(f 


(cf., e.g., the Appendix below). Clearly, x satisfies (7,¢) —0, since 
((H —AlI)*¢,¢) ~0 as +0. Furthermore, it is seen from the 
definition of K that (5) holds for A= It is also clear that - am 
and are linearly independent, since (H —A,l)z;—0 for j=1,---,m, 
while (H —dA,J)x —¢@. But this contradicts the assumption that the multi- 
plicity of A =A, in the point spectrum of K is only m. Thus the proof of 


(II) is complete. 


6. Proof of (II bis). Let c, >—; so that m(c) = m for all values c. 
Let x,(¢), %2,° denote m ortho-normal solutions of (4), with A= Ax, 
satisfying (2;,¢) = 0 for 7—2,---,m. IfA(>A,) is near let x(A) 
denote a normalized solution of (4), where c=c(A). Then x(A), 2, (¢(A)), 
* *, 22 form an ortho-normal set. Let y(A) = ar(A) + Ba, (c(A)), where 

= and = f(A), denote a normalized linear combination of 7(A) and 
a,(c(A)) satisfying (y(A),¢) =0. There exists a sequence of A-values 
satisfying A” > > A, as and y, = lim y(A") exists in the weak 


sense. Since | «|? + | B|?=—1, it follows that 
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(H —Al)y(A") = (H— Al + = @(A"— Ax) (A") 


tends to 0 in the strong sense, as n—>oo. Consequently, the limit y, of y(A") 
is not 0. For, if it were, it would follow from Weyl’s criterion used above, 
that A =A, is in the essential spectrum of H. 

Let y= 4;/| y: |; so that y, 2, - -,2%m form, an ortho-normal set, each 
member of which is orthogonal to ¢ and satisfies (4), with A = ,, for every 
value of c. By repeating the above argument involving (8), it follows that 
there exists an element z, orthogonal to y,22,- - -,%m and satisfying (4), 
with and c=—c,. Hence, m(c,) ==m- 1. 

It remains to show that there cannot exist another value of c, say ©¢,, 
distinct from c, and satisfying m(c.) —=m-+1. 

Suppose the contrary. Let y, %2,° ,2%m and @(C2), Y, Lm 
denote ortho-normal sets of solutions of (4), with A = A,, belonging to c= ¢, 
and ¢2, respectively. Whether or not x(c,) and x(c.) are linearly independent, 
they have a normalized linear combination, say x’, which is orthogonal to ¢; 
ef. the proof of (1), above. But then 2', y, @,- - -,%m are solutions of (5), 
with A=A,. Since this is a contradiction, the proof of (II bis) is complete. 


7. The signatures of the Lamé quadrics in Hilbert space. In the nota- 
tion of §1, let H be an n-rowed diagonal matrix with a, <-- < as 
diagonal elements, and let A;<---< An, be the Lamé coordinates of 
(é,°--,&), where é,540,---,& 540. Then, if k—=1,---,n, the 
number of the negative characteristic numbers of H — A;J is k—1. Corre- 
spondingly, for A= A.,° - -,An the quadric (1) attains each of the n types 
possible for a (real) central quadric (namely, the n — 1 types of hyperboloids 
and the real ellipsoid). In what follows, this fact concerning consecutive 
signatures will be extended in the direction of (I)-(II bis) to the case of 
Hilbert’s space. 

Let H be a bounded self-adjoint matrix having only simple points 
(if any) in its point spectrum, and ¢ a vector of length 1 in Hilbert space 
with the property that no characteristic vector of H is orthogonal to ¢. Thus, 
xz = 0 is implied by ¢) 0 and Hx=— Az. These assumptions on H and ¢ 
imply that, for a fixed value of c, 


(*) H + cE does not have a multiple eigenvalue. 


For if (*) is false, then there exists a A 4A, corresponding to which (4) 
has two linearly independent solutions, say z, and zr. Hence, a suitable 
linear combination z of z, and 2, will be such as to satisfy both z ~0 and 
(z,¢) = 0. It follows therefore from (2) that Hx —0, and from (4) that 
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Hz=dz. But the existence of such an z contradicts the assumptions con- 
cerning H and ¢. This proves (*). . 

Let c > 0 and é = c¢, so that the “ Lamé coordinates of é” correspond 
to the points of the spectrum of H+ cE. In view of the remarks preceding 
the statement of (I), the set of the cluster points of the spectrum of H + cH, 
for a fixed c, is identical with the set of cluster points of the spectrum of H. 
Let d’ and X” respectively denote the least and the greatest cluster point of 
the spectrum of H. Then (I) implies that the (empty, finite or denumerable) - 
set of points A, < A. <<: - - of the spectrum of H + cH (“ Lamé coordinates 
of €”) which are less than ’ are determined by the equation ((H — Al)-*4, ¢) 
=—I1/c. Clearly, —((H as A>-—o. Also, if Ao 
(<’) is a point of the spectrum of H, then it follows from (I) that 
—((H —AlI)-*¢,¢)"* tends to o or —o according as A-A,—0O or 
A+ 

These facts, when combined with (*), show that the number of negative 
points in the spectrum of H — d,I/ is k — 1. A corresponding statement applies 
to those “ Lamé coordinates of €” which exceed ”. Finally, it is clear from 
the definition of \’, X” that if »’ < Xr”, and if A satisfies X’ << A < A” and is 
in the spectrum of H + cH, then there is an infinite number of positive and 
of negative points in the spectrum H — XI. 


8. An application to differential operators. Let p(t) be a positive, 
and g(t) a real-valued, continuous function for 0 t<o, and let the 
differential equation 


(9) (pa’)’ + (A+ 


be of Grenzpunkt type. Then (9) and a homogeneous boundary condition, say 


z(0)sin p(0)2’(0)cos = 0, 


(10) 


determine a self-adjoint eigenvalue problem with a real spectrum S(a). Let 
T(x, «) = — (px’)’ — qx denote the self-adjoint operator associated with (10) ; 
so that the spectrum of 7'(z,«) is S(a). The set of cluster points 8’ of S(a) 
is independent of a; cf. [10], p. 251. Suppose that some real A-value, say 
=0, is not in 8S’. Then there is a value of a (unique mod corre- 
sponding to which A = 0 belongs to S(a); ef. [1]. 

Let 2 —¢(t¢) denote a normalized solution of (9) and (10) for A=0 
and @ = so that T'(¢,%)) On the sub-domain of T(z, %)) orthogonal 
to ¢, the operator 7'(x, %) possesses a bounded inverse K, since A == 0 is an 
isolated point of S(a). If «4a, (mod), then T(z,«) has a bounded 
inverse H(a), which is an integral operator; cf. [2]. 
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Let F be the projection of the Hilbert space L?(0,00 ) on the 1-dimensional 
linear subspace containing ¢ and let H = H(a,-+ 47). It is easily verified, 
from the form of the Green kernel belonging to H(a), that H(«) = H + cE, 
where c=c(a) is a constant (independent of «) multiple of cot(a)— a) 
for (modz). Furthermore, K = 

These facts, when combined with theorems (I) and (II), imply the 
results of [4] concerning the separation of the spectral sets S(a), S(f) 


- for «8 (modz). 


9. Another illustration: Mathieu functions. For a fixed q > 0, let 
do(q) (q) denote the A-values corresponding to which Mathieu’s 
differential equation, 

(11) xv” + + 16¢q cos*t)r = 0, 
has a solution (540) of period z or 2x. It will be shown that the results 
of Sections 2 and 7 imply that 

(i) if.¢ >0 and Xd are fixed, then (11) cannot possess two linearly 
independent solutions of period or 27; and that 

(ii) according as n inA=—A,(q) is of the form n = 4k, 4k + 3, 4k +4 2, 
4k +1, the differential equation (11) possesses a solution of the form 


(12:) z(t) + 32m cos 2mt; (12,) = sin 2mt, 


m=1 m=1 


m= m=0 


respectively. 


(i) is a theorem of Ince [5]; while (ii) can be derived as a consequence 
of an asymptotic formula obtained by Ince [6] for A,(q) as g-—>o (when & 
is fixed). Actually, it is well known that if A=A,(q), then (11) has a 
solution of the form (12,); that if A is Asnsi(G) OF Asnse(Q), then (11) has a 
solution of period 27 (but not of period 7), so that the corresponding periodic 
solution is of one of the forms (13,) or (132) ; that if A is Asnss(q) OF Asn(Q), 
then the periodic solution of (11) is of one of the forms (12,) or (122). 
The point of the assertion (ii) is that A = Aqnii(q) corresponds to a periodic 
solution of the form (13,), and A= Aini2(q) to one of the form (13), ete. 

In the following proof of (i) and (ii), it will be necessary to use the 
results of Sections 2 and 7 for the case of a self-adjoint matrix H which is 
not bounded. The nature of the above proofs makes it clear that this 
extension is obvious. 
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Since the factor cos 2z in (11) is even, any real periodic solution can be 
assumed to be either even or odd. A comparison of coefficients shows that if 
(11) has a periodic solution, it can be supposed to have one of the forms 


a) (12,), (122), (181), (182). 
Let H = (hnm), where m,n =0,1,- - +, be the Jacobi matrix in which 
he ham is 4n?, — 8q or 0 according as n= m, n-—m=+1 or |n—m|>1. 


Let ¢ be the vector having the coordinates (1,0,0,: - -) in Hilbert space. 
Then (2) shows that H is the matrix (é@nm) in which every nm, except eo) = 1, 
is 0. Correspondingly, K is the matrix which results if the first row and 
first column of H are removed; that is, K = (Amn), where m,n —1,2,---. 
A comparison of coefficients shows that (11) has a solution of the form (12) 
if and only if there exists a point x= (%,2;,: - -) 0 of Hilbert space 


satisfying 


(14) (H —AI + =0; 


ts 


and that (11) has a solution of the form (12.2) if and only if there exists a 
point +) 0 in the Hilbert hyperplane x) —0 satisfying . 


(K —A(I-— =0. 


The considerations of Section 7 (cf. (*)) show that H+ cH and K 


cannot have a common eigenvalue if no eigenvector « = (2%, %,: - -) of H is 
orthogonal to ¢. But the form of the equations (// —-AI)x —0 shows that 
if (z,¢) —0, that is, if —0, then Hence, there 


exists no value of A corresponding to which both (14) and (15) have non- 


trivial solutions 

It follows from (I) and (II)-(II bis), Section 2, that the values of A 
corresponding to which (14) has non-trivial solutions, separate and are 
separated by those for which (15) has non-trivial solutions. Hence, the 
periodic solutions of (11) are of the form (12;) or (122) according as n 
in AA, (q) is of the form n= 4k or n= 4k + 3. 

In order to consider solutions of the form (13,) or (132), let H = (hmn), 
where. m,n —0,1,-- -, be the Jacobi matrix defined as follows: If n0 
and m = 0, then inn is (2n + — 8q or 0 according asn =m, + 1 
or |n—m|>1; while if either n—0 or m=O, then hm, is 1— 89, 
— 8q or 0 according as n=m, n=m+1 or |n—m|>1. As before, 
let @=(1,0,0,---). A comparison of coefficients shows that (11) 
has a solution of the form (13,) if and only if there exists a point 
= (Lo, +) 0 in Hilbert space satisfying 
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(16) =0; 


and that (11) has a solution of the form (13.) if and only if there exists 
in the same space a non-trivial solution z of 


(17) (H —Al + =0. 


As above, (16) and (17) cannot have non-trivial solutions for the same value 
of A. It follows that the eigenvalues of H and H + 16qF separate each other ; 
and that, since c = 16q > 0, the least eigenvalue of H + 16q£ is greater than 
that of H. Hence, the periodic solutions of (11) are of the form (13,) or 
(13.) according as n in A= A,(q) is of the form n = 4k + 1 or n= 4k + 2. 


Appendix. 


Let A be a completely continuous matrix; A,,A2,° - - its eigenvalues; 
$1, $2," °° & corresponding set of eigenfunctions; y a point of Hilbert’s 
space ; finally, 


(1) ~ debe 


the “ Fourier series” of y. Picard [7] has shown that the infinite system 
of linear equations 


(2) Ar=y 


has a solution (in Hilbert space) if and only if 


(3) | |?/| Ax |? <0 5 


in which case 


is a solution of (2), the (unique) solution of least length. In (3), it is 
understood that if A4,—0 for some &, then | ay |?/| A, |? denotes « or 0 
according as a, 0 or a, 0. 

The object of this Appendix is to point out the corresponding criterion 
for the solvability of (2) when A is not completely continuous, but just 
bounded, say. 

Suppose first that A is self-adjoint and let H(A), where —wo<aA<w, 


be 
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be its resolution of the identity. The equations (2) are solvable if and 
only if 


in which case 


(6) (f 


is a solution of (2), the solution of least length. This follows from the 
fact that a necessary condition for the solvability of (2) is that y be on 
the manifold M orthogonal to the solutions of the homogeneous equations 
Ax=0. On a subset of M, the matrix A has a unique inverse A-*, not 


necessarily bounded, given by 


we f (A), 


where = H(A) or F(A) — F(0) according asA << O0orA=O0. Finally, 
(5) is necessary and sufficient in order that y be in the domain of A-?. 
Then (6) is Ay. Since (6) is orthogonal to all solutions of Ax —0, 
it follows that (6) is the solution of (2) of least length. 

If A is not self-adjoint, it is sufficient to apply the well-known device 
of replacing (2) by the equivalent system of equations 


(a 0) (2) 


in which the operator represented by the 2-rowed matrix is self-adjoint 
(A* denotes the adjoint of A). What thus results, in case of solvability, 
is again the solution of least length. Correspondingly, the above result can 
be thought of as a spectral formulation of the criteria of E. Schmidt [8], 
which he expresses in terms of limits of Gram determinants or equivalent 


“elementary ” procedures. 
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AN APPLICATION OF THE THEORY OF BASIC SERIES TO 
THEOREMS OF BERNSTEIN-WIDDER TYPE.* 


By Puiuip Davis. 


1. Introduction. That the signs of the derivatives of a function of 
class C® on an interval may influence its analytic character was first pointed 
out by S. Bernstein [1]. Bernstein’s theorem may be stated as follows. 


THEOREM 1. Let f(x) bea real valued function defined and of class C® 
in—1<a2<1. If each derivative of f(x) is non-negative in —1 <2 <1, 
then f(x) 1s necessarily analytic in that interval. 


Some years later, a result of a similar nature, but this time showing the 
effect of the signs of the even derivatives, was obtained by D. V. Widder [2]. 


THEOREM 2. If f(x) is real and of class C® in —1<4<1 and if 


then f(x) necessarily coincides with an entire function of exponential type 
at most 7. 


Functions satisfying the condition (1) have been termed completely 
convex. Subsequently Boas and Pélya [3] gave a generalization which con- 
tained as special cases both Theorems 1 and 2. In the present note these 
theorems are generalized in another direction by obtaining similar results 
for a number of familiar sets of differential operators. We shall find it 
convenient to formulate these results using the notion of the basic series of 
polynomials introduced by Whittaker [4]. Our work is essentially algebraic 
in character, inasmuch as all questions are referred back either to Theorem 1 
or to Theorem 2. 


2. Basic sets and series. In Whittaker’s terminology, a set of poly- 
nomials {p,(z)} is called a basic set if an arbitrary polynomial can be 
expressed in a unique fashion as a finite linear combination of the py’s. 
Whittaker has given the following necessary and sufficient condition that a 
set of polynomials be basic. 


* Received April 6, 1950. 


787 


788 PHILIP DAVIS. 


THEOREM 3. Given the set of polynomials 


(2) pa(2) — pas! 


where in (2) we have inserted dummy zero coefficients; a necessary and 
sufficient condition that the set (2) be basic is that the row-finte matrix 


(3) P= (Pnj) (n, = 0, 
have an inverse Q which ts row-finite : 
(4) PQ —QP =I. 


By a row-matrix is meant one in which each row has but a finite number 
of non-zero elements. It may also be remarked here that the multiplication 
of row-finite matrices is associative, so that the above condition is equivalent 
to the existence of a unique Q for which QP =I. 

With a given basic set of polynomials (2) with matrix P = (p,;) and 
with unique row-finite inverse Q@ = (qnj), there may be associated the 
following set of (possibly formal) power series: 


(5) Qn(2) (n= 0,1,2,--°). 
k=0 


The associated set may be characterized in the following way. The set 
{q@n(z)} is associated to the basic set {p,(z)} of polynomials if and only if 


(6) Pn(2)Qn(w) 


0 


holds as a formal identity, in the sense that when substitutions are made, 
order of summation reversed, and coefficients compared, we have equality. 
it is easily seen that as a formal identity, (6) is equivalent to (4). 

We shall give a second characterization of the associated set. For two 


power series p(z) = >) an2", g(z) = > Dn2", introduce the inner product 
n=0 n=0 


(7) [p, q] = 


If either p or q is a polynomial, there can be no question of the convergence 
of the series in (7). The set (5) is associated to the basic set (2) if and 
only if the two sets are biorthonormal: 


1 See, e. g., Dienes [5]. 
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AN APPLICATION OF THE THEORY OF BASIC SERIES. 


With a given function f (of an appropriate class) and a given basic set, 
there may be associated the following formal expansion of f: 


(9) (2) ~ [am 


the so-called basic series for f. The study of the representability of functions 
in a series (9) forms a major chapter in the theory of functions. For our 
purposes, however, we need only know that equality in (9) holds whenever 
f is a polynomial. Since {p,(z)} is basic, there is a unique finite expansion 
of a polynomial f: f = crepe. Hence by (7) and (8), 

We shall now list a number of basic sets together with their associated 
sets. Our list is intended to be suggestive rather than exhaustive, and may 
be augmented at will. Moreover, the examples have been chosen so that the 
associated functions are expressible in closed form. Except when otherwise 
noted, the 0-th polynomial is 1. 


Maclaurin Polynomaals: 


(10) Pn(2) == 2"/n! ; Qn(Z) = 2". 


Newton Interpolation Polynomials: 


a, distinct ; 


Pn(Z) = (4 —@) (4—th) * 


= 


(11) 


+ « + 


Gontcharoff Polynomials (Whittaker [4]) : 


(12) Pn(z) — a, f den, Qn(2) = 2%e%N*/n!. 
nH 


Lidstone Polynomials (Widder [2]): 


po(z) Ponsi (2) = Pon(1 —z); 
(13) Pon-2(Z) = Pon” (2), Pan(0) Pon(1) 0, 


208, 


Jan (2) 27", 
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Hermite Polynomials: 
[n/2] 
(14) pa(z) => 2k) !, (z) 2%e*/4/2"!. 
k=0 


Appel Polynomials (Boas [6]) : 


pa(2)w", = 2"/A(2), 
A(w) regular at w=—0, A(0) #0. 


3. Applications. We may now state our principal theorem. 


THEOREM 4. Let {pp(z)} be a basic set of polynomials with real 
coefficients, and let {qn(z)} be the (possibly formal) set of associated power 
series. For each n, let [q;(z),2"] = nj have a constant sign as j varies. 
Then, with f(x) a real valued function of class C® on —1<2#<l, 


(16) pr(D)f(r) 20 (n=0,1,2,- 
implies that f(x) is analytic in —1 <2 <1. 


Proof. We have, for some integer kp, 


et — [a 5 hence Dif — 


The inequality (16) now implies that D*f(z) has constant sign in 
—1<z<1. The theorem is therefore an immediate consequence of 
Theorem 1. 

It may happen that the associated series gn(z) have non-negative 
coefficients for all n. In other words, the basic set {pn(z)} has a positive 
inverse property. - All. the sets of our list, with proper restrictions on the 
arbitrary constants appearing therein, have this property. 


4.1. If a; = 0, then the sets (10), (11), (12), (18), (14) 
have a positive inverse property. This is also true of the set (15) provided 
that [A(w)]-* has non-negative Maclaurin coefficients. For the polynomials 
of any of these sets, condition (16) implies analyticity in —1 <4 <1. 

Proof. Inspection of the corresponding q,’s reveals that under the above 


conditions their coefficients are indeed non-negative. For the set (11) we 
should add that gnj—= 3% aoa,“- - where the summation is extended 


over all non-negative for which i, + -+%4=n—j. 


Theorem 4 is capable of further generalization, for Theorem 1, as stated, 
is but a special case of Bernstein’s results. Actually, Bernstein has shown 


te 
t 
is 
b 
al 
a 
| ( 
( 
tl 
a 
| 


AN APPLICATION OF THE THEORY OF BASIC SERIES. 791 


that if each successive difference of f(x) is of constant sign in the interval, 
then, without assuming the existence of derivatives, it will follow that f(r) 
is analytic in the interval. If therefore in Theorem 4, pn(D) be replaced 
by px(4), the conclusion follows without assuming the existence of derivatives. 

By selecting the Newton Polynomials (11) and combining Theorems 4 
and 2, we arrive at the following generalization of Widder’s Theorem. 


Corotuary 4.2. Let f(x) be real and of class C® on —1<a4<l, 
and suppose that a; are real. Then 
(17) f(z) 20,  (—1)"(D* + a’) + an’) f(z) 20 


(n=1,2,---;—1<24<1) implies that f(x) is completely convex on 
the interval and hence coincides with an entire function of exponential type 


at most x. 


HARVARD UNIVERSITY. 
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THE MEAN CONVERGENCE OF ORTHOGONAL SERIES.* 


By G. Mitton Wina. 


1. Introduction. We consider a sequence of functions {¢n(z)}, n = 0, 
1,2,- - +, orthonormal with respect to a measure 


JS, $n (2) (x) = bum; 
@ 
and the corresponding formal expansion of an arbitrary function in terms of 


this sequence, 


(1.1) f(a) ~ (2); 


b 
where a, = f f(x)¢n(x)dF (x). While the local convergence properties of 


series of the type (1.1) have been thoroughly investigated for particular sets 
of ¢,(x), their mean convergence has been studied but little. This problem 
takes the form: for what values of p, 1= p< does the existence of the 


integral f | f(x) |? dF (x) imply that 


N 
(1.2) lim f(2) P(x) = 0? 


b 
When equation (1.2) holds for every f(z) such that f | f(x) |? dF (2) 
a 


exists we shall say that the sequence {¢,(x)} forms a basis for the space of 
these functions. 

In the case that F(x) is an increasing, absolutely continuous function 
a different question may be posed. If dF (x) —w(zx)dz then the sequence 
{¢n(x)w*(z)} is orthonormal in the classical sense and one is led to the 


formal expansion 


(1. 3) f(a) ~ (x) w(x), 


* Received November 16, 1949; revised April 2, 1950. Presented to the Society 
October 29, 1949. The research was carried on while the author held an Atomic Energy 
Commission Predoctoral Fellowship. 
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b 
where b= f f(x)¢n(x)w*(x)dz. We now ask: for what values of p, 


1= does the measurability of f(x) and the relation | f(x) |? dx 
a 
(i.e., f(x) in LZ?) imply 


b N 
lim f | f(x) —3 |? de = 0? 
n=0 


Problems of this sort were first investigated by M. Riesz [15], who 
considered the case of trigonometric functions, and later by Schauder, Kober, 
Caton and Hille, and Paley [16, 8, 4, 10], who investigated other special 
sets of functions. Recently, H. Pollard has studied extensively the mean 
convergence of orthogonal polynomials [11, 12, 13, 14]. We shall make 
some additions to his results and apply similar methods to the problems 
associated with expansions in series of Bessel functions. It should be noted 
that the Z? theory of Hankel transforms (the integral analogue of Fourier- 
Bessel Series) has been studied by Busbridge [3]. 


2. General principles. Our interest will be confined to a sequence 
{f,(z)} orthonormal over a finite interval with respect to a non-negative 
weight function w(z). We shall assume the elements of the sequence belong 


b 
to Lw? (i.e. f | bn(x) |? w(x) dx <oo for all n) and to the conjugate space 
L,®’. We assume also that the sequence is closed over both of these spaces 


/; 
The notation || f(x) ||, will regularly be used to mean | f(x) |? 


and Sy(f,x) will denote the N-th partial sum of the series in (1.1). The 
following principles will be used repeatedly. 


(i) To establish that {¢n(xv)} is a basis for L,?, p > 1, it suffices to 
prove that, for all f(x) in L,.?, 


Tim | lp < +2. 


The proof of this has been given by Pollard [13, p. 361]. 


(ii) If {¢,(r)} is a basis for ZL”, p > 1, then it is also a basis for L,,”’. 


This principle may be found in Banach [1, p. 108] for the case w(x) =1. 
His proof may be generalized to include our case. 
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CHAPTER J. BEssEL SERIES. 


3. Orthogonality of sets of Bessel functions. It is well known [19, 
p. 134] that if {An} (n—1,2,---) is the sequence of successive positive 
roots of the equation 


(3.1) aJy’(x) + HJv(r) = 0, 


where H is a real number and vy = —1, then 


(3. 2) (mt) dz 4{ (1 —v?/A2n) Iv? (An) Jy’? (An) 


In case H =-+0 the sequence, which we now denote by {yn}, becomes 
the sequence of positive roots of Jy(x). In place of (3.2) we have 


(3.3) f Tv — (ttn) Bam 


Series based upon the relation (3.3) are usually referred to as Fourier- 
Bessel series. They are somewhat easier to handle than the more general 
Dini series arising from equation (3.2). Fortunately, however, the conver- 
gence properties of the latter may be deduced from those of the simpler series. 


4, Fourier-Bessel series of the type (1.3). We consider the sequence 
{ (pnt) }, and write 


N 
Sy(f, 2) = bn (unt) (un), 
where (pn) bn = 24 ‘hv (unt) f(t) dt 
Then we have Sy(f,z) = dt, where 


N 
Un(t,x) =2 Jv (tnt) Tv (unt) ver? (un) 


The following lemma, due to MacRobert [9], is crucial in the proofs of many 
of the theorems of this chapter. 


Lemma 4.1. If v=—4 and Ay = (N+ 4v+ }4)z, then 
< O(at) + (2—2—2)>), 
for all x and all t in [0,1]. 


con 
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This result we now use to obtain our first theorem concerning mean 
convergence of Bessel series. 


THEOREM 4.1. If v=—4 and f(z) isin L* for p>1 then 


lim f | f(x) —Sw(f, x) |? dx = 0. 


Remark. We note the relations J;(z) = and 
= (2/rxz)*cosx. Hence when v= + } our series become trigonometric series, 
and our theorem therefore includes the classical result of M. Riesz on mean 
convergence of these series [15]. 


Proof of the theorem. Since the function ¢’J,(t) is entire [see 19, 
p. 40], the condition v=—d4 implies that the functions fJv(pat) are 
bounded in ¢ in [0,1]. The coefficients a, are therefore well-defined. The 
lemma suggests that we write 
1 
Sv(f,2) f 
0 
4Ay[Jv (Ayr) J v41 (Ant) — Jy(Ayt) Jv: (Ane) — t) 


From the lemma we deduce that 
(41) (@t+ 97+ @—2—1}1 KO) at 


+4 | Ant —t)dt | : 


The convergence almost everywhere of the improper integrals, as Cauchy 
principal values, follows from the fact that the functions (Ayt)*Jy(Ayt)f(t) 
and (Ayt)*J,,,(Ayt)f(t) are integrable [18, p. 132]. 


We shall now prove that 
(4.2) Tim | Sy(f,2) < +2. 


1 
By Hilbert’s inequality [6, p. 226] the function g(r) = f | f(t)|/(w + t)dt 
0 
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is in L? so that || g(r)||)<0. A simple change of variables allows us to 


1 
make a similar statement concerning | f(t) |/(2 dt. 
0 


The remaining two integrals of (4.1) are similar, and we need examine 
only one of them. We follow the method used by M. Riesz in his treatment 
of trigonometric series [15]. Write 


Iy (x) — J Ant — Oat 


where By(r) = Cy(t) = (Ant). 


From the asymptotic form of the Bessel functions [19, p. 194], we 
conclude that By(z) and Cy(t) are bounded in N, xz, and ¢. Hence Cy(t)f(¢) 
is a member of L?. It follows by a theorem of Riesz [15] that Iy(z) is 
also in LZ? and || A || Cy(x)f(z) p< All f(z) < A, since By 
and Cy are bounded. 


We now apply Minkowski’s inequality to (4.1) to get 


+4] Bula) 


+4] || < +0. 


Hence (4.2) is established. 


If it can now be shown that the sequence {(22)!Jv(nx)/Jva1(pm)} is closed 
in L®, principle (i) of §2 may be applied to complete the proof. W. H. 


1 

Young has proved if ¢#f(¢) is in Z, then the vanishing of tf(t) J v(nt)dt 
0 

for all n implies that f(t) =0 [21, pp. 174-175]. From this follows the 


completeness of our sequence in L?, and hence its closure [see 7, p. 200]. 


5. Fourier-Bessel series of the type (1.1). We turn next to series of 
type (1.1) with = 2Jv(par) (un) and 


(jn) On 24 Io (unt at 


th 
is 
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to 


The partial sums have the form Ty(f,z) = We prove 
0 


the following theorem. 


THEOREM 5.1. If v=—4 and f(t) is in Ly, 4/2 <p <4, then 


Proof. The coefficients a, exist provided # | f(t)| is in L, since t4Jy(pnt) 
is bounded in ¢ in [0,1]. Now 


The last integral exists by assumption. The first on the right converges 
provided (4—1/p)p’ = (1/p’ —4)p’ > —1 or p’ < 4, as assumed. 


Proceeding exactly as in Theorem 4.1, we find that 


(5.1) | FO 


+4 
+4 Avdo(Ast) Jon (Ave) | 


This expression must now be treated more carefully than the similar one for 
| Sv(f,2)| encountered in §4. Our goal is to prove 


(5. 2) Tim | Tu (f,2)2*? < +0. 


We begin by considering 


(5.8) g(x) f(t) + 


S | F(t)|/(@ + t)dt + f. | f(t) | — 1} + 


=I,(x) +J.(x). Hilbert’s inequality again applies to [,(z). By the 
converse of Hélder’s inequality [6, p. 120], J2(z) belongs to L? if the double 
integral 


797 
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(5.4) T= | + that 
is bounded for every h(x) in L”’. 


Applying Hélder’s inequality for double integrals to (5.4) we have 
(a + 1) at 


In view of the conditions imposed on p, it now suffices to prove the bounded- 
ness, for all x in (0,1), of 


where 0 >a >—1, 0>b>—41. The trivial substitution z— tr yields 
The last integral is clearly finite. Hence J converges and g(z) is in L?. 


1 
Similarly, g,(z) f | f(¢t)|/(2 —a—t)dt is a member of 
0 


Finally we turn to the last two integrals of (5.1). It suffices to consider 
just one of these. Let 


— Jf 


In proving that Gy(z) is in LZ, it will do no harm to suppose f(t) => 0. 
Write 


Gy (xz) = By(z) 


4 By(z) Oy (t) { — 1} — 2) dt. 


‘pp’ 
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The first integral is covered by Riesz’s theorem. The second may be treated 
by the device used in investigating I,(x) of (5.3) and leads to 


1 
0 
This is finite for z in (0,1). Hence 


Here A is independent of WN since the B’s are bounded in N. This estab- 
lishes (5. 2). 

We need now only establish the closure of the sequence {Jv(nt)} in L/’. 
Since f(t) is in LY for p > 4/3 it follows that ¢#f(¢) is in ZL. Hence we 
may again use the result of Young and assert that the sequence is complete 
in L, for p > 4/3, and so closed there for p < 4. 


6. A counterexample. We have seen that the condition p > 4/3 is 
necessary to insure the existence of the coefficients an, provided we allow the 
order v of the Bessel functions to be as small as —4. Our argument depended 
upon the fact that is bounded in ¢,0 forv=—4. Since, 
more generally, /’Jy(n»t) is bounded in ¢, one might expect that the conditions 
on p should really depend upon ». The following example shows that this 
is not the case. In view of principle (ii) of §.2, we may confine our attention 
to the interval 1 = p < 4/3. 


THEOREM 6.1. There exists a function belonging to L?, 1S p < 4/3, 
whose Fourier-Bessel series does not converge in L,?. 


Proof. The function f(t) = ¢-*/ belongs to L? for p< 4/3. To prove 
that its Fourier-Bessel series does not converge in the mean it suffices to 


prove that 
1/p 
{ t | To(unt) at 0, 
7/70 
where 
1 
(6. 1) J (pn) On = 2 t4Ty (pnt) dt. 


We may confine our attention to the case v > —4 since the coefficients a, 


800 G. MILTON WING. 


do not even exist when y—=—4. Substituting z for tu, in (6.1) we have 
[see 20, p. 383] 


(6.2) Tim = 2 240 (dy + (dy + 2) 
=A>0. Now 

(6.3) | Tv (pnt) |? dt = | |? dz > Bop”, 

as one may verify by use of the asymptotic formula 


Jy(z) ~ (2/22)? cos (z — 4vr — 
[19, p. 195]. Combining (6.2) and (6.3) we get 


f t | To(ant) at Tim > 0, 
n—> © 0 n—> 


as desired. 


It is interesting to note that the interval of mean convergence, 
4/3 << p< 4, is the same as that for Legendre series and for series of more 
general types of polynomials to be discussed in §9. In all of these cases 
the question of convergence at the endpoints of the interval is still open. 


7. Dini series. From (3.2) it is clear that the functions k,aJy (Anz) 
where 2/kn? = (1 — v?/An?) Jv? (An) + Jv’? (An) form an orthonormal sequence 
over [0,1] when v=—1. We are led to consider the formal expansion 


(7.1) ~ dno), 


1 
where Bama f f(t)@Jv(Ant)dt. Dini has shown in his study of point- 
0 


wise convergence of such series that (7.1) is not always the correct formal 
expansion [5]. Rather, one must add to the series of (7.1) a term By(z) 


where 
1 

= 0 if H+v>0; Bo =2(v+1)2% f af (t)di if Ht+v—0; 
0 


Bo(%) = 2Ao*Tv (Age) (Ao? + Iv? (Ao) — Ao? Lv’? (Ao) } 
ifH+ 0. 


Here + id, are the two purely imaginary zeros of (3.1) known to exist when 
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H+v<0 and I,(x) = e*"*J,(xei™*). Denoting the partial sums of the 


1 
amended series by oy(f,z), we have oy(f, 2) -{ (at)*Cy(t, x) f(t) dt, 
0 


where 


ve 


Cy(t, 2) = Ao(a, t) + dat) To (dat), 


Ao(a, t) =0 if H+v>0; Ao(a, t) =2(v + if H+v=0; 


Ao(z, t) = (Aow) Lv (Aot) /{ (Ao? (Ao) — (Ao) } 
ifH+v<0. 


We now prove the following theorem. 


THEOREM 7.1. Jf v=—4 and f(z) ts in L?, p>1, then 


lim f f(@) = 0. 


Proof. Using the notation of the previous section we let pm be the 
largest zero of Jy(x) which is less than Ayy;. Then it may be shown that 


| Cy(t, 2) —Um(t, < C/(at)#(2—2x—t) for all and ¢ in [0,1] 


[19, p. 599]. Hence 


| f° (x(t 2) 2) + Um(t 2) 


The arguments of § 4 yield 


ov(f, 2) lp < Ap + || Sm(f, 2) lp < Ap. 


To complete the proof we must establish the closure in L?, p >1, of 
the orthogonal sequence {¢n(x)}, where on(x) =24Jy(Anv) for n > 0, and 
=0, or according as H+v>0, H+v=0, or 
H-+v<0. Young has proved the completeness of {¢n(z)} and the closure 
then follows. This establishes the theorem. 


1 
To complete this section we write a, = nf tf (t)Jv(Ant) dt, and consider 
0 


=Co(x) + > where 


12 
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=0 if H+v>0; C,(z) + f tyat if H+v—0; 


= (Aor) /{ (Ao? + v2) Iv? (Ao) — (Ao) } tf (t)I)(Aot) dt 
if H+ 


The methods we have employed in this paper now suffice to prove the 
following theorem. 


THEOREM 7.2. If v=—4 and f(t) is in LP, 4/3 <p <4, then 


(7.2) lim | —rw(f,2) de 0. 


Moreover, there exists a function in L?, 1S p< 4/3 (or p> 4) such 
that (%.2) fails to hold. 


CHAPTER II. ORTHOGONAL POLYNOMIALS. 


8. In this chapter we shall extend some of the results of H. Pollard on 
the problem of mean convergence of series or orthogonal polynomials. The 
first theorem, without proof, has been announced in a special case by Pollard 
[11]. The second improves one of his results, while the last make it possible 
to absorb a wide class of polynomials into the existing theory. 


9. Extension of a theorem of Pollard. The following theorem is duv 
to Pollard in the special case when w(x) = (1—72)*(1+47)8 «a2—4, 
p=—}. 

THEOREM 9.2. Let the polynomials {p,(x)} be orthonormal on [-— 1, 1] 
with weight function w(x). Let (1—2?)“qn(x) denote the polynomials 
orthonormal with respect to the weight function w(x) (1— and let the 


following conditions hold [see 13, p. 356]: 


(H-1) w(x) 20 almost everywhere on [—1,1]; 


(H-2) log w(z)| 


(H-3) (1—2?)%| p,(xz)| w(x) SA for all x in [—1,1] and all 


(H-4) (1—2?)-*% | qn(x)| wi(z) SA for all x in [—1,1]| and all 


he 
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Then, if is in 4/8 <p — de, 
we have 


(9. 1) lim | f(x) pa(x) |? dx = 0 
Noo -1 n=0 Ps 


Proof. We first show that the coefficients }, are uniformly bounded. 


For, using (H-3), | 


1/p’ 


We now write Sy(f, 2) ais (0), and seek to prove that 
Jim | Sv (f, 2) lp <0. Substituting the value of b, and rearranging some- 
we have 

Sy (f,2) tat. 
Here [see 13, p. 358]. E 


key (x,t) = gu (t)/(@&—t) + — 
+ (x) pysi(t), 
the constants ay, By, yy being bounded in N. Therefore 


+ Brqu(a)wi(a) 


The last integral is just by,, and so is bounded. (H-3) and (H-4) then 
yield 

1 
(9.2) Sy(f,2) <4 | | 

- 


+4] | +4. 
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We now write qy(t)wt(t) = Ay(t)(1—?*)*%, where Ay(t) is bounded in 
N and ¢t. Hence 


| 


1 
+ | |. 
p 
According to the theorem of M. Riesz [15] the first term is bounded. To 
settle the second we need only prove that 


is in L?. This follows at once from a result of Pollard [13, p. 363]. The 
second integral of (9.2) is handled similarly. 

The proof is now completed by noting that the sequence {w3(r) pn(x)} 
is closed in L?. 


10. Weight functions of class B. We shall say that the weight function 
w(x) =t(x)(1— r)*(1+2)8 («=—4, 8B =—+}4) belongs to the class B 
if ¢(x) is positive on [—1,1] and has there a continuous derivative with 
the property that h) = O(n*|h|) as R-0 uniformly in 
[—1,1]. 

The class B has been studied extensively by S. Bernstein. It may be 
shown that conditions (H-1) thru (H-4) of Theorem 9.1 are satisfied for 
a sequence orthonormal with respect to a member of B [2, pp. 267-268; 13, 
p. 362]. The case ¢(x) ==1 yields the Jacobi polynomials P,'*®) (x) [17, 
p. 57]. We now prove the following theorem concerning mean convergence 


of Jacobi series. 


THEOREM 10.1. Let w(x) = 
Then, if f(x) is in L?, 4/3 << p< 4, equation (9.1) holds. Further, for 
1=p< 4/3 (or p>4), there exists a function in L? for which (9.1) 
fails to hold. 


Proof. The first part of the theorem follows at once from Theorem 9. 1. 
For the second part it suffices to find a function f(z) in L?, 1S p < 4/3, 
such that 
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Fim | | fila + 2) MP, (a) |? de "0. 
Here [see 17, p. 238] 

The function f(z) = (1+ z)#(1—2)-*/* is in L? and [see 1%, p. 249], 
(10.1) — fia 4 2)8(1 (2) dar ~ ni, 


a1 
Further, = (1—2)§ | (x) | de 


— (1 + 0) | de 


Now J ~ n> [17, p. 168], and the last integral is finite. Therefore, we may 
select an A > 0 such that 


1 1/p 

(10. 2) f | (1 + (x) |? da > An 
-1 

for all n. From (10.1) and (10.2) we obtain the desired result. 


THEOREM 10.2. Let w(x) eB. Let f(x) eLy? for a value of p satisfying 


2843) 2a +1°28+1 


and define = f(r) Then 


4 max 


1 N ; 
lim | f(x) —S |? w(x) da = 0. 
-1 n=0 


Proof. According to a result of Pollard [13, p. 363], it suffices to prove 
that the kernels 
— #2\2% 
(10. 3) K:(z,t) = | | (#=5) (20) | 


z* w(z) 


1 
have the property that f K:(a, t)g(t)dt belong to L® whenever g(t) does. 
-1 
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Our method of proof is an extension of one used already by him [14]. We 
shall deal only with K,; a similar treatment may be used for K.. 


It suffices to show [14] that 
1 1 — 4? 1/p 


GRY 76 - GS) (FRY 
is bounded in (—1,1), where 


a=—}+2(1/p—3)+1/p, 
d=1/p 


and T(x) = {t(x)}*/*. We remark that a, b, c, and d all lie in the open 
interval (0,1). 


Assume for the present that 0 = 7 < 1 and write F(x) in the form 


-3(1+2) 1 
+f” +f 
-1 -k(1+2) 


=A(r) + B(x) + C(x) + D(x). (This decomposition is attributed by 
Pollard to P. Erdés.) The last integral is easily dealt with. Since the 
conditions on ¢(z) imply that T(z) is bounded above and below, 0 < m 
=T(r) = M we may write 


4 (1—t)~-|2—t |= dt} 


1 
$(1+2) 


a 
SK. 


The third integral is more difficult. Writing u for t— vz, we get 


dt 
| 
3(1-2) 
0 |} \l—u—z 
—( 1—z 
1—u—z 
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By the mean value theorem, 
uT’ + 6,u)/T (x) (0 1) 


for all 2 and uw such that —1S21,—1Su+221. Formula (10.4) 


then gives us 


U a U b 

u e u 


3(1-2) T’ (x + U a 


The first integral is known to be bounded [14]. In the second we observe 
that the conditions imposed upon ¢(z) imply that T’(z + 0,w) is continuous 
in z+ 6,u, and hence bounded. Further, since 0 <a< 1, 


Slt 


(1-2) 
C (2) <K+K{ (1—2)/(1—u—a2)du< K. 


The integrals A(z) and B(x) may be treated similarly, so that F(x) is 
bounded for z in [0,1). The same arguments may clearly be used for z in 
(—1,0]. This completes the proof of the theorem. 
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ON THE STRUCTURE OF SOME SUBGROUPS OF THE 
MODULAR GROUP.* 


By Emit GrosswaLb. 


1.1. Let us consider the group [ of modular substitutions, where 


a b : 
elements are the matrices ( a where a, b, c, d are rational integers, 


satisfying 


(1) ad — be = 1. 


On account of the significance of a, b, c, d as coefficients of a linear fractional 
—a —b 
of T as 

—c —d 
identical. Imposing suitable supplementary conditions on a, 6, c, d, we can 
define various subgroups of T. If, in particular, the supplementary con- 


transformation, we consider the elements ( 


dition is 
(2) 


the corresponding matrices form a subgroup Ty(p) of I, whose structure has 
been studied by H. Rademacher [4].1 If, instead of (2), 


(3) 


holds, the results are perfectly analogous, as pointed out by H. Rademacher 
in the last paragraph of his above-mentioned paper. 
In a similar way, we define the subgroups T',°(p) by the conditions 


c= 0 (mod p), 


b =0 (mod p) 


(4) b=c=0 (mod p); 


and we define the “ principal subgroups ” T'(p) by the conditions 


(4’) b=c=0 (mod p); a==d=1 (mod p). 


It is our purpose to study the structure of these subgroups, indicating for 
any given prime number p, the corresponding set of independent generators 
and independent defining relations for T)°(p); hereby, the abstract structure 
of the corresponding subgroup will be completely defined. Moreover, though 


* Received January 17, 1950. 
1 Numbers in square brackets refer to the bibliography, at the end of the paper. 
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the method does not permit to write directly the independent generators as 
functions of p, we can find, explicitly, the generators for every particular, 
numerical value of p. 

1.2. The main results established in this paper are: 

(a) The subgroups T,°(2), To°(3) are generated respectively by 2, 3 
independent generators; for p > 3, To°(p) is generated by 


m = 2[(p + 2)(p—1)/12] +3 


independent generators. The explicit form of these generators is found. 


(b) For p=3, T,°(2), To°(3) respectively are the free groups 
of 2, 3 generators respectively ; for p > 3, the generators satisfy the following 
defining relations: 


(1) Two of the generators satisfy 
(5) A’) = 1; do’) =I if p=1 (mod 4). 
(ii) Two of the generators satisfy 
(6) =I; V*(k2”, Ao”) if p=1 (mod 3). 
(iii) Two of the generators satisfy relations like (5), and two satisfy 
relations like (6), if p==1 (mod 12). 


(iv) No defining relations exist if p==—1 (mod 12); T,°(p) is then 
the free group of m independent generators. 


(c) For p= 2, both independent generators of I,°(2) are parabolic; 
for p = 3, three of the independent generators of Ty°(p) are parabolic. 


(d) The genus of a fundamental region corresponding to T,°(2) and 
T,°(3) is zero; for p > 3, the genus is given by 
9 = [(p + 2) (p—1)/12] —1 + r(r? — 25) /24, 
where p=r (mod 12); —5Sr=+5. 
(e)? If p—2, the principal subgroup ['(2) ‘is identical with the sub- 
group T,°(2) ; for p= 3, T'(3) is the free group of 3 generators; for p > 3, 


and p==—1 (mod 12), I'(p) is a free group of p(p? —1)/12 + 1 generators. 
The method follows closely that of Professor H. Rademacher [4]. 


* After the present paper had been completed, it was brought to our attention that 
the structure of the principal subgroups had been completely determined by H. Frasch 
(see [7]) who proved the results from (e) without the restriction p = — 1(mod 12). 
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Results of K. Reidemeister [5] and O. Schreier [6] have also been used. 
We wish to take this opportunity to express our gratitude to Professor H. 
Rademacher, who suggested the subject, and whose methods and advice have 
made this paper possible. 


2.1. If H is a subgroup of the group G, we may write G as the sum 
of H and its co-sets, as 


(7) G H + HR, + HR, 
where 


With R, =I, we may write (7) as 


G=SH-R, NS=+0. 
n=0 

The elements of the set {R,}, including Ry —IJ, are called the “ represen- 
tatives” of the decomposition (7’). Given any element Me G, let HR» be 
the co-set to which it belongs; then, following Schreier, we shall wirte 4 
for the corresponding representative R». K. Reidemeister [5] has shown 
that if {S;} (1 —1,2,---) are the generators of G, then all generators of 
H are found, eliminating from the expressions 


(9) RySiRaSi 


those, which reduce to the identity, when, in (9), the R, and S; range 
independently over all representatives {#,} of the decomposition (7%’), respec- 
tively over all generators {S;} of G. 

In order to be able to apply the results of 0. Schreier [6] we have to 
take care that the system of representatives {R,} be chosen in such a way, as 


n 
to satisfy Schreier’s condition: * “ Whenever R, is a representative 


j 
of its co-set, also all sections of the product, II Si (7 =1,2,---,n—1) 


4=1 


shall be representatives of their co-sets.” Once this condition is satisfied, 
all defining relations of H are found (see [6] and [4]) by 


(10) Rap(Si) = I, 


where the FR, range over all elements of {#,} (including Ry =J) and 


*See [6], page 177, condition “ F.” 
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p(Si) =T are the defining relations of G, and where we express the left-hand 
member by the generators (9) of H. 


2.2. On account of the preceding results, we shall proceed in the 
following order: 


1) <A system of representatives of the decomposition 


(11) 


is defined, satisfying Schreier’s condition. 


2) By (9), the generators of ITy°(p) are found, using the known 
generators of T: 4 


(12) 1) and r—(? 


3) By (10), the defining relations of T,°(p) are determined, using the 
well-known fact,* that the defining relations of T are: 


(13) and 


4) Use is made of the defining relations, in order to eliminate as many 
generators as possible, until only independent generators and independent 
defining relations are left. 


5) The number of independent generators is then found as a function 
of p, and also the form and number of the defining relations established in 
their dependence on p. 


6) As a consequence of preceding results, a relation will be found, 
relating directly the genus of a fundamental region, corresponding to the 
subgroup IT,°(p), to the prime number p. 


3. The representatives. Let 


(14) 7) and 


(15) & 1) Ber. 


Then, from 


* See, e.g. [4]. 


|| T= > Bn 
n=0 
] 
} 
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( c \catdy cB+d8 
using (14) and (4), we obtain: 


(17) aa=A ap =B dy =C ds = D. 


By simple, algebraic computations, using (17), we find the following results: 


3.1. If A=0 (implying, by (1) and (15), that BC=—1, so that 


C¥0), then (16) can be satisfied with R = TS* = (3 a where 


k has to satisfy 

(18) D=Ck. 
Adding to (18) the condition 

(19) 0<kSp—i, 


the value of & is uniquely determined. We remark, that for D=0, k=0 
and # = 7'; for 


(19’) p—1. 
Once k is determined by (18) and (19), or (19’), we find the corresponding 
fa 6b 
matrix by 
a b 
A B 1 Ak—B A 
== 
On account of A=0, we check, by (18), that actually }—A=0 
c= Ck— D=0, so that indeed: * as it had to be. 


3.2. In an entirely similar way, still using (17), we find, if B=0: 


R=T#T — ( with & satisfying 


(20) 15kSp—1, 
5 Unless otherwise specified, all congruences have to be understood (modp). For 


simplicity, we shall consistently suppress these words, except where confusion could 
arise. 
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and, as before, once k has been found by (20), the corresponding matrix‘ 


b\. A B A+ Bk B A 0 


3.3. Similarly, if C=0 (implying 40, D0), then, by (17), 


0 1 
(21) Al=B, p—1. 


0 1 
belongs to Ty°(p). Excluding this case, 7 has to satisfy 


(21’) 1<l<p—1 


If, in. particular, also B=0, then since 


Once 7 determined by (21) or (21’); the corresponding matrix (¢ i) is 


found as before. * 
3.4. Finally, in the general case, when A540, BS40, C0, we find, 


) , where & and ? are 


still using (17), that R = TS‘TS' — & 


determined by 

(22) — AC, 

(23) Al=B, 

The last relation of (17) shows also that 
(24) kl=1 
if and only if D=0. 


All possible cases are now exhausted and we arrange, conveniently, the 
found representatives into the following array (1), which shows that they 
satisfy Schreier’s condition: 


| | | 
TSTS: 7 TST 8? 
TSTSe TST Sr, 


Ag ba 22 


* By = we understand a,,; = for all i and j. 


k = 1, 

i 

| 
TST TS°T TST 

| | 

| 

| 
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4.1. The generators of E,°(p). From (9) we obtain, on account of 
(12) the generators 


1 


(25) RS 6) RT RT . 


where F takes successively all values of the array (1). Using (25), we obtain 
for R= I. 


Similarly, as simple computations show, we obtain again the identity, if 
we take: 

R = S* 

R = TS* 0=ksSp—?2 

R = TST 1Sksp—l1 

R=TS'TSs! 1SkSp—1; 0S!lSp—2. 


There remain, therefore, still to be considered, only the cases 
R= RS = S%eT,°(p), so that RS and 
| 
RS RS =S8S? = 8?; 


RS so that, by (18), (19), RS —T, 


RSRS 


(iii) : RS=— so that, by (20), 


RS = where k’ has to satisfy kp) —k=0, 1S S p—1, 
wherefrom, using the second relation from (20), k’ =k, so that RS = TST 


and 
(29) RSRS 


4.2. Let us consider now the expression (26). For 
R= I, 
R=TS, 0OSkSp—1 
R=T!T, 1=kSp—}l, 


en 
1, 

and 

oe 
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RT = RT, so that RT RT =I. We have still to consider: 


k —1 
1 0 


RT =TS*TS" with 


(30) k’ =— k, 
kl’ =—1, Sp—1. 


(i) R—s: — ( ), so that, by (22), (23), (24), 


Let us consistently mark by k&+, the number 2, satisfying the two relations (32): 
(32) kz =—1, lSr¢Sp—1. 

Then we obtain from (30), (31): 

(33) V =p—k so that RT = TS**TS* and 


(54) RT RT 


If R=TS*TS', then RT = TS*TS'T = § kl and two cases arise: 


(ii) let 1—%1=0; then, by 3.3, — with I’ 
so that, by (32), =I. and RT = Then, as kl=1, (—k), l=—1, 
k = p—l., so that 
| 

(35) RT RT =TS?&TS8'T - 
(iii) Let 1—kl=0. Then, by 3.4: 

RT TS", with ll’ ==—1, S p—1, 

=—1(1— kl) =1(kI— 1), 1 p—1. 


Given any two numbers and 1, 1 — kl we shall write consistently k, 
for the number = satisfying 
(36) =1(kl —1) 
therefore, we can write using also (32), 
=k, and RT=TS4TS, so that: 


(37) RT RT 


We shall designate, conveniently, the generators of Ty°(p) by capital letters,’ 


*In the choice of these letters, we have been guided by the endeavour to match, 
as far as possible, the designations of H. Rademacher, [4] in order to permit an easy 
comparison of the results. 


i 
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marking also the parameters on which they depend in each case. The 
results from (28)-(37) can, then, be condensed into the following array (II) : 


Z 
U = TST 

(II) X(k) = TS*T 8+T- 1<kSp—1 
Y (k) = t=s=9—1 
W(k) = 1SkSp—1 

kl 1. 


We may remark at once, that the generators V(k,1) exist only for p = 3, as 
for p= 2, k=1—1 and ki —1. 


5.1. The defining relations. The relations (10) become, by (13), 
(38) RT?R“=—I, and (39) R(TS)*R* =I, 


where R ranges over all representatives of the array (1) and the left-hand 
sides have to be expressed as products of the generators (IJ). Let us 
consider first (38). For R=J and R=T we obtain, after simple compu- 
tations, the trivial result V- U-- TJ, Similarly, for R = TS* and R = TST, 
(38) reduces to the identity X(k) -X-(k) =I. For R = TS*TS', however, 


we obtain successively : 


SAT I. 


(40) V (k,l) - — I. 


By (36), with k =k, and 1 = 1s, we obtain successively : 


(Key), = (kyle — 1) = — 1} 
= kl +- 1—1) =— klle =k. 
As, obviously, also (/+)+ 1, it follows that 
by (II), and (40) becomes 
(41) V (k,l) - V(ki, le) =I. 


| 
13 


818 EMIL GROSSWALD. 


5.2. With R = S* we obtain, from (38) 


or, by (II): 
(42) Y(k)-W(k-) =I, 


and that is all we obtain from (38). 


5.38. From (39) we obtain for 
R==I: = TSTSTS = TSTSTS- - = I, 


so that, by (II) 
(43) W(1)-Z =I. 


Re=T: T(T8)*T* = = - TST - STSTST 
== - U = I, 
by repeated use of the definitions (II), or, finally, 
(44) ¥(1)-X(p—1)-U=1; 
R=TS leads again to (43). R=—TS*,2=k = p—1, leads to 
Observing that, with 1 = 1, by (36), k, —1(kl—1) = k —1, the last equality 
becomes, by (II), 
(45) V(k,1) -X(k—1) =I 2SkSp—1. 
R=TS'T,1=k=p—?2 leads to 
- TS“ — I, whence 


V(k+1,1)-X(k) =I, 1SkSp—2, same as (45). Also, for 


k=—p—i, R=TS?"T leads to nothing new, as (39) becomes U- Y(1) 
-X(p—1) =I, not essentially distinct from (44). 


R=TS"TS leads again to (45). 
5.4. with and / satisfying 
(46) 


leads to the following three separate cases: 


| 
| 
i 
a 
Bs 
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5.4.1. If 
(47) kl==1 then, by (32) and (46), ]—p—k. and (39) becomes 


TS*TS-%- TST STS - 


whence, by (II), 
=I, 25k Sp—1, 


(48) 


with 


(49) (p—k +1), 1 S/S p—1. 


In proving (48) and (49), we have used 
(50) {1+ and 
=k, 


(51) 


whose proofs follow. 


Proof of (50). Writing a for the product: 
{1+ (p—k-+1)+}(p—k —1), 


(50) is equivalent to the congruence: z = —1; multiplying x by (p —k + 1), 
we obtain successively : 

—1) =— k(— ke —1) 
=—1+k=— (p—k +1), 


wherefrom z =— 1 follows, proving (50). 


Proof of (51). By straightforward computation, and using the definition 
(36), we obtain successively : 
(4—1),= {1+ (p—k +1)-}{(K—1) (1+ (p-—k +1)+) —1} 
= {1+ (p—k+1)+}{—(p—k +1) (1+ +1)+)—1} 
= {1+ (p—k+1)-}{—(p—k +1) +1—1} 
=—(p—k+1){1+ (p—k +1)+} 
p+k—1+1=k, 


finishing the proof of (48). 
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(52) k(l—1) =1, 


then ki — k =1, or, multiplying by &-: —1 1=k., ke + 1, so that ® 


and (39) becomes 
TSTSTS - : 
= 
== V(k, 1) -TS“TS*- STSTS 


k, =1(kl—1) = (p+1—k.-) (k(p+1—k-) —1) 
= (1—k-)(k+1—1) 


and as STSTS = T-1=T, the above relation becomes 
V (k,l) - V (k,l) le) =I, 


because 


(ky), = (Kyle —1) =1.{1(kl — 
=k. 


1} =—(kl—1)l.—1. 


The relation found is only a particular case (corresponding to 1 == p + 1—ks), 
of that already obtained under (41). 


5.4.3. Let now 


(53) and k(l—1)¥1. 
Then (39) becomes 


TSTSTS = I, 
whence, using the notations 
(54) 
(55) 


= (Uj) +1, 
—1), 


15k; <p—1. 


we obtain successively 


8 Notice that k, ~ 1, as k, =1 implies k = p—1, whence, by (52), 1—l=p—1 
contradicting (46). 
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or 
(56) V (k,l) V (ley, V (ea, lp) =I. 


In order to justify the last equality, we have to show that: 


== 1—1, respectively 1; = +1—1 


= ks k. 


(58) 


Proof of (57). We have to prove that /,(J-1) =—1, or, by the 
definition of 


(ys +1)(1—1) =—1, 


leading to 1,+1—1,»-+1==0, and, successively, upon multiplication by 1,: 


—l4+1+1,=0; l(—1)=—1; =—1, 


which is true. As all steps are reversible, (57) holds. 


Proof of (58). Using repeatedly the definitions (54), (55), we obtain 
(58) by straightforward computation : 


ka = (ke) 1 = lo (Kol2 —1) = (1+ hs) —1) (1 + 
(1+ —1) + 1—1} == (1+ Le) (4 —1) 
= (14 he) Shy (le +1) — kyle +1 
= —1, + 1= (le +1) 41 
= — (kl —1)l. —l ie. (58). 


From (57), (58) it results also that, starting with a pair of numbers 
(k,1) = (ko, lo), satisfying the conditions (46) and (53), tue sucessive, 
iterated pairs of numbers have period 3, i.e. = kn, = Tn. Therefore, 
starting, e.g: in (56), with V(k,,1,), the corresponding relation will be: 


V (k,, l,) V (ke, V (kes, = V (ky, V (ke, I.) 7 V (k, 1) f, 


which is precisely equivalent to (56). We shall use this remark, when we 
count the number of independent relations. 


5.5. We have, finally, to consider R = S*, and obtain from (39): 


R(TS)*R+ = S*TSTSTS S* = - TS4T 
= V(k,1) - TS TST — V(k, 1) -X(k—1) =], 


821 
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which is valid for 2=k=p—1. This contains, however, nothing new, 
ef. (45). For & —1, the relation reduces also to one already found, namely: 


STSTST i.e. (44). 


5.6. The complete list of defining relations is, therefore: 
W(1)-Z=—I 
¥(1)-X(p—1)-U=1 
V(k,l)-X(k—1)—=I 25kSp—1 
(III) =I 
2SkSp—i,l—1+4 (p—k+1)- 


Y(k)-W(ke) =I 1=k=p—1 
V(k,1)-V(ki, le) =I 


V(k, V (ki, l,) V (ke, ly) = 
1SkSp—1,hAl 
251 Sp—1,k(1—1) #1. 


As already pointed out,® the generators V(k,1) do not exist for p= 2, 
and (III) reduces to the three equations: 


W(1)-Z—I 


For p = 3, there are only two generators V(k,1), namely V(1, 2) and V(2, 1), 
and in (III) the last relations do not exist.1° It is easy to see that in this 
case there exists exactly one relation of each type, except the last (which we 
saw, does not exist at all) and 


Y(k)-W(k-) =I, which gives two relations, as k may be 1 or 2. 


For p > 3, all relations of (III) exist effectively. This is obvious for all 
relations, excepting, on the one hand, (48), for which case we have to prove 
that (k —1i) -1$41 for 2 =k p—1, on the other hand, (56), for which 
case we have to show that 1, ~1 and k.l,541, 1, ~1, whenever 
k and / satisfy (46) and (53). 


® See end of paragraph 4. 2. 
10 Because, with 1 = 2, and k=1, or k= 2, either kl = 1, or k(1—1) =1; see 
also § 7.2 particularly (69), which admits a single solution and (70) which, on account 
of (71) admits no solution. 


Al 
‘ 
q 
id 
| 
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For, the case (48), from /=1+ (p—k+1)s, with 2S kl p—1, 
(hence k 1), we have 

(k—1) -T==— (p—k-+1){1 + (p—k+1)-} 

=—(p—k+1) +1 

proving the existence of (48). 

For (56), assume, contrary to the assertion, that k,],==1. Substituting 
for k, and J, their values from (54), (55), we obtain 


1(kl — 1) (le + 1) =1, whence 1) ==/1 and, as 10, k(1—1) 
= 1, contradicting (53); proving, therefore, that 1. If now, contrary 
to our assertion, k./,== 1, it follows, as before, that 


1, (kil, 1) -+ 1) 1, whence ky1,(1, — 1) sO that either 0, 


or k,(l, —1) =1. If 1,==0, then J. + 1=0, /=1, contrary to (46). If 
ky(l, —1) =1, then 1(kl —1)1l.=1, whence kl =0 would follow, which is 


impossible by (46).%* 
Obviously, also 1, +11, as 1-40, and similarly for 
finishes the proof of our assertion, that for p > 3, all relations (III) exist 


That 


effectively. 
6. Reduction to a system of independent generators and defining 


relations. 
For p=2, (II) and (III) reduce, respectively, to 
(IIl’) Y(1)-X(1)-0—I 
Y(1)-W(1) =I. 


6. 1. 
Z = 8? 
U = 
(Il’) X(1) = 
Y(1) 
W(1) = TSTSTS"; 
The three relations (III’) permit us to eliminate three of the five generators 
(II’), expressing them with the help of the other two, e. g.: 
W(1)=27, Y(1)—Z, 


11 This conclusion would not hold, if the congruences were taken modulo n, with n 
composite. Difficulties of this sort make complicated an extension of the theory to the 


subgroups I,°(%). 
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We remain with the two independent generators: 


i 2 1 0 


and no defining relations. Therefore I',°(2) is the free group of two generators. 


6.2. For p=3, (II) and (III) become, respectively : 
Z == 


U =TS'T-, 

X(1) = W(1)-Z=1; 

X(2) 

Y¥(1) = V(2,1)-X(1) =1 

{II”) ¥(2) Y-(1) -¥(2)-V(1,2) =1 
W(1) =TSTSTS~ ¥(1)-W(2) =I 

W(2) Y(2)-W(1) =I 

V(1, 2) = TSTS*TS“T- V (1,2) -V(2,1) =I. 


V (2,1) 


The seven relations (III’) permit us to eliminate seven of the ten generators 
(II”) as follows: 


By the first of (III”): 


4Ath* “© Y(1) —Y(2)-V(1,2) —Z-V(1,2) 

3th* : X(1) V-1(2,1) V(1, 2), because, 


In this way, all seven relations (III’) have been used, each to eliminate one 
generator from (II”), expressing all by the remaining three generators 


1 3 


and no supplementary defining relations are left. It follows that: the sub- 
group To°(3) is the free group of three generators. 


| 
4 


T's, 


“ee 
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6.3. In the general case, with p > 3, we proceed in a similar way: 


By (43), the 1-st of (III): W(1) =Z"; 
by (42), with k= p—1, ke =1: Y(p—1) =W(1) =Z; 
by (48), the 4-th in (III), which we may write, conveniently as 


Y(p 


k) =Y¥(p—k+1)-V*(k—1,1), or, changing & into p—k: 

Y(k) = Y(k+1)V“(p—k—1-1l’) we eliminate,” successively all 

Y(k) for l1SkS p—2. 
By (42), with 1=kSp—2, we eliminate the generators W(k-), with 
Sp—l. 
By (45), the third in (II1), written for 
generators X(k), except X(p—1); 

by (44), finally, the second in (III), we eliminate also X¥(p—1). 


9 <= 


k = p—1, we eliminate the 


In this way, we have used up all relations (III), except the last two, (i. e., all 
except (41) and (56)) and have eliminated all generators, except Z, U and 
the V(k,1). As Z and U do not appear in (41) or (56), they will not be 
eliminated and enter in no defining relation. 


7.1. Our problem has been reduced to the study of the system 


V(k,1) le) =I 


isksp—1 
Sp—1;h¥1. 


(41) 


ISkSp—1;h 41 
251 Sp—1;k(l—1) $1, 


(56) V(k,l)-V (kay V (Keay le) =I 


formed by the “binary” relations (41) and the “ternary” relations (56). 
In (41), for each of the p—1 values which & may take, / can take p— 2 
1 is excluded. But the (p—1)(p—2) relations 
In fact, by (36), 


distinct values, as kl 
obtained in this way from (41) are not all distinct. 


(key), == (Kyle — 1) == —1)l. —1} +1—1) =k 


and (l+)+ 1, so that 


V (ky, ls) (Ie)*) =I is the same as - V(k,1) =I. 


Therefore there are, generally, only $(p —1)(p—2) distinct relations (36). 
It may happen, however, that V(k,1) = V (ki, 1+), namely if, and only if 


(60) k= ky. 


(59) and 


12 By (49) it results, that =1+(k+1),. 


\ 
| | | 
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(59) means that / is a solution of the congruence 

(61) — 1. 

This congruence has no solution if (-- 1/p) = —1, i.e., if p =—1(mod 4) ; 
or has two solutions, if (—1/p) —+1, i.e, if p==1(mod4). Let us 
assume that (—1/p) 1, so that there are two solutions, and 2’, of 
(61). Then, (60) becomes: k= )’(kA’ —1), or, by (61), 


(62) Qk = 


As \’ 0, (62) has, for each, 4’; and: X’2, unique solutions satisfying 
1=kSp—1. Therefore, if (—1/p) —+1, two of the binary relations 


(41) are of the form 


and 4{(p— 2) (p—1) —2} =4(p—2)(p—1) —1 distinct binary rela- 
tions, with V(k,1) AV (ki, are left. If (—1/p) =—1, no “cyclic” 
relations (63) exist and there are, as seen, $(p—2)(p—1) distinct, non- 
cyclic, binary relations (41). In all cases, therefore, there are’ 


(64) 3{(p— 2) (p—1) — (1+ (—1/p))} 


distinct, binary relations, different from the (63). 


7.2. Concerning the ternary relations (56), as 2=1= p—1, we have 
p— 2 choices for 1; on account of the two conditions, there are, for each 1, 
p— 8 choices for k; there exist, therefore, (p— 2) (p— 3) ternary relations. 
But, we observed already ** that the three relations 


V(k, 1) 1,) V (he; = V (ki, V (ke, V (ks, Is) 
V (ke, ly) V (ks, ls) V (ka, == I, 


are not distinct; therefore, if for every pair of numbers (k,1), we have * 
(ki, 1,) ~ (k,1), then there are exactly (p —2)(p—3)/3 distinct ternary 
relations, among distinct generators. If, however, for some pair of values 
(k. 1) = (ki, 1,) then also (k,1) = (hi, 11) = (ke, lz) as, on account of (54), 
(55), k. and 1, are found from (k,,;/,) in the same way, as (k,,/,) are found 
from (k,/). It results that in (56) either all three generators are distinct, 
or else, all three are equal, and the corresponding relation from (56) becomes 


(65) V*(k,l) =I, 


18 See remark at end of paragraph 5. 4. 3. 
%* Here (k,,1,) = (k,l) means ki =k and l,=1; (k,,1,) (k,l) means that at 
least one of the letters is not the same in both pairs. 
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The equality (4,1) — (k,,1,) means explicitly 


(66) ,=1.+1—1 and (67) k, =1(kl—1) =k. 
Multiplying (66) by 7, we obtain, successively 

(68) —1-+1/1=FP whence — 4] =— 4, and 

(69) —1)?=—3. 

The congruence (69) has no solution, if (—3/p) =—1, i.e, if p==—1 


(mod 3) and then, the (56) reduce to (p—2)(p—3)/8 distinct, non- 
cyclical, ternary relations, each containing three different generators. If 
(—3/p) =+ 1, i.e., if p==1 (mod 3), then (69) has two distinct solutions ; 
let us call them X”, and Ay. With these values, (67) becomes X”’(kA” — 1) =k, 
whence k(\’? — 1) =X”, or, by (68), &(A” — 2) =A”, and multiplying by 
Ns, 


(70) 


(1 + == 1. 


For p> 3, 1+2A%x40. Im fact, from 1+ 2A”s=0 we can conclude, 


successively to 


+1) = 0, —4+ 21” =0, —_1=3 and (2X” — 1)? =9, 


so that, by (69), 
(71) 


For p > 3, (70) has, therefore, exactly one solution satisfying 1 = k= p—1, 
for each of the two solutions X”, and X”, of (69). Let us call the corre- 
sponding values of k, k’, and k”’, respectively. Consequently; for p > 3 and 
(—3/p) =-+1, there are two generators, V(k’;,X",) and 
which satisfy cyclic relations (65), of third order. The remaining 
(p—2)(p—3) —2 relations (56) are, by a previous remark, 3 by 3 iden- 
tical, so that there are, in this case{(p— 2) (p— 3) —2}/3 distinct, non- 


12 =0 (mod p), impossible for p > 3. 


cyclical, ternary relations. As, for (— 3/p) —=— 1 we have (p — 2) (p — 3) /3 
such relations, it results that, for every p, there are 
(72) 3{(p— 2) (p—3) — (1+ (—8/p))} 


distinct, ternary relations, different from (65). 


7.3. The total number of distinct relations, which can be used for the 
elimination of generators V(k,1) is, by (64) and (72), 


H(p—2)(p—1I) (—1/p))} 
+ 4{(p —2) (p—3) — (1+ (—3/p))}. 
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Each one of these relations can be used,*® in order to eliminate one generator. 
As there are (p—1)(p—2) different *® generators V(k,1), we are left, 
after using all non-cyclical relations, with 


— 3{(p — 2) (p—8)— (1+ (—3/p))} 


independent generators. A simple transformation reduces the last expression 
to 
(73) N= (p? + p—1)/6 + (3(—1/p) + 2(—3/p))/6. 


Here, the second term is periodic, with period 12, and it is easily found that 2” 


5 if p= 1 (mod12) 


3(—1/p) +2(—3/p) = 


Herefrom it follows, by (73) that 


if p= 1 (mod 12) 


so that, in all cases 
(75) N =2[(p +2) (p—1)/12] +1 


To this number of independent generators V(k,1)of To°(p), we still have 
to add the generators Z = S? and U —TS*T-. Therefore, the total number 
of independent generators of T,°(p) is 


(76) m—N+2—2[(p-+2)(p—1)/12] +3. 


7.4. In the process of eliminating generators, all non-cyclic relations 


1° We suppress here the proof of the statement, as it reduces to the elementary but 
lengthy exposition of a systematical method of elimination, patterned exactly after the 
corresponding methods in [4] and [7]. 

16 There are p—1 possible choices for k, 1 <= k < p—1; and for each k, there are 
p — 2 different possible choices for J, satisfying: 1 <1 = p—1 and kl 

17 A prime p > 3 can be only of one of the four forms considered here. 

18 Square brackets represent here, as usual, the largest integer, not exceeding the 
enclosed quantity. 
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have been used. As defining relations there remain, therefore, only (63) and 
(65), which, evidently, cannot be used to eliminate generators. Recapitu- 
lating, the defining relations, 


(63) = I, V2) = 1 


exist, if p==1 (mod 4), k’2 “being the solutions of (61) and 62), 


respectively. 


exist, if p==1 (mod 3), Nx, As, ks, kb’. being the solutions of (69) and (70), 
respectively..° If p==1(mod12), then both (63) and (65) exist; if 
p==— 1 (mod 12), then there are no defining relations at all and T,°(p) is 
the free group of m generators. The number of defining relations is, there- 


fore, for every p, 
(77) v= {1+ (—1/p)} + (1+ (—3/p)} = 2+ (—1/p) + (—8/p), 


as results immediately, either from 7. 3, or as a consequence of (64) and (72). 


7.5. The explicit form of the independent generators of T'y°(p) is easily 
determined, using the definitions (II), and we find 


1+ Ue ) 
(k,l) = kyle + klL—1—kki (1+ Ue) +1)° 


8.1. As is well-known 7° (3 i) is parabolic if, and only if 


atd—+2. We see, therefore, from (78) that Z and U are parabolic 
for every p. As for V(k,1), it is parabolic if, and only if: 

(79) —l1—k(1+ Ue) +1. = +2 or 
n=1,2,:-- and |l-—I| <p, (79) can hold only if 
either : 


(1) 


k, —k=0 and |1l.—1| 


19 By elementary computations it is easy to show also that: 
=k, + kh. =p, =p+1 and 


and this remark simplifies numerical computations. 


20 See, e. g., [1], page 21. 
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or if: 
(ii) |&,—k|—1and ll. + 1 — p, whence, by (79), | le —1| = p—2. 


The first alternatve is impossible. In fact, substituting &, by its value and 
multiplying by k = 0 becomes: 


(80) +1) =1; also, from | le —1| 2 results: 


(81) k (le —1) = =+ 2k. 

Adding, we obtain: 2kl. = 1+ 2k, whence, after simple transformations: 
(82) 2k(l+1)= zl. 

Subtracting (81) from (80) we obtain: 2kl =1 = 2k, so that: 

(83) +1) =1. 


Comparing (82) with (83), it results that J] or 1 —p—1, leading, 
respectively, to le = p — 1, or = 1, so that | 1. —1| p—2 #2, proving 
that the first alternative is impossible. 

In the second alternative, the system = p-—1, le = + (p—?2) 
is readily solved and has the solutions 


I=1, —1. 


As both solutions actually lead to k; —k—1, k, —k--1, respectively, the 
corresponding V(k,1) and V(k,p—1) are, effectively, parabolic. 


8.2. By (41), V(k,1) = V“*(ki, p—1) and no parabolic generators of 
the form V(k,1) need appear in the set of independent generators of I,°(p). 
Of the p — 2 parabolic generators. V(k,,p—1) (ki —1, 2,- - +,p—2), we 
can eliminate all but one, using the relations (56). For that, let us list 
them, starting with / = 2; to it corresponds le = (p—1)/2 and 1, =i. +1 
= (p+1)/2; = p—2 andl, + 1—p—1. Therefore, for V(k, 2), 
taken as first factor in (56), the last factor is V(k2,p—-1), where k. takes 
all integral values 1 = k S p—2, except (p—1)/2, as (p —1)/2- (p—2) 
= p(p—3)/2 +1=1, contradicting (53). From preceding relations it is 
also easy to see, that in any ternary relations (56), there can be at most one 
parabolic factor; consequently, we can use the p— 3 relations, starting with 
V(k,2), in order to eliminate p—3 of the p—2 parabolic generators 
V(k,p—1) and are left only with V(4(p—1),p—1), which cannot be 
eliminated. Consequently, it follows that among the independent generators 


*1 Here, whenever double signs are written, we have to consider either all upper, 
or all lower signs. 
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of every subgroup I,°(p), p > 3, there are exactly three parabolic generators, 


2. namely : 
U = TST —(_ 1) and 


9. Using the relations (61), (62), (63), (65), (69), (70) and (%6), 
the following results are found for the subgroups T,°(p), corresponding to 
the first few values of p: 


Generators Defining Relations 


Z2,U none 

p=3 Z,U,V(1,2) none 

p=5 Z,U,V(2,4); V(4, 2), V(1, 3) V7(4, 2) =I, 3) == TZ. 

V (2, 2), V(4, 8) 

p= Z,U, other 9 indep. gen. V(k, 1) V°(3, 3) = I, V9(4, 5) = TI. 

poe “ “ V(k,l) none 

2,U, V(k,l) V(4,5) =I, V7(9, 8) = J, 
V°(11, 10) == J, V*(2, 4) = TJ. 

V(k,t) V?(15, 4) I, V2(2, 13) I. 

24,0, * V(k,t) V%(5, 12) I, V3(14, 8) = I. 

punts 2,U, “ 91 “ none. 


> 


The genus of the fundamental region. Let us consider, for a 
given subgroup T,°(p), a fundamental region 2? such, that the independent 
generators found in paragraphs 6-10 should establish the correspondence 
between pairs of its sides. 

Let 2n be the number of sides; & the number of cycles, corresponding to 
fixed point (that is, exclusive of cycles of accidental corners); m and y the 
number of independent generators and defining relations of T)°(p) respec- 
tively; finally g the genus of the fundamental region, as defined. Then * 


2n = 49 + 2k, hence 


(84) g=4(n—k). 


22 See, e.g., [2], vol. 2, p. 4. 
*8 See [2], vol. 2, p. 303 and vol. 1, p. 319. (The notations there are different from 


ours. ) 
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According to the definition of the fundamental region, 


(85) n= mM. 
The number k, of cycles, equals the number of defining relations v, to which 
we have to add the number of parabolic generators; as shown in 8.2 for 
every p> 3, there are exactly three independent parabolic generators. 
Therefore : 

(86) k=v-+3. 


The values of m and vy are known from (76) and (77). Substituting these 
values in (85), (86) and then in (84), we obtain, for p > 3, the following 


expression for g: 


(87) g—[(p + 2)(p—1)/12] — (1 + 3((— 1/p) + (—3/p))} 
= [(p + 2)(p —1)/12] — K(p). 


Here K(n) is a periodic function, of period 12, such that K(n) =0,1, 2, 
according as n==—1,+5,+1(mod12), respectively. As every prime 
number p> satisfies one of the four congruences p=r (mod 12), 
—6SrS6, withhr—+1,+ 5 it results that K(p) = 1— r(r? — 25) /24; 
so that 


(87’) 9 [(p + 2p —1)/12] —1 + (1? — 25) 


For p=2 and p=3 we find directly, by (84), (85) and (86) with the 
known values for m and v, that g = 0 in both cases. (87’) is valid for p > 3 
and using it, we find as genus of the fundamental regions, corresponding to 


the subgroups listed in paragraph 9: 
14, ° 18, 83, 
13, 24, 30, 45, 


11. We can use the results obtained so far for subgroups To°(p), in 
order to establish some properties of the “principal subgroups” ** I'(p) 
defined by (4), (4’). Evidently the ['(p) are subgroups of the I)°(p). 
We may, therefore, in order to determine their structure, apply the same 
method used in paragraphs 8 to 8, starting with the T,°(p) as known groups, 
given by their generators and defining relations, as listed in paragraph 9. 
In perfect analogy with (14), (15), (16), etc., we write now: 


24 See [7]. 
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( 


and have, on account of (4) and (4’): 


(89) =C=0 a=d=1. 


Writing explicitly (88) we obtain: 


Se aa + by=A 
ap + b8=B 
ca + dy=C 


cB + d’=D. 


On account of (1) and (89), the first of (90) reduces to 


(91) 


the others reduce to trivial identities. 
Let?> A=k, 1=k=4(p—1). For k=—1, (88) is satisfied by 


* ‘)= I, and, in general, for 2 = k=4(p—1), by: & = 
y 
with ec=k, B=y=0, &=p—k-. With these notations, we obtain the 


relation, similar to (7’): 


p-1) 


( /2 
with R, 


For p=2 or p=3, (92) becomes, simply: 


T,°(2) =I (2), T,°(3) (3), respectively. 


For p> 3 and p==—1 (mod 12) we have seen in 7.4 that T,°(p) is 
the free group of m generators, with m determined by (76). As I'(p) is a 
subgroup of [,°(p), it results, by a theorem of J. Nielsen [3] and O. Schreier 
[6] that, choosing conveniently its generators, ['(p) is also a free group. 
The number JN, of the corresponding independent generators, can be found, 
using a relation due also to O. Schreier [6], namely (in slightly modified 
notations, to correspond with ours) : 


#5 As AD = 1, the case A = O can be discarded from the start. If 4(p—1) <Ck 


b —a —b 
= p—1, then consider k —p and use 


14 


a b 
Coo 
(88) 
A 
or 
| 
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(93) N =j(m—1) +1, 


where m is the number of generators of [y°(p), as given by (76) and 7 is 
the index of [(p) in Ty°(p). By (92), 7=4(p—1); substituting this 
value and that of m in (93), taking also into account that p==— 1 (mod 12), 
we obtain: 


N = p(p? —1)/12 +1, 


a value found by H. Frasch without the restriction p==— 1 (mod 12). 


UNIVERSITY OF PENNSYLVANIA. 
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ON THE SOLUTION OF SUM-EQUATIONS.* 


his By I. M. SHEFFER. 


1. Introduction. The system of linear equations 


can, in many interesting cases, be reduced to a system of sum-equations * 


Letting X denote the sequence {2}, the left side of (1.2) will be abbreviated 
A,[X]. It is our purpose to study the system (1.2), in which all quantities 


are complex numbers.’ 
Define the functions {A,(t)} by 


(n = 0,1,- 


j=0 


A sequence {H,(1/t)} of polynomials in 1/¢ is introduced as biorthogonal to 
the set {#"A,(¢)}, and this defines the generating function 


(1. 4) 1/t) = SH, (1/t)ur. 


The function ® plays a central réle in the theory. Use is also made of the 


functions 


(1. 5) v(1/u, t) —= 
and 
(1.6) A(u,1/t) 


The results of §2 are related to work of von Koch [9]. They state 
conditions under which (1.2) has a unique solution, and set the background 
for § 3 where it is shown how from knowledge of the analytic continuation 


*Received January 7, 1950; revised May 2, 1950. Presented to the American 


Mathematical Society, October, 1949. . 
1 For example, if all principal minors in (1.1) are different from zero, then (1.2) 


can be obtained by forming linear combinations of the equations of (1.1) in an obvious 


mammer. 
* Many articles have been written on sum-equations, including all the references 


(save that of Boas) cited in the bibliography at the end of the present work. 
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of the function @(u,1/t) (in the variable w) one obtains solutions of the 
homogeneous system (1.2) [c,==0]. 


2. Preliminary results. We introduce some definitions. 


Definition. System @ has the property P,[R] if an. 0 for all n in 
(1.3) and if each series of (1.3) has a convergence radius at least as great 
asR(0< 

Definition. A series Wp) is said to converge “ uni- 
formly” for u, on a point set ¥, (s =1,---,p) if it converges uniformly 
(in the usual sense) for u, on #*, where F*, is an arbitrary closed point set 
contained in 


LeMMA 2.1. Let condition P,|R] hold. For each n=0,1,-- - there 
is a unique polynomial H,(1/t), of degree exactly n in 1/t, that is 
orthogonal * to the set {t"A,(t)} in the sense 


Here C is any rectifiable simple closed curve* surrounding t =0 and lying 
in |t|< R. Moreover, 


(2.2)  donHo(1/t) + ++ + GnoHn(1/t) = 1/2". 


The proof of (2.1) is direct, and (2.2) is a consequence of (2.1). 


Remark. Let n be fixed. If H,(1/t) = > hnj/t then we see from (2. 1) 
j=0 


and (2.6) that {z;} defined by = hyj, 7 >nisa 

solution of system (1.2) with if 7 An, c,—1. It is thus seen that 

the results of §2 hold at least formaily, especially those results involving 

series (2.7%). It would be possible to express these results (of § 2) in terms 
of the matrix 

Zoo Goi Ao2* * 


then (2.2) expresses the relation #’@ —&, where & is the identity and 
HX’ is the transpose of #. For the purpose of preparing the way for § 3, 
however, it is desirable to use the functions ©, W. 


* Boas [1] obtained a similar orthogonality relation, with a different purpose in 
view. 
“Here and elsewhere, contours are traversed in the positive direction. 


the 
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Definition. System has the property P,[R, q, r], s = 2, 3,4 if P,[R] 
holds and if qg,7 exist so that respectively:(s—=2) 0<q, Or and the 
®-series (1.4) converges “ uniformly ” for |u| <q,|t|>r; (s=3) 0S4q, 
0<rR and the W-series (1.5) converges “uniformly” for | w| > q, 
<r; (s=4) 0<qSR,0Sr and the A-series (1.6) converges “ uni- 
formly ” for |u| <q, |¢|>r. 

Remark. It is undesirable for our purpose if the ®-series has either a 
zero or infinite radius of convergence for a given ¢. In such case we can 
choose a sequence {A,} of non-zero constants so that on replacing {H,(1/t) } 
by {AnH1(1/t)} the new -series has a finite, non-zero convergence radius. 
This alteration replaces {An(t)} by {An(t)/An}, as we see from (2.1); so 
system (1.2) is replaced by an equivalent system, obtained by multiplying 
the n-th equation (n=0,1,---) by 1/An. 


LemMA 2.2. If @ satisfies Ps[R,q,r] then qr and 
(2. 3) A(u,1/t) =t/(t—u). 

Proof. For |u| <q series (1.6) can be expanded in a power series in 
u for each ¢ in | ¢| > 1; and by (2.2) this series is > (u/t)™, convergent for 
lul<q|t|>r. 


Lemma 2.3. Let @ satisfy P.[R, q2, 172] and P3[R, qs, 13], with qs < qo. 
Then P.[R,q,7r] holds with q=r3, and “uniformly” in |u| <r, 
| t | > 12, 


(2. 4) af &(s, 1/t)¥(1/s, u)ds/s = Hy(1/t)ud,(u) = t/(t—u), 
ig n=0 

where T is a rectifiable simple closed curve surrounding s =0 and lying in 

the ring <|s|< qo. Moreover, 


Proof. Substituting (1.4), (1.5) into (2.4), the left side reduces to 
(1.6), “uniformly ” convergent for |u| < 7s, |¢| > 72. Lemma 2.2 then 
applies. 


Definition. By the type of a sequence {z,} is meant the number 
(2.5) ((an)) = lim sup | |?/". 
A sequence X = {z,} and the series (or function) X(1/t) = > 2,/ 
0 


are uniquely determined each by the other, and when both appear it will be 
understood that they bear this relation to each other. It is readily seen that 
if system C satisfies P,[R] and {2,} is of type o < R, then 
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(2. 6) me = af X(1/t)t"A, (t) dt, 
j=0 64 


where C is a rectifiable simple closed curve surrounding ¢ = 0 and lying in 
the ring < |t| < R. 


THEOREM 2.1. Let ( satisfy P,[R;q,r]. If {an} is a solution of 
system (1.2), of type less than q, then 


(2.7) X(1/t) = 
n= 
the series being “uniformly” convergent in | t|>r. 


Proof. As ((an))=o0<qSR, series (1.6) and X(1/u) = 


converge uniformly for |w|=A (o<A<q) and |t|2r>r. Hence if 
C is the circle | u| =A, 
§ A(u, 1/t)X(1/u)du/u Ha(1/t) du, 
“uniformly ” convergent for |¢| >r. From (2.3) the left side has the 
value X(1/t), and from (2.6) the coefficient of H,(1/t) is An[X], which 
is to say, Cn. 

Remark. Under the conditions of Theorem 2.1 the homogeneous system 
(1.2) [¢,==0] has no solution of type less than q other than x, =0. 


THEOREM 2.2. If C satisfies P,[R] and {cy} is such that series (2.7) 
converges “ uniformly” in |t| >8& (8 < R) then {ap} is a solution of system 
(1.2), and ((an)) S 8. 

Proof. Multiply (2.7) by t**A;(¢)/(2at) and integrate over the circle 
C: |t|=a,8<A<R. Using (2.1) and (2.6) we obtain A,[X] =e; 
and clearly, ((z,)) 8. 


Remark. By using the Cauchy integral for the coefficients {z,} in 
X(1/t), it is seen from (2.7) that the solution in Theorem 2. 2 is given by 


(2. 8) Ln = AnkCx 


k=n 
where 


(2.9) daw — f_ (1/t) dt, 


I being rectifiable simple closed curve surrounding ¢ = 0. 


0 
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TuHEoREM 2.3. Let satisfy P.[|R,q,r], with r< For every {cn} 
with ((cn)) < min{q, R}, system (1.2) has the solution {xy} given by 


(2. 10) X(1/t) C(1/u)®(u, 1/t) dw/u, 

where 

(2.11) C(1/u) = 


and y ts a rectifiable simple closed curve surrounding u = 0 and lying in the 
ring ((¢n)) << |u| < min{q,R}. Moreover, ((an)) Sr. 


Proof. The ®series (1.4) converges uniformly for uw on y and 
|¢|2r>r, so (2.10) becomes X(1/t) = > CnH,(1/t), “ uniformly ” 
convergent for |¢| Theorem 2.2 now 

Remark. If @ satisfies P.[R,q,r] then ®(u,1/t) can be expanded in a 
power series in 1/¢: 

(2. 12) &(u,1/t) = 


“uniformly ” convergent in |u| <q, |¢| > 7, where the functions L,(w) 


are analytic in |u| <q. In fact, 


(2. 13) u"L,(u) = ®(u, 


where C is a rectifiable simple closed curve surrounding t= 0 and lying in 
|t|>r. The solution {r,} of Theorem 2.3 can therefore be expressed in 


the form 


3. Solutions of the homogeneous system. The results of § 2 concern 
system (1.2) in a range where there is no solution of the homogeneous case 
[Cn =0] other than z,=0. In the present section it will be shown that 
non-zero solutions of the homogeneous system arise when the function 
@(u,1/t), on being continued analytically in the variavie u, has the repre- 
sentation (3.1) or (3.31). Thus a relation is established between the analytic 
properties of the function ® on the one hand and solutions of system (1. 2) 
on the other. 


Definition. The set of functions @;(u), j—=1,---,k is said to be 
“linearly dependent” in |u| <q if constants a,,- - -, 4, exist, not all zero, 
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& 
such that the function >} aj@;(w) is analytic in a circle, center uO and 


radius exceeding g. In the contrary case the functions are “linearly inde- 
pendent ” in | w| <q. 

Definition. Let q, qi, ¢’ exist, with q < qi <q’, such that @ has the 
property P.[R,q,r] but not P.[R, q:,7], and let ®(u,1/t) on being con- 
tinued analytically have the representation 


(3.1) @(u,1/t) — By(1/t)@,(u) + 6*(u, 
where the series 2 
(3. 2) @*(u, 1/t) => H*,(1/t)u" 


is “ uniformly ” convergent in < q’, | ¢| > 7, and the functions H*,(1/t) 
are analytic in |¢| >. Moreover, let the functions Rj(1/t) be analytic and 
linearly independent in | ¢ | >, and the functions @,;(w) analytic in |u| < q¢ 
and “linearly independent ” in | w| < q:. Then the expansion (3.1) is said 


to be canonical, relative to [q, qi, 9’; 1]. 
A canonical form is esentially unique, as the following shows. 


Lemma 3.1. Let ®(u,1/t) have the two canonical forms 


(3.8) 8(u,1/t) — (1/1)0/(u) 1,2) 


relative to [q,q:,9';7r]. Then (i) k(1) =k(2), and (ii) the members of 
each of the two sets {Rj} (11, 2) are linear combinations of the members 


of the other set. 
Proof. By subtraction we have from (3.3): 


k(1) (2) 
j=1 j=1 


where &* — 6*(?) —@*(), Let k(1) = k(2). Since set {R;@} is linearly 
independent, there exist &(1) values t,,- - in | for which 
the determinant | PR; (1/t,)| (j,s =1,- - -,&(1)) is not zero, so on taking 
t= 1t,,- - tai) in (3.4) we can solve for @; (uw) : 


(3.5) (u) + (w) - -, F(1)), 


where 6;)(u) is analytic in |u| < q’. 
If k(2) < k(1) then the matrix (Ajq) is of rank less than k(1), so the 
system of equations 
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k(1) 


(3.6) 0 (q—=1,- -,#(2)) 


has a solution {a;} not identically zero. For such {a;} we find from (3. 5) 
that 


k(1) k(1) 
(3. 7) 40; (uw) = (u). 
j=1 j=1 


But the right side is analytic in | u| < q’, so the set {@;*)(u)} is “ linearly 
dependent ” in | w| < qi, contrary to hypothesis. Thus, k(1) =k(2),—k. 

Now substitute (3.5) into (3. 4), absorbing the terms containing 6; (w) 
into &*: 


(3.8) ®*(u,1/t) (1/t) — Rg (1/t) (u). 


q=1 


If there is a g and a ¢, in |¢| >r for which the corresponding brace is not 
zero, then set {@,°°)(u)} is “linearly dependent” in | u| < qi, contrary to 
hypothesis. Hence each brace is identically zero, thus making each R,°) a 
linear combination of the set {R;‘}. 


THEOREM 3.1. Let &(u,1/t) have the canonical form (3.1) relative to 
37], with r< R. Then the homogeneous system (1.2) [cn =0] 
has the following k linearly independent solutions of type not exceeding r: 


(3. 9) {rn} = {jn} j 
where the rin are defined by 
(3. 10) Bi(1/t) = 


Proof. Let C be a circle, center 0 and radius between r and RB. 
From (3.1), 


(3. 11) af (u, 1/t) tA, (t) dt = > ojn®;(u) + 
j=l j=0 
valid for |u| <q. Moreover the last series converges in |u| <q’. Here 
(8/18) -14,(t)R(1/t)dt; dyn = J 


Now for | w| < q, ® also has the expansion (1. 4), since C satisfies P.[R, q, r] ; 
so for | u| < q the left side of (3.11) has the value u™. That is, 


k 
(3. 18) 2 = y" (|u| <q). 


J 
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But the right side is analytic in | u| < q’, and the set {@;} is “ linearly 
independent” in |u| <q,. It follows that 
(3. 14) Sia 0 
and from (3. 12) and (2. 6) we conclude that each sequence {rjn} (j =1,---, &) 
is a solution of system (1.2) [c,=0]. 

Remarks. (i) Even if the functions {R;(1/t)} are not linearly inde- 
pendent the sequences {rj,} are solutions of system (1.2) [c, =0]. 

(ii) From (3. 12), (3. 13), (3. 14) there follows the orthogonality relation 


(3. 15) as. H*;(1/t)t"A,(t)dt/t = 8in, 


where C is any rectifiable simple closed curve surrounding ¢ = 0 and lying 
in the ring r<|t|<R. 

It would be of interest to know if Theorem 3.1 supplies ail the solutions 
of the homogeneous system, of type not exceeding r, without further hypo- 
theses. Such knowledge is lacking, but with an additional condition the 
desired conclusion can be asserted. 


THEOREM 3.2. Let the hypotheses of Theorem 3.1 hold, as well as 
condition P;[R, qo, r2| with r T2, <q’. Then the only solutions of (1. 2) 
[cn = 0], of type less than rz, are linear combinations of the k solutions of 
Theorem 3.1. 


Proof. Let X = {a,} be a solution of (1.2) [c,=0], of type o < 12. 
Let C be the circle |¢ |p, witha <p<rz. From (2.6), 


Multiply through by uw and sum: 


(3.16) X(1/t)¥(1/u, t)at/t (|u| > 4). 


Since the *(u,1/s)-series (3.2) is “uniformly” convergent for 
|u| <q’, |s|>~r7, we may multiply (3.16) through by u%*(u,1/s) and 
integrate over the circle T: |u| = qs(q2<93<q’): 


X(1/t) &(1/u, t)*(u, 1/s)du/u}dt/t, 


valid for |s| >r. Now for |s| >r, | t| < rz and wu on I, the two series 
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(1.5) and (3.2), the latter with ¢ replaced by s, converge “ uniformly,” so 


the brace, to be denoted by U(t,1/s), has the value 
(3. 18) U (t,1/s) = tA, (1) 
“uniformly ” convergent for |t|<1r2, |s|>v7. -Thus, (3.17) becomes 
(3. 19) X(1/t)U (t, 1/s)dt/t. 
Now U can be expanded in a power series 
(3. 20) U(t,1/s) = 
“uniformly ” convergent in |t| <1, | s| > 1; from (3.19) and (3. 20), 
(3. 21) 0— 
“uniformly ” convergent for |s|>r. If we substitute (3.18 into 


(3. 22) I,(1/s) = af U (t, 1/s) dt/t* 

we find that for | s| >, : 

(3.23) In(1/s) = (1/8) ++ dnoH*,(1/s). 
From (3.1), (3.2) and (1.4) we see that 

valid for | ¢| >, where 


O;(u) = 2 Gin" 


so 


(3.25) In(1/s) — — tool 


for |s|>r. Using (2.2), 


(3. 26) In(1/s) = 1/s"— BinB;(1/s) 


where 


(3. 27) Bin = Ap,n-p9 jp. 
p=0 
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Returning to (3. 21), we now have 
(3.28) O=—X(1/s) — Binkes(1/s) } (|s| > max{o,r}). 
n= j= 


We wish to interchange the summation signs, but this requires justification. 
Since {R;} is a linearly independent set, given an arbitrary number 7” > 1, 
there exist & values s=s,,- + -,s, in |s| >?’ such that the determinant 
| Rj(1/sp)| (j,p =1,---,%) has a value A340. Let Cjp be the cofactor 
of R;(1/s,) in this determinant. Then from (3. 28), 


Now the last sum on the right has the value 8,;A, where 8,; is the Kronecker 
symbol ; so 

eo k 
(3. 29) == 1/A CapX (1/89). 

n= p= 
Thus, for each g =1,- - -,& the series on the left of (3.29) converges, and 
may be multiplied by R,(1/s) and summed from q —1 to k, the resulting 


series being valid for |s| >o. The double sum in (3.28) may therefore be 
rearranged to give the relation 


(3. 30) X(1/s) >AB,(1/s) 


where A; = > 4nBin. This establishes the theorem. 


n=0 
There is an extension of Theorem 3.1 to the case of infinitely many 
solutions. 


Definition. The infinite sequence of functions {@;(w) }, jun 0, 1,:°- is 
“linearly dependent ” in | w| < q if constants {a;} exist, not all zero, such 


that series >) a/@;(w) converges “uniformly” in a circle |u| <p with 
0 
p> q. 
Definition. ®(u,1/t) is said to have the canonical representation 
(3. 31) (uw, 1/t) — Bj(1/t)@j(u) + 1/t) 


relative to [g,q:,q';7r] if: i) all the conditions of the earlier definitions * 
(with respect to (3.1)) hold except the requirement that {#;(1/t)} be 


linearly independent; and ii) the series } R;(1/t)@,;(u) is “ uniformly” 
0 
convergent in |u| <q, |t|>r. 


5 Of course, the new definition of “linear independence ” is to be used. 


( 
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THEOREM 3.3. Jf ®(u,1/t) has the canonical representation (3.31) 
relative to [q,q:, then every sequence {rjn}, 7 = 0,1,- - is a solution 
of system (1.2) [cn =0], of type not exceeding r. 

Proof. As with Theorem 3. 1. 


There is also a parallel with Theorem 3. 2. 


THEOREM 3.4. Let the hypotheses of Theorem 3.3 hold, and also con- 
dition P3[R, qo, r2| with r< ts, go<q’. There exists an infinite sequence 
of solutions {r*j,}, of type not exceeding r, such that on setting 


then every solution {in} of type less than rz is given by the representation 
(3. 33) X(1/t) 


“uniformly” convergent in | t| > max{r,o} where o = ((ap)). 


Proof. As with Theorem 3.2, through (3.28) with the sum 
j=1,:--,k replaced by j7=0 to o, to yield 


(3. 34) 3 0 = X(1/s) — Saal 


“uniformly ” convergent in |s| > max{r,o}. The Bj are still given by 
(3.27). Now define R*,(1/t) by 


j=0 


This series is “ uniformly ” convergent in | ¢| >, so R*;(1/t) is analytic 
in |¢|>r and ((r*m)) Sr (j=0,1,---). Also, since each {rjn} is a 
solution of (1.2) [c,==0], we can apply relation (2.6) to (3.35) to show 
that each {r*;,} is also a solution. The theorem now follows from (3. 34). 


Remarks. (i) It is of interest to observe that the coefficients {z,} in the 
expansion (3.33) are also the coefficients in the power series (in 1/t) for 
X(1/t). 

(ii) Theorems 3.1 and 3.2 also have parallels in the continuous case. 
Suppose, for example, that 


&(u,1/t) — f °R(1/t, 0)@(u, w)da(w) + *(u,1/t), 


n=0 
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where * is as before. Assume that «() is of bounded variation on J: [a, }], 
and that #, © are continuous for |¢| >r, » on J, and |u| <q, o on J, 
respectively, and for each w on J, the functions R, @ are analytic in | t | >, 
|u| <q respectively. Also suppose that @ is “linearly independent” in 


b 
| w | < qu, in the sense that if a(w) is continuous on J and f a(w)O(u, w)da(w) 
a 


is analytic in | w| <p with p > qu, then a(w) =0. It will then follow that 
for each w on J the sequence r,(w) defined by 


R(1/t, ©) 


n=0 


is a solution of (1.2) [c,==0], and is of type not exceeding r. And, as in 
Theorem 3.2 (with the appropriate condition Ps), if {z,} is a solution of 
type o less than r, then X(1/t) has the representation 


X(1/t) — Bx(o) R(1/t, «)da(w), 


“uniformly ” convergent in |¢| > max{r,o}, where 


For the non-homogeneous system we have the following extension of 
Theorem 2. 3. 

THEOREM 3.5. Let the hypotheses of Theorem 3.1 hold. For every 
sequence {cy} with ((¢n)) < min{q’, R}, system (1.2) has the solution {xn} 
given by 


(3. 36) X(1/t) = &* (u, 1/t)C (1/u) du/u, 


T being a rectifiable simple closed curve surrounding u = 0 and lying in the 
ring ((¢n)) << |u| <q’.. Moreover, ((an)) Sr. 
Proof. Using (2.6), 
(3. 37) C(1/u) Vn (u) du/u, 
where 


Cc 


and C is the circle |u| =p, r<p< The function V,(u) is analytic in 


| w| <q’, and from (3.15) its value is u"; so An[X] n=0,1,- 
That ((2n)) =r is clear from (3. 36). 
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Remarks. (i) A similar result holds if we assume the hypotheses of 
Theorem 3.3 or of the second remark following Theorem 3. 4. 


(ii) The solution (3.36) also has the representation 
(3. 39) X(1/t) =D coH*,(1/t), 
n=0 


the series being “uniformly” convergent in |t|>r; and it is readily 
shown that conversely, if {c,} is such that (3.39) converges “ uniformly ” 
in |¢| > for some 8 < R, then {r,} given by X(1/t) = 32,/t” is a solution 
of (1.2) of type not exceeding 5. (Remark (i) also applies here.) 

If ®@(u,1/t) does not possess a canonical form (3.1) or the later 
extensions thereof, it is yet possible in certain cases to extend Theorem 2. 3, 
as the following concluding result indicates. 


THEorEM 3.6. Let P.[R,q,r] hold with r< R. Let there exist a 
rectifiable simple closed curve y surrounding u=0 and lying in |u| >4q, 
with the following two properties: i) There is an open connected set 3 
cotnaining y and the point w= 0, in which the functions L,(u) of (2.12) 
are single-valued and regular; ii) 11 < R exists such that series (2.12) 
converges “uniformly” for u on 3 and |t| >. Let q, be the minimum 
distance from y tou=0. Then for every {cn} for which ((¢n)) < qi, system 
(1.2) has the solution {an} given by (2.14). Moreover, ((tn)) S11. 

Proof. Choose r. so that r<rz< R. There is an M such that 
| (u,1/t)| S M for wu on y and | | so for u on y, | S 
Let {2} be defined by (2.14). Then ((z,)) S12, and since r, can be chosen 
as close to r, as we please, therefore ((%»)) 1;. Also, for each n= 0,1,---, 


The integral and sum are readily seen to be interchangeable, so 


A,[X] => C(1/u) > Anj ®(u, 1/t) dt}du/u 


|¢|=r; 


For | u| <q, and taking r. in r< rz < R, we see from (1.4) that the 
brace has the value wu". But by hypothesis the brace is single-valued and 
regular in 3, so its value remains wu” in Jd, and in particular on y. Thus, 
A,[X] = c,; that is, {v,} is a solution of system (1. 2). 
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THE GAPS IN THE ESSENTIAL SPECTRA OF WAVE EQUATIONS.* 


By and Catvin R. Putnam. 


1. Let q(t), where 0 St be a continuous, real-valued function 
for which the differential equation 


(1) + 


is of the Grenzpunkt type; [9], p. 238. A fixed homogeneous boundary con- 
dition at ¢ = 0, 
(2) 2(0) cosa 2’(0) sina —0, 


determines a self-adjoint boundary value problem with a (real) spectrum 
S=S(a). The set S’ of cluster points of S(a) is independent of « ([9], 
p. 251) and will be called the essential spectrum of (1). 

Since 8’ is a closed set, its complement is open, possibly empty. Let 
S(Ax, A*) denote the canonical decomposition of the complement of 8’ into 
disjoint open intervals. Two problems will be treated in this paper. The 
first concerns the size of the interval (Ax, A”) as Ax > 00. The second concerns 
asymptotic estimates, as for eigenfunctions x — z(t, A) belonging to 
eigenvalues A of S(a) satisfying A, << A < d* for a large value of Ax. These 
problems were suggested to us by Professor Wintner. 

The nature of the problems is most easily understood in the case that 
q(t) is periodic. For this case, let L(A) 2 0 denote the real part of one of 
the characteristic exponents belonging to 4. Then L(A) =0 except on a 
half-line (—oo, A°) and a sequence of intervals (A;, (Az, A”),° com- 
posed of the A-values for which (1) is of unstable type. The questions treated 
concern upper estimates for the length of the interval (Ax, A*), as Ax, 
and upper estimates for L(A), as A—>0. The results below concerning L(A), 
which imply that L(A) — 0 as A>, show that, as A increases, any tendency 
for (1) to be unstable is dampened; in the sense, that if A is large and of 
unstable type, it requires long ¢-intervals in order that the effect of the 
factor. e4* be appreciable. 

In the case that q(t) is even and periodic, the behavior of A* — Ax can 
be read off from known results on the asymptotic behavior of eigenvalues of 
Sturm-Liouville boundary value problems; cf. Section 7, below. This pro- 


* Received March 23, 1950. 
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cedure can be adapted also for the case that g(t) is merely periodic, not 
necessarily even, if it is noted that the k-th interval [A,, A*] is composed of 
those A-values corresponding to which (1) has a solution «= -2(t) which 
vanishes exactly k times for 0 St < p, satisfies (2) and the same boundary 
condition z(p) cosa -+2’(p) sina—0 at for some 0=a< 7, when 
p is the period of q(t). 

Of course, the results of this paper are not restricted to the cases where 
q(t) is periodic. 


2. The gaps (A;,,A*) in the essential spectrum. A sufficient condition 
for (1) to be of the Grenzpunkt type is that 8B <0, where 8 = lim sup q(t), 
as t-—>c ([9], p. 238). This sufficient condition does not involve 
a == lim inf g(t) =—o, as t-»o. If g(t) tends to a finite limit as t > 
(that is, —o<a—£B<o), then the essential spectrum S’ of (1) contains 
the half-line B=A<o; [3], p. 71. More generally, if g(t) is bounded 
(that is, —o < <0), then, for every 4) = — 8, the interval A, SAS 
Ao + 8 — «a contains at least one point of 8’; [6], p. 613. The object of the 
first part of this paper will be the refinement of this last statement in the 
following direction : 


(1) Let q(t), where 0S=t <o, be a real-valued, continuous, bounded 
function; for § > 0, let 


(3) w(t, 8) = fin sup | g(s) —q(t)| for |s—t|S8; 


and 
T 


(4) = lim sup f w(t, 8)dt as T 


0 


Then there exists a constant C (independent of dr.) such that, for every 
sufficiently large Ao, the interval Ay SAS Ay + + contains 
at least one point of the essential spectrum S’ of (1). 


This theorem has the following interpretation and consequences: Since 
q is bounded, the complement of 98’ consists of a half-line (—o,A°) and a 
(possibly empty) sequence of disjoint open intervals (Aj, (Az, A?),° 
The theorem (I) states that the length »* — 2; of the k-th gap is majorized 
by Clo(a/A2) + 1/Ax] for large »;. In particular, if g(t) is uniformly 
continuous for 0 =¢<o, so that w(8) +0 as 8-0, then the length of 
the gap tends to 0 as its endpoints tend to oo. 
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Similarly, if q(¢) satisfies a uniform Lipschitz condition, | g(s) —q(t)| 
< const. |s—t| for OSs <t<o, so that »(8) S const. 8, then 
(5) — dy = O(1/A;2). 


This same majorant for A* — A; is obtained if q(t) satisfies the more general 
conditions that g(t) is of bounded variation on every finite interval and that 
its total variation V(7’) on the interval 0=tST satisfies 


(6) v(r)— f | dq(t)| =O(T) asT 


In order to see this, note that o(t,8) = V(¢+8) —V(t—8) for *+=64, 
by (3). Hence, if T = 4, 


T+6 T-5 T+5 


o(t,8)at< f V (t)dt — f fv 
26 0 


6 T-5 


Then, since V(t) S Const. ¢, the right side of the last inequality is majorized 
by Const. 87, as Too, for 6 >0 fixed. Consequently, by (4), it is seen 
that = const. and so the majorant of A*—A;, for large 
follows from (I). 

In the few explicit cases where g is bounded and 8’ is known, either 
there is only a finite number of gaps, or A* —r; > 0 and A; >, as Kk. 
Whether or not this is true in general will remain an open question. On the 
other hand, if w(A) is an arbitrary decreasing function satisfying y(A) > 0 
as A—>oo, then there exist bounded functions qg, corresponding to which 
the complement of the essential spectrum S’ of (1) consists of a half-line 
(—oo,A°), and a sequence of open intervals A*), (Az, A”),° - such that 
Ap—>oo, as but A*—A, O(W(Ax)) fails to hold; see Section 7 
below. Also, examples can be given to show that if q(t) satisfies (6), then 
(5) is the best possible estimate; in the sense that, in general, O cannot be 
replaced by o in (5). 

If additional local smoothness conditions are imposed on q, the assertions 
of Theorem (1) can be refined. 


(1’) Let q(t) satisfy the conditions of (1) and, in addition, possess a 
bounded derivative q’(t). If w*(t,8) and w*(8) have the same significance 
for q’ as (3) and (4) do for q, then there exists a constant C (independent 
of r») such that, for every sufficiently large ro, the interval »SAZSAo 
+ Org 4[w* + contains at least one point of the essential 
spectrum S’ of (1). 
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(I”) Furthermore, if q(t) possesses a uniformly bounded first and 
second derivative and if w**(t, 8), w**(8) belong to gq” as (3), (4) do to q, 
then the assertion of (I’) applies to intervals S A So + 
+ 1/d#], for some constant C and all sufficiently large Xo. 


Thus, it follows from (I’) that if g’(¢) satisfies a uniform Lipschitz 
condition, or more generally, if 


T 
f 


as T’—>oo, then the length of the k-th gap (Ax,A*) is majorized by O(1/Ax) 
as A,—>o. In addition, the existence of a bounded second derivative 
satisfying 


T 
f =0(2), 
0 
as T’—>co, implies that A* — A, O(1/A;°/*) as 


3. The characteristic exponents. If q(t) denotes a continuous, bounded, 
real-valued function, then it is known, [11], p. 391, that there exists a positive 
number k —k(A), depending on d alone, such that 


(7) +a? O(e), 


as t-»oo, holds for any solution x — x(t, A) of the differential equation (1). 
Let the number K = K(A) be defined as the greatest lower bound of the 
numbers & for which (7) holds (for every solution x of (1)). . As shown in 
[7], p. 137, in partial answer to a question raised by Wintner [14], p. 604, 
if | g(t)| possesses the bound M and if A does not belong to the set S’ and 
satisfies | | > M, then there exist a constant J—=1(A) >0 and two solu- 
tions 2,(t,A) #0 and of (1) satisfying 


If L = L(A) is defined to be the least upper bound of the numbers / for which 
(8) holds, then it is clear from the definition of K(A) that L(A) S K(A), 
and hence any majorant of K(A) will also be a majorant of L(A). Since (1) 
is of the Grenzpunkt type, the solution 2,(¢,A) is uniquely determined to 
within a constant factor. Thus, it is clear that Z(A) depends on d alone 
and not on the choice of the particular pair of solutions x, and 2, of (1). 
The number L(A) can be called a “ characteristic exponent ” associated with 
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A, in analogy with the terminology used in the case that q(t) is periodic. It 
will be the purpose of the second part of the paper to obtain, for large 4A, 
estimates of K(A), and hence of L(A), when q(t) is subject to certain 
smoothness conditions. 

In Sections 8 and 9, the following theorems will be proved: 


(II) If q(t) satisfies the conditions of (1), then 
(9) K (A) = O(r4[o(2/A#) +1/A]) as A>. 


As a consequence of (II) it is seen that, since g(t) is bounded, the 
estimate K (A) — O(A+) is obtained. If, in addition, g(¢) is uniformly con- 
tinuous for 0 = < oo, the last estimate can be sharpened to K(A) = 0(A+4). 
Also, if q(¢) satisfies (6), then K(A) =O(A*). Further smoothness con- 
ditions imply better estimates for K(A) ; in this direction the following will 
be proved : 


(II’) If q(t) satisfies the conditions of (1’), then 

(10) K (A) = (n/a) + 1/A]) a8 
(II’) If q(t) satisfies the conditions of (I’’), then 

K (A) = + 1/A8]) as A—>00. 


(11) 


4. Proof of (I). Let x—-2(t,r) 40 be a solution of (1) and let 
N(T,2) denote the number of zeros of z for0 <<t<T. According to [4], 
a A-interval (A,A-+ A) contains a point of 8’ if and only if 


(12) N(T,A+ A) —N(T,A) as 0. 


Since it is assumed that qg is bounded, there exists a constant M such that 


(13) lq| <4, (0St<o). 


Let » be chosen so large that 
(14) A—M>r/4>0. 


Then the zeros of z and 2’ separate each other. Hence, if O=6(t,r) is a 
continuous determination of 


(15) 6(t, A) = — arc tan(2’/Aiz), 


it follows that +N (T,A) =0(T,A) + O(1), as T—>o. Consequently, (12) 
holds if and only if 


(16) 6(T,A + 4) —0(T,A) as T0. 
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It follows from (1) and from (15) that 6 is differentiable and that 
= + (Az? + so that 


T 
(17) +03 f (Aa? + }dt + 6(0,A). 


Let (0=)t, < t2 <<- be the zeros of Then 
(18) — ty S 


by virtue of Sturm’s comparison theorem and (14). The factor {- - -} of q 
in the integral in (17) will be estimated on the interval (tz, ti). Because 
of the homogeneity of this factor, z can be replaced by any solution y of (1) 


which vanishes for ¢ = ¢,. 
Let where k = 1,2,---, be defined by 


(19) — ty, = 
Clearly, q(é&), where vz; is some ¢-value satisfying S & SS ta. 


Hence, 
(20) |A—v | SM. 


A solution y of (1) which vanishes at ¢t = ¢; satisfies the integral equation 


(21) y(t) f Qx(s)y(s)sin — s) ds, 
where 


(22) Qx(s) = — 


Let m = m;,—=max | y(t)| for StS tii; then, by (13) and (19), it 
follows that m = 1 + Consequently, mS 1/(1— S2 
if v, (that is, A) is sufficiently large. Thus (21) shows that 


(23) y = sin — t,) + O(A*) 
and 
(24) y’ = cos — t.) + O(A4) 


uniformly in k, as Ao. Since (20) implies that | —O(A+4), 
it follows from (24) that 


(25) = cos — te) + O(A4). 
Hence, for S¢S tra, 


(26) Ay?/ (Ay? + = sin? — te) + O(A*), 
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ut as A—>co. Consequently, (17) shows that, for every fixed sufficiently large 4, 


T 
(27) 0(T,A) =MT + q(s)ds— f q(s)cos — t,) ds 
e k=1 
tk 


+ 


as where n= n(T) is determined by ty ST < tay. In (27) and 
similar relations below, the constant implicit in the O-term can be chosen 


independent of A. 
Since the definition (19) of implies” 


Pret 
f cos —t,)ds = 0 for k= 1,2,---, 


tr 


it follows that in the integral over the interval (tx, tii) in (27), the 
function g(s) can be replaced by — cx, where are arbitrary 
constants. If + then 


| q(s) — Cx | = o(s, for ti, s 


by (3) and (18). Hence, 


T T 
6(T,A) = + pa f q(s)ds + O(X4) f wo(s, + O(A°T). 


Then, since (A+ A)*— 3 > AA4/4 for any fixed A and for sufficiently 
large A, and since the first integral of the last formula line is O(7) as T->0, 


it is clear that 


T 
WT, A+ A) —O(L, = AQAT/4-+ + O04) 0(s,2/M)ds + 


as T’—>0; so that there exists a constant C with the property that if 
A= Co(xr/M) + C/A, then (16) holds for sufficiently large A. This proves 
(I). 

Incidentally, since the factor 1/4 on the right of (14) can be replaced 
by 1—«, where « > 0 is arbitrary, it follows that w(z/A*) can be replaced by 
w(2/2(1—e)4A*) in the statement of the theorem (I). 


The proof depends on a refinement of (26). The 
show that Q:(s) = O(A>), 


5. Proof of (I’). 
existence of a bounded derivative q’ and (22 


0 0 | 
0 


856 PHILIP HARTMAN AND CALVIN R. PUTNAM. 


as A—>co, uniformly for ¢, = s Hence, the remainder terms in (23) 
and (24) are O(A~*/*) and O(A*), respectively. Thus 

= cos” — t,) + O(A+4), 
or, since —=A-+q(é&) =A+ q(t) + O(A4), 

= cos? v3 — te) + cos? — + O(A*/?). 
Hence, 
y? + = 1 + cos? — &) + O(A*”). 

Finally, the required refinement of (26) is 
(28) ay?/(Ay? + y/2) — sin? — te) 

— q(t) (4A)7 sin? 2n,4(¢ — t,) + O(A*/?), 
as X—>oo, uniformly for 4S ¢S thas. 

It follows from (17) that, for fixed large A, the function #(T7,A) is the 


sum of the three expressions 


T 
(29) MT f g(t) dt — (1/8a*/2) 


(30) — (q(t) cos — ty) dt, 
k=1 
tr 


(31) + (1/8A*/?) > f q’(t)cos 4y,h(t — ty) dt + O0(r°T), 
k=1 
te 


as where n= n(T) satisfies = T < An integration by parts 
and (19) show that the k-th term of the sum in (80) is 


(32) f q(t) sin — t,) dt ; 
te 
since g’(¢t) can be replaced by g’(t) —c, where c is an arbitrary constant, 
it follows from the choice c = q’(4t;, + 4¢x.:), that the expression (32) is 
tess 
O0(A+) f w* (t, dt. 
te 


| 
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Hence, (30) is 


O0(A*) f w* (t, dt + O(A*). 


An integration by parts for each integral in (31) shows that (31) is O(A-?7). 
Arguments similar to those used at the end of the proof of (1) complete the 
proof of (I’). 


6. Proof of (1). Another integration by parts shows that (32) is 


(1/40) (tes) — (te) — f cos — dt}. 
tr 


Hence (30) is the sum of 


(38) — (0 (ten) — 


and 


if 
(34) | f q’ cos 2v2(t — t,) dt | O(a-*/) f w** (t, dt. 
k=1 
te 0 


The first term of (33) is O(A~*/?)| q’(tu2) —q’(t:)| = O(A*”), as 
since g’(t) is bounded. The second is O(ndA~*/*) since | q’ (tis) 
= 0(1/A#) and |%—A| —O(1). Also, nx4—O(T), by (13), as 0, 
for a fixed large A. 

Hence, 6(7',A) is the sum of (29), (34) and terms of the type O(A°7’), 
as T’->c. The proof of (I”) can now be completed as above. 


7. Examples. The examples mentioned in Section 2 can be obtained 
by the consideration of periodic functions q(t). If q(t) is periodic, then the 
essential spectrum 9’ of (1) is the closure of the set of A-values corresponding 
to which all solutions of (1) are bounded ([12]; cf. also [8]). Hence, if 
\ =A; or A”, then (1) possesses a periodic or half-periodic solution. 

If g(t) is even and of period 27, it is easy to see that the numbers 
di, Ao, * and A°, - can be characterized as follows: Let a, and 
Bo, B1,* * * denote the eigenvalues belonging to the Sturm-Liouville problem 
of (1) and the boundary conditions = 0 and 2’(0) = 2’ (x) = 0, 
respectively. Then 8) and the numbers , A* for k= 1 are, up to a 
permutation, the numbers a@%_,, By. Hence 
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(35) AE — = | — Br | 
for k=1,2,---. 
On the other hand, if g(t) has the Fourier series 


(36) q(t) =, cos 2nt, (a = 0), 
n=1 


then =k? + 0(1/k) and By =k? — + 0(1/k), as 
ef. [10], p. 322; also, [1], p. 11. Consequently, 

(37) Ay = | dex | + 0(1/k) and Ay, =k? + 0(1), 

as k-—>oo. 

If y(A) is an arbitrary positive function which tends monotonously to 0, as 
A\—, then there exist continuous functions g(t) for which a2; = O(y(k? —1)) 
fails to hold as k->oo. For such functions gq, it follows from (31) that 
— Ay = O(W (Ax) ) fails to hold as k 

In order to obtain the second type of example mentioned in Section 2, 
it is sufficient to remark that there exist continuous functions q, of bounded 
variation over a period, for which a2; = O(1/k) but a2, 0(1/k), ask—>0 ; 
[2]. For such functions gq, it follows from (37) that 


— Ay = O(1/d,2) but — Ay 0(1/Ai3) 


as k-—>co. This shows that, if (6) is assumed, the O in (5) cannot in 


general be replaced by o. 
8. Proof of (II). Corresponding to any solution == = z(t, 4) 
of (1), let h(t) be defined by 
(38) h(t) + 2/2(t). 
It follows from (1) that h’(t) = — 2qzrz’, so that 


Consequently, 
(39) Az? + x’? = const. e4¢, 
where 


t 
(40) Am A(t, d) f (Ax? + }ds. 


Let (0 =) t: < t2 <- - - be the successive zeros of x. Since the factor {- - -} 
of q in the integral in (40) is homogeneous in 2, 2’, the solution x can be 
replaced by any solution y of (1) vanishing at ¢ = ¢,. 
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(41) 2yy’/ (Ay? + y’?) sin — + O(A*/), 


as A>, uniformly for t Ss Stz,;. Hence, for every fixed large A, 


A(t,A) = f q(s)sin — t,)ds + O(r*/?) 
te 


as where n= n/(t) is determined by ¢, < tn,;. As in the proof 
of (I), it follows that 


t 
| A(t, A)| S (1/44) f w(s, ddA + O (2-8/2), 
0 
In view of the definition of K(A), this completes the proof of (9). 


9. Proof of (II’) and (II’’). Under the conditions of (II’), the argu- 
ments leading to (28) hold. Similar arguments show that 2yy’/(Ay? + y’?), 
up to a correction term O(A~*), is 


(v;2/A) (sin 2v;2(s — — q(s)A™* cos? — ty) sin 2143 (s — te) ), 


as X—>oo, uniformly for Ss Sty. Consequently, A(t,A), up to a 
correction term O(A-), is the sum of the three expressions 


(42) — (v42/At) f q(s)sin 2v,2(s — t,) ds, 
te 


test 


(vx2/2A7t) f q?(s)sin 2v,2(s — ds, 
k=1 
tk 


(nd g?(s)sin t,) ds. 
k=1 
Integrations by parts show that (42) is 
test 


k=1 e 
t; 
which is ; 
test 


(43) 0(1/at) — (1/2at) f (8) cos — ty) ds, 
tk 


| 
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since q(t) is bounded. Integrations by parts also show that both expressions 
in the formula lines following (42) are O(1/d?), as t—»0o, for every fixed 
large A. Hence, 


| A(t,)| S (1/2at)_f o*(s, + O(1/2%), 


as t->0, for large A. The relation (10) follows. 
_ Under the conditions of (II), another integration by parts can be 
applied to each of the integrals in (43), thereby yielding the inequality 


| A(t, A)| S O(1/a*/2) f w** (s, ds + O(1/d?), 


thus completing the proof of (II”). 


Appendix. 


It was shown in [7], p. 137, that if q satisfies (13) and if || > M, 
then a necessary condition for A to be in the complement of 9’, is that there 
exist a number / > 0 and a pair of solutions z,(¢), 2.(t) of (1) satisfying 
(8). It is the purpose of this Appendix to show that this necessary condition 
is not sufficient. To this end, the example in [13], p. 269, will be refined. 

Let the seqeuence of numbers m< m,<:-~ be defined as follows: 


Mo = 0, = Mon + 2(n + and Menso = Mong, + 2(n + 1) for n= 0. 


This sequence has the properties that m, is an even integral multiple of = 


and that 
t 


(44) nf e(s)ds=1 if t>0, 
0 
and «(s) is 2 or 0 according as < OF SS < Monge for 
In terms of «(s), the sequence mo, m,- - - and a number a > 0, define 
a function x(s), where 0s <0, by placing 


(45) x(s) = a(s)(1—coss). 


It is easily seen that x(s) possesses a continuous derivative (even at 
$= Mo, *). It follows from [13], p. 268, that if 


(46) q(t) =—e(t) {2a?(1— cos t)* cos? — 3a sin ¢ + 2a sin 2¢} 


t 
0 
a 
i t 
0 
r 
| 
( 
( 
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and A= 1, then (1) has 


(47) r= z(t) —exp( f x(s) cos s ds) cos 


as a solution. 
From (45), it is seen that 


t 


t 
f x(s)ooss ds—=—a f e(s) (4 + 4 cos 2s — cos s)ds; 
0 0 
and from (44), that 
x(s)cos sds — fat + O(1) 
° 
as t-—>0o. Hence, x?(¢) Sconst.e and S Const. e, by (47). 
Thus, if z,(¢) is defined as a suitable multiple of (47), the first inequality 
in (8) is satisfied by a> 0. If z.(t) is any solution linearly independent 
of 2,(t), the second inequality of (8) holds with 1 =a; cf., e.g., [7], p. 188. 

If « > 0 is sufficiently small, it follows from (46) that |q|/ SM <1. 
Hence, in order to complete the proof, it remains to show that A — 1 is in 9’ 
in the case (46). Actually, it will be shown that S’ contains the half-line 
0=A<o, by proving that (12) holds for every A>0 and A>0O. 

The Sturm comparison theorem implies that if T > mon, then 
N(T,A + A) — N(T,A) is not less than [N(mon, A + A) — N(mon-1, A + A)] 
— [N (mon, 3) — A)] —2. On the other hand, since q(t) =0 for 
Mon-1 St < Mom, it follows from (1) that 


N (mon, A + A) — N (mena, A+ A) (A -+ A)? (Mon — Meon-1) — 2 
and 
N (Men, — N (men, X) S (Mon — + 2. 


It is seen, from the definition of the sequence mo, m,,- - -, that if T > mon, 
then 
N(T,A+ 4) —N(T, dA) 2 ((A+ A)? — 20 — 6. 


This completes the proof. 
A slight modification of the above example leads to the following: 


The function 


t 
(48) —exp(— x(s)ds) 
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is a solution of (1) if A=0 and 


(49) q(t) = —e(t) (2a? sin t — acost). 


It is easily seen that (48) satisfies x? + 2’? = O(e***), as to. Hence, 
there exist linearly independent solutions satisfying (8) with 1=—2«> 0. 
Furthermore, in the case (49), the differential equation (1) is oscillatory 
for X > 0, since g(t) =0 for mon Ss < Mon + 2nmz. Since (48) has no 
zeros, it follows that 4 = 0 is the least point of 8’; [5]. This is in contrast 
to (47) which belongs to an interior point of 8’ in the case (46). 
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ON NON-UNIFORMLY QUASI-ANALYTIC FUNCTIONS.* 


3y I. I. HirscHMAN, JR. 


1. Introduction. In previous papers, see [1] and [2], various results 
have been established concerning functions which belong to quasi-analytic 
classes —o<a2<o. For example, it has been shown that if 
(1) |f™(e)|S Aktn! 
and if 
(2) f(x) = O(exp[— exp exp{a (1+ «)/2}kzr]), t—> +0, 
where « > 0, then f(x) =0. It is natural to inquire whether similar con- 
clusions can be drawn when the inequalities (1) are replaced by the more 
general inequalities 
(3) | S + e)]", 
In the present paper we shall obtain some results of this kind. We shall, 
for example, show that if f(x) satisfies the inequalities (3) where 
k’ (a) =0(1) as x >-+ 0, and if 


(4) f(x) = O(exp[— exp exp $7(1-++ r—>+o 


with «> 0, then f(z) =0. This result reduces to the previous one when 
k(x) is constant. The method of demonstration, which is very simple, 
depends upon conformal mapping of curvilinear strips. 

2. Preliminary results. We shall take z=a-+iy and w=u+w 
throughout. 

THEOREM 2a. Suppose that f(x) is infinitely differentiable in a neigh- 
borhood of «=a, $(z) is analytic for |z—a|<p, $(a) =a, and $(2) 
is real for |x—a|<p. If 

| (a) | <= Ak"M,, 
Mrg"/n! is non decreasing for a fixed > 0; 
$(2) —a| Sr for |2z—a| <p; 
. Max[1, krq*], 


then for F(x) =f[¢(x)] we have | F™(a)| S nAlM,, n=—1, 2,- 
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Formally, 


f(z) = >» (f(a) = > — a}, 
and thus 


(1) F(a) = [Ff — a} 


(the terms corresponding to 70 and j > are zero). It is easily seen 
that equation (1) is valid generally. Cauchy’s formula yields that 


(d/de)"[ (2) — (2ni)*n! {Lo(2) —a}!/[2— a] de, 


|z-a|=p 
(2) | (d/de)*[ (22) | Strip, 


Inserting inequality (2) in equation (1) we obtain 


| F (a)| [An 
j=1 
= nAl"M,, as desired. 
THEOREM 2b. If 
1. 6(x) is defined for <4r<m; >0; =o(1) as 
+0; 
2. S, is the strip |y| < 
3. Sw is the strip |v| 
4. maps S, conformally onto Sw, y(0) = 0, y/(0) > 0, and o(w) 
is inverse to w(z), 
then for0<A<1 we have 
A. limsup Max |y(z) —y(2,)| =A, 


@y>+0 (21) 
B. limsup Max | ¢(w) —A, 


x 
|w-uy|S 


Let = + and let S(z,) be the strip 
ly |< (2,2), —o<a2<oo. It may then be verified that the function 
y(21, 2) =v +2,] —y¥(z,) maps S(z,) onto S» conformally and 
that —0, >0. It follows from assumption 1 that 

lim (2,2) = 1 uniformly for z in any finite interval. By a well known 


theorem on convergent sequences of domains, see [3; § 123], it follows that 


n 
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(3) lim y[0(a1)2 + (t11 70), 


uniformly for z in any compact subset of the strip | y| <1, —w< r<o. 
Conclusions A. and B. are immediate consequences of this fact. To demon- 
strate conclusion C. we choose a sequence 
such that < <1”, n=0,1,:- +, for some numbers 
0<r<r’ <oo. It follows from equation (3) that 


From assumption 1 we may deduce that (2n41 — /0(2n) ~ J. dt. 
Hence summing y (2p) ~ floc nat. Since any value of z lies between 
two values of the sequence and since t)]“dt = O0(1) asn->0, 


our desired result. follows. 


LEMMA 2c. We have 


Max | [22 + c?]* — + c?]*|—1+4 R(c), 
|e-a3|S1,-7 
where R(c) =0(1) as c>+o. 
The proof of this simple result is left to the reader. 
3. Applications. THEOREM 3a. Let 


1. {M,}.° be a logarithmically convex sequence of non-negative constants 
such that lim sup [n!/M,]?/" <0; 
2. T(r) = Maxr*/M,; 
n=0 

© H(t) 
3. f flog T(r) t (2/m) f [log ¢(r) ]r-?dr ; 

1 1 
4, k(x) >0, OS (x) [k(x)]? —0(1), +0; 
5. | f™(c)| SAM, [k(z)]*, OS n—0,1,---. 


Then if f(x) = O(exp{(— $[ (1+ «) as x—>-—+0o, where e > 0, 


we have f(x) =0. 


By logarithmic convexity we have that M,_, = M,‘")/*M,, and hence 
that [Mn./(n S It follows from assump- 
tion 1 that lim sup < oo, and thus that 


gq = Max [M,../(n —1) !][M,/n!]> 
n=1 


is finite. Clearly, Mng"/n! is non-decreasing. 
16 


t 
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We define 6(x) =q/k(0) for —wo< x0 and —gq/k(z) for 


0<x<oo. Because of assumption 4. we have = 0(1) asx—>-+oo. Let 
S., Sw, and y(z) and ¢(w) be defined as in Theorem 2c. Consider the func- 


tion g(u) =f[¢(u)]. By Theorem 2a and conclusion B of Theorem 2b we 
see that, given 8 > 0, there exists a uw) such that | g™(w)| S Aog"(1 + 8)"M,, 
for u= wm, n=0,1,:--. By Theorem 2a and Lemma 2c, given 3, > 8, 
there exists a value of c¢ such that if h(t) —g[(t?-+ c?)4], then 


| (¢)| S + 8,)*M,, 
We have g[y(z)] f(x), and so, by assumption, 


gly = O(exp{— $[(1 +6) f “k(#)dt]}) 


as z—>-+o. By conclusion C of Theorem 2c we have for 0<«<e and 


x large that 


(1-6) f “k(t)dt > (1 + «)ay(a). 


It follows that 
g(x) = O(exp{— (1 + 
ast—>+to. If 0 < then 
h(t) = O(exp{— $[ (1 + 4) qt]}) 
as t—>-++-00. We may suppose that (1 + 4,)/(1+«) <1. It then follows 
from Theorem 4 of [1] that h(t) =0, hence f(z) =0. 
THEOREM 3b. Let 
M,=n!v(n)", where v(x) 2 0, and av’(x)/v(z) =0(1), 


. I(r) — Max 1*/M,; 
n=0 


f “log T (r)r?*dr =o, H(t) = (2/n) ‘0g T (r)r-dr ; 


4. k(x) >0 (OS 2 <0), k(x) [k(z)]? =0(1), > +0; 
6. Z(u) be the number of zeros of f(x) for0 Sx Su, counted according 


to their multiplicities. 


Then if f(x) #0, we have 
lim sup H[Z(z)]/ “k(t)dt <1. 


The demonstration of this theorem is just like that of Theorem 3a, 
except that we use Theorem 4b of [2] in place of Theorem 4 of [1]. 
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NON-UNIFORMLY QUASI-ANALYTIC FUNCTIONS. 867 


It is possible to show that the conclusion of Theorem 3a is false for 
«<0. One can employ for this purpose the counter-example given in [1], 
together with Theorem 2a and conclusions A. and C. of Theorem 2b. 
Similarly, Theorem 3b cannot be greatly improved. 


WASHINGTON UNIVERSITY. 
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